Functions of Bidual numbers

= Functions of bidual numbers can be developed using the Taylor series
expansion as shown below.

Al

FO) =~ flxg) + 2 — x0)"

where for bldual numbers n = 2

1
fF(x*) = fxg) + U (xo) (x* — xp) + Ef(z)(xo)(x* — Xg)*
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Functions of Bidual numbers

= Notice that the function f is only applied to the real coefficient x,.

1
fF(x™) = fxo) + F®(x) (x* — x) + Ef(z)(xo)(X* — X)*

(x* — xo) = bidual(0, x1, X5, X15)
and
(x* — x9)? = bidual(0, x{, x5, x12)?* = bidual(0,0,0,2x,x5)

Apply the specific form of the Taylor series to each function.
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Exponential of Bidual numbers

= The Taylor series for the exponential function can be written as

2
~ e¥ Zki (x* —x9)*] =
e*o [1+(x*—x0)+5(x*—xo) ]Z

1
eXo [1 + bidual (0, x1, x5, x17) + Ebidual(0,0,0,2x1x2)] =

e*0 + xe*oe; + x,e*0€, + (1%, + x)e* 0€q,

Note, if x; =x, =1land x;, =0
Exp(ay,1,1,0) = e*o + e*og; + e¥0e, + e¥0¢q,
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Log of Bidual numbers

= The Taylor series for the natural log function can be written as

0g(x") =~ log(xo) + Ty S (" = 0)¥] =

x—x (x —xo)z

] +
Og(xO) x() ng
bidual(0, x4, x5,x1,) bidual(0,0,0,2x1x5)
log(xy) + — >
Xo 2x§
log(xg) +ﬁ6 +ﬁe + (012 — xle)E
9\ Xo Xq 1 Xq 2 xg 12

NOte, if X1 = Xp = 1 and X12 = 0
1 1 1
log(xy,1,1,0) = log(x,) +x—061 + €2~ x_ZEZ]

0
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Sine of Bidual numbers

= The Taylor series for the sine function can be written as
sin(x*) = sin(xy) + cos(xg)(x* — xq) — %sin(xo)(x* — Xxg)% =

1
sin(xg) + cos(xg) bidual (0, x4, x5, x1,) — 5 sin(x,) bidual(0,0,0,2x,x,) =

sin(xgy) + a,cos(xy)e; + a, cos(xy)e, + (a1, cos(xy) — aa, sin(xy))€qo

Note, if x; =x, = 1land x;, =0
sin(xy, 1,1,0) = sin(xy) + cos(xy)e; + cos(xy)e, — sin(xy)€q,
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Cosine of Bidual numbers

= The Taylor series for the cosine function can be written as
cos(x™) ~ cos(xp) — sin(xo)(x™ — xp) — %COS(XO)(X* —x0)% =

cos(xy) — sin(xy) bidual(0, xq, x5, X1) — > cos(xy) bidual(0,0,0,2x,x,) =

cos(xg) — x1 sin(xy)e; — x, sin(xy)eq; + (—xq5 Sin(xgy) — x1 x5 cos(xg)) €12

Note, if x; = x, =1and x4, =0
cos(xg, 1,1,0) = cos(xy) — sin(xy)e; — sin(xy)e; — cos(xy)€q,
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Bidual raised to a bidual number

= A bidual number raised to a bidual number can be evaluated in terms of the
exponential and logarithmic functions

Use the formula x¥ = eYn®)

This formula can be implemented with bidual numbers using the previously

defined exponential and logarithmic functions.
q? = eb'in(a")

Bidual number a* raised to a real number n
(a)" = al + nal} ta,e; + nall ta,e, +na8_2((n —1Daqa, + aoalz) €12

Real number r raised to a bidual number a*
ré =rd 4 r%log(r)a, €, + r%log(r)a, e, +rlog(r)(log(r) a;a, + a;,) €13
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Derived functions of Bidual numbers

= Many functions can be derived in terms previously defined functions

sin(a™)

tan(a*) = os(@)

tan(ay) + a, sec(ag)? €1 + a, sec(ay)? €5 + sec(ag)? (a, + 2a,a, tan(ay)) €15

Note: tan(bidual(xy,1,1,0)) = tan(x,) + sec(xy)? €1 + sec(xy)? €, +
2sec(xg)? tan(xy) €15

sqri(x*) = (x")V/? =
—X1X9 + 2X12Xg

X2
€1 -+ €12
A ek
-1

1
Note: sqrt(bidual(xy, 1,1,0)) = \/xXo + ?el Wi 1+ 3/2 €1
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