
Computing derivatives using bidual numbers –
univariate example

 Consider a Taylor series expansion of the following bidual number
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𝑓𝑓 𝑥𝑥 + ℎ(𝜖𝜖1 + 𝜖𝜖2) = 𝑓𝑓 𝑥𝑥 + ℎ 𝜖𝜖1 + 𝜖𝜖2 𝑓𝑓′ 𝑥𝑥 +
ℎ2

2!
𝜖𝜖1 + 𝜖𝜖2 2𝑓𝑓′′ 𝑥𝑥 + 𝐻𝐻.𝑂𝑂.𝑇𝑇.

= 𝑓𝑓 𝑥𝑥 + ℎ( 𝜖𝜖1 + 𝜖𝜖2 𝑓𝑓′ 𝑥𝑥 + ℎ2

2!
𝜖𝜖12 + 2𝜖𝜖1𝜖𝜖2 + 𝜖𝜖22 𝑓𝑓′′ 𝑥𝑥 + 𝐻𝐻.𝑂𝑂.𝑇𝑇.

= 𝑓𝑓 𝑥𝑥 + ℎ( 𝜖𝜖1 + 𝜖𝜖2 𝑓𝑓′ 𝑥𝑥 +  ℎ2 𝜖𝜖1𝜖𝜖2 𝑓𝑓′′ 𝑥𝑥

0 0 0

𝑓𝑓 𝑥𝑥∗ = 𝑓𝑓 𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 𝑥𝑥0,ℎ1,ℎ2, 0

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 1
ℎ1
𝐼𝐼𝑚𝑚1(𝑓𝑓 𝑥𝑥∗ ) = 1

ℎ2
𝐼𝐼𝑚𝑚2(𝑓𝑓 𝑥𝑥∗ )

𝑏𝑏2𝑓𝑓
𝑏𝑏𝑥𝑥2

=
1

ℎ1ℎ2
𝐼𝐼𝑚𝑚12(𝑓𝑓 𝑥𝑥∗ ) 

General case

𝑓𝑓 𝑥𝑥∗ = 𝑓𝑓 𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 𝑥𝑥0, 1,1,0

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝐼𝐼𝑚𝑚1(𝑓𝑓 𝑥𝑥∗ ) = 𝐼𝐼𝑚𝑚2(𝑓𝑓 𝑥𝑥∗ )

𝑏𝑏2𝑓𝑓
𝑏𝑏𝑥𝑥2

= 𝐼𝐼𝑚𝑚12(𝑓𝑓 𝑥𝑥∗ ) 

Recommended: ℎ1 = ℎ2 = 1

𝑥𝑥1𝑥𝑥2𝑥𝑥12



Closed-form example: 𝑓𝑓 𝑥𝑥 = 𝑥𝑥2

 The use of bidual numbers to compute 1st and 2nd order derivatives can be 
demonstrated using some closed-form examples. All examples assume ℎ1 = ℎ2 = 1.
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𝑓𝑓 𝑥𝑥 = 𝑥𝑥2
𝑓𝑓 𝑥𝑥 + 𝜖𝜖1 + 𝜖𝜖2 = 𝑥𝑥 + 𝜖𝜖1 + 𝜖𝜖2 2 =
𝑥𝑥2 + 2𝑥𝑥𝜖𝜖1 + 2𝑥𝑥𝜖𝜖2 + 2𝜖𝜖1𝜖𝜖2 + 𝜖𝜖12 + 𝜖𝜖22

𝑏𝑏𝑓𝑓
𝑏𝑏𝑥𝑥

= 𝐼𝐼𝑚𝑚1 𝑓𝑓 𝑥𝑥 + 𝜖𝜖 = 𝐼𝐼𝑚𝑚2 𝑓𝑓 𝑥𝑥 + 𝜖𝜖 = 𝐼𝐼𝑚𝑚1 𝑥𝑥 + 𝜖𝜖 2 = 2𝑥𝑥
𝑏𝑏2𝑓𝑓
𝑏𝑏𝑥𝑥2

= 𝐼𝐼𝑚𝑚12 𝑓𝑓 𝑥𝑥 + 𝜖𝜖 = 𝐼𝐼𝑚𝑚( 𝑥𝑥 + 𝜖𝜖 2) = 2

0 0



Closed-form example: 𝑓𝑓 𝑥𝑥 = 𝑥𝑥3

 The use of bidual numbers to compute 1st and 2nd order derivatives can be 
demonstrated using some closed-form examples. All examples assume ℎ1 = ℎ2 = 1.
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𝑓𝑓 𝑥𝑥 = 𝑥𝑥3
𝑓𝑓 𝑥𝑥 + 𝜖𝜖1 + 𝜖𝜖2 = 𝑥𝑥 + 𝜖𝜖1 + 𝜖𝜖2 3 =

