
Automatic Differentiation Using Complex and Hypercomplex Variables

Applying dual numbers to closed-form examples

University of Texas at San Antonio
July, 2023

University of Texas at San Antonio 1



Closed-form example: 𝑓𝑓 𝑥𝑥 = 𝑥𝑥2

 The use of dual numbers to compute derivatives can be demonstrated using 
some closed-form examples. All examples assume ℎ = 1.

2

𝑓𝑓 𝑥𝑥 = 𝑥𝑥2
𝑓𝑓 𝑥𝑥 + 𝜖𝜖 = 𝑥𝑥 + 𝜖𝜖 2 = 𝑥𝑥2 + 2𝑥𝑥𝑥𝑥

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝐼𝐼𝐼𝐼 𝑓𝑓 𝑥𝑥 + 𝜖𝜖 = 𝐼𝐼𝐼𝐼( 𝑥𝑥 + 𝜖𝜖 2) = 2𝑥𝑥



Closed-form example: 𝑓𝑓 𝑥𝑥 = 𝑥𝑥3
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𝑓𝑓 𝑥𝑥 = 𝑥𝑥3
𝑓𝑓 𝑥𝑥 + 𝜖𝜖 = 𝑥𝑥 + 𝜖𝜖 3 = 𝑥𝑥3 + 3𝑥𝑥2 𝜖𝜖 + 3𝑥𝑥𝜖𝜖2 + 𝜖𝜖3

0 0

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝐼𝐼𝐼𝐼 𝑓𝑓 𝑥𝑥 + 𝜖𝜖 = 𝐼𝐼𝐼𝐼( 𝑥𝑥 + 𝜖𝜖 3) = 3𝑥𝑥2



Closed-form example: 𝑓𝑓 𝑥𝑥 = 𝑒𝑒𝑥𝑥
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𝑓𝑓 𝑥𝑥 = 𝑒𝑒𝑥𝑥
𝑓𝑓 𝑥𝑥 + 𝜖𝜖 = 𝑒𝑒𝑥𝑥+𝜖𝜖 = 𝑒𝑒𝑥𝑥 + 𝑒𝑒𝑥𝑥𝜖𝜖

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝐼𝐼𝐼𝐼 𝑓𝑓 𝑥𝑥 + 𝜖𝜖 = 𝐼𝐼𝐼𝐼(𝑒𝑒𝑥𝑥+𝜖𝜖) = 𝑒𝑒𝑥𝑥



Closed-form example 𝑓𝑓 𝑥𝑥 = sin(𝑥𝑥)
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𝑓𝑓 𝑥𝑥 = sin(𝑥𝑥)
𝑓𝑓 𝑥𝑥 + 𝜖𝜖 = sin 𝑥𝑥 + 𝜖𝜖 = cos 𝑥𝑥 𝜖𝜖

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝐼𝐼𝐼𝐼 𝑓𝑓 𝑥𝑥 + 𝜖𝜖 = 𝐼𝐼𝐼𝐼(sin 𝑥𝑥 + 𝜖𝜖 )  = cos(𝑥𝑥)



Closed-form example: 𝑓𝑓 𝑥𝑥 = cos(𝑥𝑥)
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𝑓𝑓 𝑥𝑥 = cos(𝑥𝑥)
𝑓𝑓 𝑥𝑥 + 𝜖𝜖 = cos 𝑥𝑥 + 𝜖𝜖 = cos 𝑥𝑥 − sin 𝑥𝑥 𝜖𝜖

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝐼𝐼𝐼𝐼 𝑓𝑓 𝑥𝑥 + 𝜖𝜖 = 𝐼𝐼𝐼𝐼 cos 𝑥𝑥 + 𝜖𝜖 = −sin(𝑥𝑥)



Closed-form example: 𝑓𝑓 𝑥𝑥 = ln(x)

7

𝑓𝑓 𝑥𝑥 = ln(𝑥𝑥)

𝑓𝑓 𝑥𝑥 + 𝜖𝜖 = ln 𝑥𝑥 + 𝜖𝜖 = ln 𝑥𝑥 +
1
𝑥𝑥
𝜖𝜖

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝐼𝐼𝐼𝐼 𝑓𝑓 𝑥𝑥 + 𝜖𝜖 = 𝐼𝐼𝐼𝐼(ln 𝑥𝑥 + 𝜖𝜖 ) =
1
𝑥𝑥



Closed-form example: 𝑓𝑓 𝑥𝑥 = 𝑥𝑥𝑥𝑥𝑥𝑥

8

𝑓𝑓 𝑥𝑥 = 𝑥𝑥𝑒𝑒𝑥𝑥
𝑓𝑓 𝑥𝑥 + 𝜖𝜖 = 𝑥𝑥 + 𝜖𝜖 𝑒𝑒𝑥𝑥+𝜖𝜖 = 𝑥𝑥 + 𝜖𝜖 𝑒𝑒𝑥𝑥 + 𝑒𝑒𝑥𝑥𝜖𝜖 =

𝑥𝑥𝑒𝑒𝑥𝑥 + 𝑥𝑥𝑒𝑒𝑥𝑥𝜖𝜖 + 𝑒𝑒𝑥𝑥𝜖𝜖 + 𝑒𝑒𝑥𝑥𝜖𝜖2
𝑥𝑥𝑒𝑒𝑥𝑥 + 𝑥𝑥𝑒𝑒𝑥𝑥𝜖𝜖 + 𝑒𝑒𝑥𝑥𝜖𝜖 =
𝑥𝑥𝑒𝑒𝑥𝑥 + (𝑥𝑥 + 1)𝑒𝑒𝑥𝑥𝜖𝜖

0

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝐼𝐼𝐼𝐼 𝑓𝑓 𝑥𝑥 + 𝜖𝜖 = 𝐼𝐼𝐼𝐼 𝑥𝑥 + 𝜖𝜖 𝑒𝑒𝑥𝑥+𝜖𝜖 = (𝑥𝑥 + 1)𝑒𝑒𝑥𝑥
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