𝑥𝑥3 + 3𝑥𝑥2𝜖𝜖1 + 3𝑥𝑥2𝜖𝜖2 + 6𝑥𝑥𝜖𝜖1𝜖𝜖2 + 3𝑥𝑥𝜖𝜖12 + 3𝑥𝑥𝜖𝜖22 + 3𝜖𝜖1𝜖𝜖22 + 3𝜖𝜖12𝜖𝜖2
+ 𝜖𝜖13 + 𝜖𝜖23

= 𝑥𝑥3 + 3𝑥𝑥2𝜖𝜖1 + 3𝑥𝑥2𝜖𝜖2 + 6𝑥𝑥𝜖𝜖1𝜖𝜖2

𝑏𝑏𝑓𝑓
𝑏𝑏𝑥𝑥

= 𝐼𝐼𝑚𝑚1 𝑓𝑓 𝑥𝑥 + 𝜖𝜖1 + 𝜖𝜖2 = 𝐼𝐼𝑚𝑚2 𝑓𝑓 𝑥𝑥 + 𝜖𝜖1 + 𝜖𝜖2
= 𝐼𝐼𝑚𝑚1 𝑥𝑥 + 𝜖𝜖1 + 𝜖𝜖2 3 = 3𝑥𝑥2
𝑏𝑏2𝑓𝑓
𝑏𝑏𝑥𝑥2

= 𝐼𝐼𝑚𝑚12 𝑓𝑓 𝑥𝑥 + 𝜖𝜖 = 𝐼𝐼𝑚𝑚( 𝑥𝑥 + 𝜖𝜖 3) = 6𝑥𝑥

0 0 0 0

00



Closed-form example: 𝑓𝑓 𝑥𝑥 = 𝑒𝑒𝑑𝑑

 The use of bidual numbers to compute 1st and 2nd order derivatives can be 
demonstrated using some closed-form examples. All examples assume ℎ1 = ℎ2 = 1.
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𝑓𝑓 𝑥𝑥 = 𝑒𝑒𝑑𝑑
𝑓𝑓 𝑥𝑥 + 𝜖𝜖1 + 𝜖𝜖2 = 𝑒𝑒𝑑𝑑+𝜖𝜖1+𝜖𝜖2 =

𝑒𝑒𝑑𝑑 + 𝑒𝑒𝑑𝑑𝜖𝜖1 + 𝑒𝑒𝑑𝑑𝜖𝜖2 + 𝑒𝑒𝑑𝑑𝜖𝜖1𝜖𝜖2

𝑏𝑏𝑓𝑓
𝑏𝑏𝑥𝑥

= 𝐼𝐼𝑚𝑚1 𝑓𝑓 𝑥𝑥 + 𝜖𝜖1 + 𝜖𝜖2 = 𝐼𝐼𝑚𝑚2 𝑓𝑓 𝑥𝑥 + 𝜖𝜖1 + 𝜖𝜖2
= 𝐼𝐼𝑚𝑚1 𝑒𝑒𝑑𝑑+𝜖𝜖1+𝜖𝜖2 = 𝑒𝑒𝑑𝑑
𝑏𝑏2𝑓𝑓
𝑏𝑏𝑥𝑥2

= 𝐼𝐼𝑚𝑚12 𝑓𝑓 𝑥𝑥 + 𝜖𝜖 = 𝐼𝐼𝑚𝑚12(𝑒𝑒𝑑𝑑+𝜖𝜖1+𝜖𝜖2) = 𝑒𝑒𝑑𝑑



Closed-form example: 𝑓𝑓 𝑥𝑥 = sin(𝑥𝑥)

 The use of bidual numbers to compute 1st and 2nd order derivatives can be 
demonstrated using some closed-form examples. All examples assume ℎ1 = ℎ2 = 1.
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𝑓𝑓 𝑥𝑥 = sin(𝑥𝑥)
𝑓𝑓 𝑥𝑥 + 𝜖𝜖1 + 𝜖𝜖2 = sin 𝑥𝑥 + 𝜖𝜖1 + 𝜖𝜖2
= sin 𝑥𝑥 + cos 𝑥𝑥 𝜖𝜖1 + cos 𝑥𝑥 𝜖𝜖2 − sin(𝑥𝑥)𝜖𝜖1𝜖𝜖2

𝑏𝑏𝑓𝑓
𝑏𝑏𝑥𝑥

= 𝐼𝐼𝑚𝑚1 𝑓𝑓 𝑥𝑥 + 𝜖𝜖 = 𝐼𝐼𝑚𝑚2 𝑓𝑓 𝑥𝑥 + 𝜖𝜖 = 𝐼𝐼𝑚𝑚1 sin(𝑥𝑥 + 𝜖𝜖1 + 𝜖𝜖2)
= cos(𝑥𝑥)
𝑏𝑏2𝑓𝑓
𝑏𝑏𝑥𝑥2

= 𝐼𝐼𝑚𝑚12 𝑓𝑓 𝑥𝑥 + 𝜖𝜖 = 𝐼𝐼𝑚𝑚12 sin(𝑥𝑥 + 𝜖𝜖1 + 𝜖𝜖2) = −sin(𝑥𝑥)



Closed-form example: 𝑓𝑓 𝑥𝑥 = cos(𝑥𝑥)

 The use of bidual numbers to compute 1st and 2nd order derivatives can be 
demonstrated using some closed-form examples. All examples assume ℎ1 = ℎ2 = 1.

Automatic Differentiation Using Complex and Hypercomplex Variables– USNCCM17, July 23, 2023 6

𝑓𝑓 𝑥𝑥 = cos(𝑥𝑥)
𝑓𝑓 𝑥𝑥 + 𝜖𝜖1 + 𝜖𝜖2 = cos 𝑥𝑥 + 𝜖𝜖1 + 𝜖𝜖2
= sin 𝑥𝑥 + sin 𝑥𝑥 𝜖𝜖1 + sin 𝑥𝑥 𝜖𝜖2 − cos(𝑥𝑥)𝜖𝜖1𝜖𝜖2

𝑏𝑏𝑓𝑓
𝑏𝑏𝑥𝑥

= 𝐼𝐼𝑚𝑚1 𝑓𝑓 𝑥𝑥 + 𝜖𝜖 = 𝐼𝐼𝑚𝑚2 𝑓𝑓 𝑥𝑥 + 𝜖𝜖 = 𝐼𝐼𝑚𝑚1 cos(𝑥𝑥 + 𝜖𝜖1 + 𝜖𝜖2)
= sin(𝑥𝑥)
𝑏𝑏2𝑓𝑓
𝑏𝑏𝑥𝑥2

= 𝐼𝐼𝑚𝑚12 𝑓𝑓 𝑥𝑥 + 𝜖𝜖 = 𝐼𝐼𝑚𝑚12 cos(𝑥𝑥 + 𝜖𝜖1 + 𝜖𝜖2) = −cos(𝑥𝑥)



Closed-form example: 𝑓𝑓 𝑥𝑥 = ln(𝑥𝑥)

 The use of bidual numbers to compute 1st and 2nd order derivatives can be 
demonstrated using some closed-form examples. All examples assume ℎ1 = ℎ2 = 1.
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𝑓𝑓 𝑥𝑥 = ln(𝑥𝑥)

𝑓𝑓 𝑥𝑥 + 𝜖𝜖1 + 𝜖𝜖2 = ln 𝑥𝑥 + 𝜖𝜖1 + 𝜖𝜖2 =
1
𝑥𝑥
𝜖𝜖1 +

1
𝑥𝑥
𝜖𝜖2 −

1
𝑥𝑥2
𝜖𝜖12

𝑏𝑏𝑓𝑓
𝑏𝑏𝑥𝑥

= 𝐼𝐼𝑚𝑚1(ln 𝑥𝑥 + 𝜖𝜖1 + 𝜖𝜖2 ) = 𝐼𝐼𝑚𝑚2 ln(𝑥𝑥 + 𝜖𝜖1 + 𝜖𝜖2)

= 𝐼𝐼𝑚𝑚1 ln(𝑥𝑥 + 𝜖𝜖1 + 𝜖𝜖2) =
1
𝑥𝑥

𝑑𝑑2𝑑𝑑
𝑑𝑑𝑑𝑑2

= 𝐼𝐼𝑚𝑚12 𝑓𝑓 𝑥𝑥 + 𝜖𝜖1 + 𝜖𝜖2 = 𝐼𝐼𝑚𝑚12 ln(𝑥𝑥 + 𝜖𝜖1 + 𝜖𝜖2) = − 1
𝑑𝑑2



Computing derivatives using bidual numbers –
multivariate example

 Consider a multivariate Taylor series expansion of the following bidual number

8

𝑓𝑓 𝑥𝑥 + ℎ𝜖𝜖1,𝑦𝑦 + ℎ𝜖𝜖2 = 𝑓𝑓 𝑥𝑥 + ℎ 𝜖𝜖1 + 𝜖𝜖2 𝑓𝑓′ 𝑥𝑥 +
ℎ2

2!
𝜖𝜖1 + 𝜖𝜖2 2𝑓𝑓′′ 𝑥𝑥 + 𝐻𝐻.𝑂𝑂.𝑇𝑇.

= 𝑓𝑓 𝑥𝑥 + ℎ( 𝜖𝜖1 + 𝜖𝜖2 𝑓𝑓′ 𝑥𝑥 + ℎ2

2!
𝜖𝜖12 + 2𝜖𝜖1𝜖𝜖2 + 𝜖𝜖22 𝑓𝑓′′ 𝑥𝑥 + 𝐻𝐻.𝑂𝑂.𝑇𝑇.

= 𝑓𝑓 𝑥𝑥 + ℎ( 𝜖𝜖1 + 𝜖𝜖2 𝑓𝑓′ 𝑥𝑥 +  ℎ2 𝜖𝜖1𝜖𝜖2 𝑓𝑓′′ 𝑥𝑥

0 0 0

𝑥𝑥∗ = 𝑥𝑥 + ℎ𝜖𝜖1
𝑦𝑦∗ = 𝑦𝑦 + ℎ𝜖𝜖2

𝑓𝑓 𝑥𝑥∗,𝑦𝑦∗ = 𝑓𝑓 𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 𝑥𝑥0,𝒉𝒉, 0,0 , 𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 𝑥𝑥0, 0,𝒉𝒉, 0

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 1
ℎ
𝐼𝐼𝑚𝑚1(𝑓𝑓 𝑥𝑥∗,𝑦𝑦∗ )

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 1
ℎ
𝐼𝐼𝑚𝑚2(𝑓𝑓 𝑥𝑥∗,𝑦𝑦∗ )

𝜕𝜕2𝑓𝑓
𝜕𝜕𝑥𝑥𝜕𝜕𝑦𝑦

=
1
ℎ2
𝐼𝐼𝑚𝑚12(𝑓𝑓 𝑥𝑥∗,𝑦𝑦∗ ) 

General Case: arbitrary ℎ



Computing derivatives using bidual numbers –
multivariate example

 Consider a multivariate Taylor series expansion of the following bidual number

9

𝑓𝑓 𝑥𝑥 + ℎ𝜖𝜖1,𝑦𝑦 + ℎ𝜖𝜖2 = 𝑓𝑓 𝑥𝑥 + ℎ 𝜖𝜖1 + 𝜖𝜖2 𝑓𝑓′ 𝑥𝑥 +
ℎ2

2!
𝜖𝜖1 + 𝜖𝜖2 2𝑓𝑓′′ 𝑥𝑥 + 𝐻𝐻.𝑂𝑂.𝑇𝑇.

= 𝑓𝑓 𝑥𝑥 + ℎ( 𝜖𝜖1 + 𝜖𝜖2 𝑓𝑓′ 𝑥𝑥 + ℎ2

2!
𝜖𝜖12 + 2𝜖𝜖1𝜖𝜖2 + 𝜖𝜖22 𝑓𝑓′′ 𝑥𝑥 + 𝐻𝐻.𝑂𝑂.𝑇𝑇.

= 𝑓𝑓 𝑥𝑥 + ℎ( 𝜖𝜖1 + 𝜖𝜖2 𝑓𝑓′ 𝑥𝑥 +  ℎ2 𝜖𝜖1𝜖𝜖2 𝑓𝑓′′ 𝑥𝑥

0 0 0

𝑥𝑥∗ = 𝑥𝑥 + 𝜖𝜖1
𝑦𝑦∗ = 𝑦𝑦 + 𝜖𝜖2

𝑓𝑓 𝑥𝑥∗,𝑦𝑦∗ = 𝑓𝑓 𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 𝑥𝑥0,𝟏𝟏, 0,0 , 𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 𝑥𝑥0, 0,𝟏𝟏, 0

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝐼𝐼𝑚𝑚1(𝑓𝑓 𝑥𝑥∗,𝑦𝑦∗ )
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝐼𝐼𝑚𝑚2(𝑓𝑓 𝑥𝑥∗,𝑦𝑦∗ )
𝜕𝜕2𝑓𝑓
𝜕𝜕𝑥𝑥𝜕𝜕𝑦𝑦

= 𝐼𝐼𝑚𝑚12(𝑓𝑓 𝑥𝑥∗,𝑦𝑦∗ ) 

Recommended: ℎ = 1



Closed-form example: 𝑓𝑓 𝑥𝑥, 𝑦𝑦 = 𝑥𝑥𝑦𝑦

 The use of bidual numbers to compute 1st and 2nd order derivatives can be 
demonstrated using some closed-form examples. All examples assume ℎ1 = ℎ2 = 1.
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𝑓𝑓 𝑥𝑥,𝑦𝑦 = 𝑥𝑥𝑦𝑦
𝑥𝑥 + 𝜖𝜖1 𝑦𝑦 + 𝜖𝜖2  = 𝑥𝑥𝑦𝑦 + 𝑦𝑦𝜖𝜖1 + 𝑥𝑥𝜖𝜖2 + 1𝜖𝜖12

𝜕𝜕𝑓𝑓
𝜕𝜕𝑥𝑥

= 𝐼𝐼𝑚𝑚1 𝑓𝑓 𝑥𝑥 + 𝜖𝜖1 𝑦𝑦 + 𝜖𝜖2 = 𝑦𝑦
𝜕𝜕𝑓𝑓
𝜕𝜕𝑦𝑦

= 𝐼𝐼𝑚𝑚2 𝑓𝑓 𝑥𝑥 + 𝜖𝜖1 𝑦𝑦 + 𝜖𝜖2 = 𝑥𝑥

𝜕𝜕2𝑓𝑓
𝜕𝜕𝑥𝑥𝜕𝜕𝑦𝑦

= 𝐼𝐼𝑚𝑚12 𝑓𝑓 𝑥𝑥 + 𝜖𝜖1 𝑦𝑦 + 𝜖𝜖2 = 1



Closed-form example: 𝑓𝑓 𝑥𝑥, 𝑦𝑦 = 𝑥𝑥2𝑦𝑦2
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𝑓𝑓 𝑥𝑥,𝑦𝑦 = 𝑥𝑥2𝑦𝑦2
𝑓𝑓( 𝑥𝑥 + 𝜖𝜖1 , 𝑦𝑦 + 𝜖𝜖2 ) = 𝑥𝑥 + 𝜖𝜖1 2 𝑦𝑦 + 𝜖𝜖2 2 =

𝑥𝑥2 + 2𝑥𝑥𝜖𝜖1 + 𝜖𝜖12 𝑦𝑦2 + 2𝑦𝑦𝜖𝜖2 + 𝜖𝜖22 =
= 𝑥𝑥2𝑦𝑦2 + 2𝑥𝑥𝑦𝑦2𝜖𝜖1 + 2𝑥𝑥2𝑦𝑦𝜖𝜖2 + 4𝑥𝑥𝑦𝑦𝜖𝜖12

𝜕𝜕𝑓𝑓
𝜕𝜕𝑥𝑥

= 𝐼𝐼𝑚𝑚1 𝑓𝑓 𝑥𝑥 + 𝜖𝜖1 𝑦𝑦 + 𝜖𝜖2 = 2𝑥𝑥𝑦𝑦2

𝜕𝜕𝑓𝑓
𝜕𝜕𝑦𝑦

= 𝐼𝐼𝑚𝑚2 𝑓𝑓 𝑥𝑥 + 𝜖𝜖1 𝑦𝑦 + 𝜖𝜖2 = 2𝑥𝑥2𝑦𝑦

𝜕𝜕2𝑓𝑓
𝜕𝜕𝑥𝑥𝜕𝜕𝑦𝑦

= 𝐼𝐼𝑚𝑚12 𝑓𝑓 𝑥𝑥 + 𝜖𝜖1 𝑦𝑦 + 𝜖𝜖2 = 4𝑥𝑥𝑦𝑦

0 0
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𝑓𝑓 𝑥𝑥,𝑦𝑦 = 𝑥𝑥 𝑒𝑒𝑑𝑑
𝑓𝑓 𝑥𝑥 + 𝜖𝜖1 , 𝑦𝑦 + 𝜖𝜖2 = 𝑥𝑥 + 𝜖𝜖1 𝑒𝑒𝑑𝑑+𝜖𝜖2 =

𝑥𝑥𝑒𝑒𝑑𝑑+𝜖𝜖2 + 𝑒𝑒𝑑𝑑+𝜖𝜖2𝜖𝜖1

𝐵𝐵𝑏𝑏𝐵𝐵 (exp 𝑥𝑥0 + 𝑥𝑥1𝜖𝜖1 + 𝑥𝑥2𝜖𝜖2 + 𝑥𝑥12𝜖𝜖12 ) =
exp 𝑥𝑥0 + 𝑥𝑥1𝑒𝑒𝑥𝑥𝑒𝑒 𝑥𝑥0 𝜖𝜖1 + 𝑥𝑥2 𝑒𝑒𝑥𝑥𝑒𝑒 𝑥𝑥0 𝜖𝜖2 + (𝑥𝑥1𝑥𝑥2 + 𝑥𝑥12)exp(𝑥𝑥0)𝜖𝜖12

𝑇𝑇ℎ𝑒𝑒𝑇𝑇 𝑒𝑒𝑑𝑑+𝜖𝜖2 = 𝑒𝑒𝑑𝑑 + 𝑒𝑒𝑑𝑑𝜖𝜖2

𝑥𝑥 + 𝜖𝜖1 𝑒𝑒𝑑𝑑+𝜖𝜖2 = 𝑥𝑥 + 𝜖𝜖1 𝑒𝑒𝑑𝑑 + 𝑒𝑒𝑑𝑑𝜖𝜖12 =
𝑥𝑥𝑒𝑒𝑑𝑑 + 𝑒𝑒𝑑𝑑𝜖𝜖1 + 𝑥𝑥𝑒𝑒𝑑𝑑𝜖𝜖2 + 𝑒𝑒𝑑𝑑𝜖𝜖12 =

𝜕𝜕𝑓𝑓
𝜕𝜕𝑥𝑥

= 𝐼𝐼𝑚𝑚1 𝑓𝑓 𝑥𝑥 + 𝜖𝜖1 𝑦𝑦 + 𝜖𝜖2 = 𝑒𝑒𝑑𝑑

𝜕𝜕𝑓𝑓
𝜕𝜕𝑦𝑦

= 𝐼𝐼𝑚𝑚2 𝑓𝑓 𝑥𝑥 + 𝜖𝜖1 𝑦𝑦 + 𝜖𝜖2 = 𝑥𝑥𝑒𝑒𝑑𝑑

𝜕𝜕2𝑓𝑓
𝜕𝜕𝑥𝑥𝜕𝜕𝑦𝑦

= 𝐼𝐼𝑚𝑚12 𝑓𝑓 𝑥𝑥 + 𝜖𝜖1 𝑦𝑦 + 𝜖𝜖2 = 𝑒𝑒𝑑𝑑
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13

𝑓𝑓 𝑥𝑥,𝑦𝑦 = 𝑥𝑥 sin(𝑦𝑦)
𝑓𝑓 𝑥𝑥 + 𝜖𝜖1 , 𝑦𝑦 + 𝜖𝜖2 = 𝑥𝑥 + 𝜖𝜖1 sin 𝑦𝑦 + 𝜖𝜖2

𝐵𝐵𝑏𝑏𝐵𝐵 (sin 𝑥𝑥0 + 𝑥𝑥1𝜖𝜖1 + 𝑥𝑥2𝜖𝜖2 + 𝑥𝑥12𝜖𝜖12 ) =
𝑠𝑠𝑏𝑏𝑇𝑇 𝑥𝑥0 + 𝑥𝑥1𝑐𝑐𝑐𝑐𝑠𝑠 𝑥𝑥0 𝜖𝜖1 + 𝑥𝑥2 𝑐𝑐𝑐𝑐𝑠𝑠 𝑥𝑥0 𝜖𝜖2 + (𝑥𝑥12 𝑐𝑐𝑐𝑐𝑠𝑠 𝑥𝑥0 − 𝑥𝑥1𝑥𝑥2 𝑠𝑠𝑏𝑏𝑇𝑇(𝑥𝑥0))𝜖𝜖12

𝑇𝑇ℎ𝑒𝑒𝑇𝑇 sin 𝑦𝑦 + 0𝜖𝜖1 + 𝜖𝜖2 + 0𝜖𝜖12 = sin 𝑦𝑦 + 0𝜖𝜖1 + cos 𝑦𝑦 𝜖𝜖2 + 0𝜖𝜖12 
𝑏𝑏𝑇𝑇𝑏𝑏

𝑥𝑥 + 𝜖𝜖1 (sin 𝑦𝑦 + cos 𝑦𝑦 )𝜖𝜖2 =
𝑥𝑥 sin𝑦𝑦 + sin 𝑦𝑦 𝜖𝜖1 + 𝑥𝑥cos 𝑦𝑦 𝜖𝜖2 + cos(𝑦𝑦) 𝜖𝜖12
𝜕𝜕𝑓𝑓
𝜕𝜕𝑥𝑥

= 𝐼𝐼𝑚𝑚1 𝑓𝑓 𝑥𝑥 + 𝜖𝜖1 𝑦𝑦 + 𝜖𝜖2 = sin(𝑦𝑦)
𝜕𝜕𝑓𝑓
𝜕𝜕𝑦𝑦

= 𝐼𝐼𝑚𝑚2 𝑓𝑓 𝑥𝑥 + 𝜖𝜖1 𝑦𝑦 + 𝜖𝜖2 = 𝑥𝑥 cos(𝑦𝑦)

𝜕𝜕2𝑓𝑓
𝜕𝜕𝑥𝑥𝜕𝜕𝑦𝑦

= 𝐼𝐼𝑚𝑚12 𝑓𝑓 𝑥𝑥 + 𝜖𝜖1 𝑦𝑦 + 𝜖𝜖2 = cos(𝑦𝑦)
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𝑓𝑓 𝑥𝑥,𝑦𝑦 = 𝑥𝑥 sin(𝑦𝑦)
𝑓𝑓 𝑥𝑥 + 𝜖𝜖1 , 𝑦𝑦 + 𝜖𝜖2 = 𝑥𝑥 + 𝜖𝜖1 sin 𝑦𝑦 + 𝜖𝜖2

𝐵𝐵𝑏𝑏𝐵𝐵 (sin 𝑥𝑥0 + 𝑥𝑥1𝜖𝜖1 + 𝑥𝑥2𝜖𝜖2 + 𝑥𝑥12𝜖𝜖12 ) =
𝑠𝑠𝑏𝑏𝑇𝑇 𝑥𝑥0 + 𝑥𝑥1𝑐𝑐𝑐𝑐𝑠𝑠 𝑥𝑥0 𝜖𝜖1 + 𝑥𝑥2 𝑐𝑐𝑐𝑐𝑠𝑠 𝑥𝑥0 𝜖𝜖2 + (𝑥𝑥12 𝑐𝑐𝑐𝑐𝑠𝑠 𝑥𝑥0 − 𝑥𝑥1𝑥𝑥2 𝑠𝑠𝑏𝑏𝑇𝑇(𝑥𝑥0))𝜖𝜖12

𝑇𝑇ℎ𝑒𝑒𝑇𝑇 sin 𝑦𝑦 + 0𝜖𝜖1 + 𝜖𝜖2 + 0𝜖𝜖12 = sin 𝑦𝑦 + 0𝜖𝜖1 + cos 𝑦𝑦 𝜖𝜖2 + 0𝜖𝜖12 
𝑏𝑏𝑇𝑇𝑏𝑏

𝑥𝑥 + 𝜖𝜖1 (sin 𝑦𝑦 + cos 𝑦𝑦 )𝜖𝜖2 =
𝑥𝑥 sin𝑦𝑦 + sin 𝑦𝑦 𝜖𝜖1 + 𝑥𝑥cos 𝑦𝑦 𝜖𝜖2 + cos(𝑦𝑦) 𝜖𝜖12
𝜕𝜕𝑓𝑓
𝜕𝜕𝑥𝑥

= 𝐼𝐼𝑚𝑚1 𝑓𝑓 𝑥𝑥 + 𝜖𝜖1 𝑦𝑦 + 𝜖𝜖2 = sin(𝑦𝑦)
𝜕𝜕𝑓𝑓
𝜕𝜕𝑦𝑦

= 𝐼𝐼𝑚𝑚2 𝑓𝑓 𝑥𝑥 + 𝜖𝜖1 𝑦𝑦 + 𝜖𝜖2 = 𝑥𝑥 cos(𝑦𝑦)

𝜕𝜕2𝑓𝑓
𝜕𝜕𝑥𝑥𝜕𝜕𝑦𝑦

= 𝐼𝐼𝑚𝑚12 𝑓𝑓 𝑥𝑥 + 𝜖𝜖1 𝑦𝑦 + 𝜖𝜖2 = cos(𝑦𝑦)



Incorrect method for computing derivatives using 
bidual numbers – univariate example

 What happens if we perturb 𝜖𝜖1, 𝜖𝜖2,𝑏𝑏𝑇𝑇𝑏𝑏 𝜖𝜖12? Consider a Taylor series expansion 
of the following bidual number
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𝑓𝑓 𝑥𝑥∗ = 𝑓𝑓 𝑥𝑥 + ℎ(𝜖𝜖1 + 𝜖𝜖2 + 𝜖𝜖12)

𝐼𝐼𝑚𝑚1(𝑓𝑓 𝑥𝑥∗ ) = 𝐼𝐼𝑚𝑚2 𝑓𝑓 𝑥𝑥∗ = ℎ 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

𝐼𝐼𝑚𝑚12 𝑓𝑓 𝑥𝑥∗ = ℎ
𝑏𝑏𝑓𝑓
𝑏𝑏𝑥𝑥

+ ℎ2
𝑏𝑏2𝑓𝑓
𝑏𝑏𝑥𝑥2

Convolve 𝑓𝑓,𝑑𝑑 𝑏𝑏𝑇𝑇𝑏𝑏 𝑓𝑓,𝑑𝑑𝑑𝑑

𝑓𝑓 𝑥𝑥 + ℎ(𝜖𝜖1 + 𝜖𝜖2 + 𝜖𝜖12) = 𝑓𝑓 𝑥𝑥 + ℎ 𝜖𝜖1 + 𝜖𝜖2 + 𝜖𝜖12 𝑓𝑓′ 𝑥𝑥 +
ℎ2

2!
𝜖𝜖1 + 𝜖𝜖2 + 𝜖𝜖12 2𝑓𝑓′′ 𝑥𝑥 + 𝐻𝐻.𝑂𝑂.𝑇𝑇.

= 𝑓𝑓 𝑥𝑥 + ℎ( 𝜖𝜖1 + 𝜖𝜖2 + 𝜖𝜖12 𝑓𝑓′ 𝑥𝑥 + ℎ2

2!
𝜖𝜖12 + 2𝜖𝜖1𝜖𝜖12 + 𝜖𝜖122 + 2𝜖𝜖1𝜖𝜖2 + 2𝜖𝜖12𝜖𝜖2 + 𝜖𝜖22 𝑓𝑓′′ 𝑥𝑥 + 𝐻𝐻.𝑂𝑂.𝑇𝑇.

= 𝑓𝑓 𝑥𝑥 + ℎ𝑓𝑓′ 𝑥𝑥 𝜖𝜖1 + ℎ𝑓𝑓′ 𝑥𝑥 𝜖𝜖2 + (ℎ𝑓𝑓′ 𝑥𝑥 + ℎ2𝑓𝑓′′ 𝑥𝑥 )𝜖𝜖12

0 0 00 0



Incorrect method for computing derivatives using 
bidual numbers – univariate example

 How do we determine which non-real axes to perturb? Consider the following 
options – only case 4 provides the correct result.
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𝐶𝐶𝑏𝑏𝑠𝑠𝑒𝑒 𝑃𝑃𝑒𝑒𝑒𝑒𝐵𝐵𝑏𝑏𝑒𝑒𝑏𝑏𝑏𝑏𝐵𝐵𝑏𝑏𝑐𝑐𝑇𝑇 𝑅𝑅𝑒𝑒𝑠𝑠𝑏𝑏𝑏𝑏𝐵𝐵
1 𝑓𝑓(𝑥𝑥 + 1𝜖𝜖1 + 0𝜖𝜖2 + 0𝜖𝜖12) 𝑓𝑓 𝑥𝑥 + 𝑓𝑓,𝑑𝑑𝜖𝜖1 + 0𝜖𝜖2 + 0𝜖𝜖12
2 𝑓𝑓(𝑥𝑥 + 0𝜖𝜖1 + 1𝜖𝜖2 + 0𝜖𝜖12) 𝑓𝑓 𝑥𝑥 + 0𝜖𝜖1 + 𝑓𝑓,𝑑𝑑𝜖𝜖2 + 0𝜖𝜖12
3 𝑓𝑓(𝑥𝑥 + 0𝜖𝜖1 + 0𝜖𝜖2 + 1𝜖𝜖12) 𝑓𝑓 𝑥𝑥 + 0𝜖𝜖1 + 0𝜖𝜖2 + 𝑓𝑓,𝑑𝑑𝜖𝜖12
4 𝑓𝑓(𝑥𝑥 + 1𝜖𝜖1 + 1𝜖𝜖2 + 0𝜖𝜖12) 𝒇𝒇 𝒙𝒙 + 𝒇𝒇,𝒙𝒙𝝐𝝐𝟏𝟏 + 𝒇𝒇,𝒙𝒙𝝐𝝐𝟐𝟐 + 𝒇𝒇,𝒙𝒙𝒙𝒙𝝐𝝐𝟏𝟏𝟐𝟐
5 𝑓𝑓(𝑥𝑥 + 1𝜖𝜖1 + 0𝜖𝜖2 + 1𝜖𝜖12) 𝑓𝑓 𝑥𝑥 + 𝑓𝑓,𝑑𝑑𝜖𝜖1 + 0𝜖𝜖2 + 𝑓𝑓,𝑑𝑑𝜖𝜖12
6 𝑓𝑓(𝑥𝑥 + 0𝜖𝜖1 + 1𝜖𝜖2 + 1𝜖𝜖12) 𝑓𝑓 𝑥𝑥 + 0𝜖𝜖1 + 𝑓𝑓,𝑑𝑑𝜖𝜖2 + 𝑓𝑓,𝑑𝑑𝜖𝜖12
7 𝑓𝑓(𝑥𝑥 + 1𝜖𝜖1 + 1𝜖𝜖2 + 1𝜖𝜖12) 𝑓𝑓 𝑥𝑥 + 𝑓𝑓,𝑑𝑑𝜖𝜖1 + 𝑓𝑓,𝑑𝑑𝜖𝜖2 + (𝑓𝑓,𝑑𝑑+𝑓𝑓,𝑑𝑑𝑑𝑑)𝜖𝜖12

where 𝑓𝑓,𝑑𝑑 = 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

, 𝑏𝑏𝑇𝑇𝑏𝑏 𝑓𝑓,𝑑𝑑𝑑𝑑 = 𝑑𝑑2𝑑𝑑
𝑑𝑑𝑑𝑑2
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