Computing derivatives using bidual numbers —
univariate example

= Consider a Taylor series expansion of the following bidual number
h2
fix+h(e;+€))=Ff(x)+h(e +e)f (x)+ 5(61 +€,)%f"(x) + H.O.T.

= F() + h((er + €)' () + = (62 26,6, + B)f () + H. 0T,
= f(x) + h((e; + €)' (x) + h?(e16,)f" (x)

General case Recommended: h; = h, = 1
F(x*) = f(bidual(xy, hy, by, 0)) (e = f(bidualCeo, 1,1,0))
L= Im () = - Im (F () L= I, (f(x*)) = Im, (f ("))
g = ﬁlmlz(f(x*)) g = Imy, (f (x*))
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Closed-form example: f(x) = x?2

= The use of bidual numbers to compute 1st and 2" order derivatives can be
demonstrated using some closed-form examples. All examples assume h; = h, = 1.

2.00 1 — f(x) - exact
f (X) — X I dffdx(x)- exact
27 —— d?ffdx?(x)- exact
f(x + €1 + EZ) - (X + €1 + 622 — 1504 ° Relfix+er+e)
' X Imi[fix+ &1+ €2)1/h
x% 4+ 2x€; + 2x€, + 26165 + y’z + Q’Z Lol v maties e e

1.00 A

0.75

d
é = Iml(f(x + e)) = Imz(f(x + E)) = Iml((x + 6)2) = 2Xx 050
2 0.25 A
dX]; - Imlz(f(x + E)) B Im((x * E) ) =2 o 0.0 0.2 0.4 0.6 0.8 1.0
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Closed-form example: f(x) = x?

= The use of bidual numbers to compute 1st and 2" order derivatives can be

demonstrated using some closed-form examples. All examples assume h; = h, = 1.

f(x) =x°
f(x+61+62) = (x+61+62)3 =
x3 t 3x? 61 + 3x%€, + 6x€.€, + 3x/51 + 3x§/2 + 361;72 + 3§/262
+$+¢

= x3 + 3x%€, + 3x%€, + 6x€,6,

Y o (Fx + 60 + ) = Ima(fx-+ € + €2)

=Im,((x + €, + €;)3) = 3x?
42
d_x]; =Imy,(f(x +¢€)) =Im((x +€)3) = 6x
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(x) - exact
dffdx(x)- exact
d?fldx?(x)- exact

e  Re[flx+e1+&r)]

X

Imi[fix+ &1+ €2)1/h

1+ Implfix+ &1+ €2)1/h?

0.0

0.2

0.4




Closed-form example: f(x) = e”*

= The use of bidual numbers to compute 1st and 2" order derivatives can be
demonstrated using some closed-form examples. All examples assume h; = h, = 1.

flx)=e*

fx +€e +e) =eXTertez =

e*+ere; +e’e, +eree

d
d—i =Im(f(x+e1+€))=Im,(f(x+ €6 +¢))
— Iml(ex+61+€2) — ex
d*f x+e te x
—— = Imip(f(x +€)) = Imyp(e¥*1%2) = e

2.75 1

2.50

2.25 1

2.00

1.75

1.50 1

1.25

1.00

— f(x) - exact
—— df/dx(x)- exact
—— d?fldx?(x)- exact

e  Re[fl(x+¢e1+&r)]
Iml[f(x + &1+ 52)]//7
Imyo[f(x + €1 + €2)1/h?

X

+

0.0

0.2 0.4 0.6 0.8
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Closed-form example: f(x) = sin(x)

= The use of bidual numbers to compute 1st and 2"d order derivatives can be
demonstrated using some closed-form examples. All examples assume h; = h, = 1.

f(x) — Sln(x) 1.00 7 —— f(x) - exact
—— dffdx(x)- exact
f(x+e€;+€) =sin(x + €, +€) 0731 — A exact
. e[fix+ &1 + &
= sin(x) + cos(x) €; + cos(x) €, — sin(x)e€ € 0501 imlfix+e1 +e2)lh

+ . Imylfix + €1 + €2)1/h?

0.25 1

% =Im(f(x+¢€)) = Im,(f(x + €)) = Im,(sin(x + €, + €;)) _ZZ:
= cos(x) e
dzf —0.75 1

ke Im,(f(x +¢€) =Imy,(sin(x + €1 + €;)) = —sin(x)  _4.

0 2 n 3172 2
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Closed-form example: f(x) = cos(x)

= The use of bidual numbers to compute 1st and 2"d order derivatives can be
demonstrated using some closed-form examples. All examples assume h; = h, = 1.

Fx) = cos(x) e
— . T — 2 2 T
fx+e+e€) =cos(x+e€;+€y) - ot et

0.50 ~
X Imi[fix+ &1+ &2)1/h

+  Imqlfix + €1+ €2)1/h?

= sin(x) + sin(x) €; + sin(x) €, — cos(x)€e; €,

0.25 1

d 0.00 A
é = Iml(f(x + E)) = I'mz(f(x + E)) =Im;(cos(x + €1 + €2)) _pas]
= sin(x) 7
dzf —0.75 A
dx? Imp,(f(x + €)) = Imy,(cos(x + €1 + €)) = —cos(x) 0.

0 2 n 372 2n
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Closed-form example: f(x) = In(x)

= The use of bidual numbers to compute 1st and 2"d order derivatives can be
demonstrated using some closed-form examples. All examples assume h; = h, = 1.

(x) =1 3
f(x) = In(x) o ) S

xX+e,+e)=In(x+¢,+¢6,)) =—€;,+—-€6, ——¢€ 0
f( 1 2) ( 1 2) L1 T €27 g6 o
_5_
af 10
T Im;(In(x +€; +€3)) =Im,(In(x + €; + €,))
X _15 — f(x) - exact
— dffdx(x)- exact

=Imi(n(x+e+e)) =7 ] St g
d2 X Imilfix + &1+ €2)l/h
d_x]; =Imy,(f(x + €1 + €)) = Imp(In(x + €1 + €3)) = —xiz 25| o e+ e’

02 03 04 05 06 07 08 09 1.0
X
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Computing derivatives using bidual numbers —
multivariate example

= Consider a multivariate Taylor series expansion of the following bidual number
2
f(x+he,y+hey) =f(x)+h(e; +6)f (x) + %(61 +€,)%f"(x) + H.0.T.

= G + h((er + &)f () + 5 (6 + 2e16, + 5" () + H.O'T.
= f(x) + h((e1 + €)f ' (x) + h*(e16)f" (%)

General Case: arbitrary h

x* =x+ heq
y* =y + he;
fx*,y*) = f(bidual(xo,h, 0,0), bidual(xy, 0, h, 0))

L= i (F,y)

= Im, (f (x*,y))

1
U'I'SA 6xay:ﬁ1m12(f(x*’y*))




Computing derivatives using bidual numbers —
multivariate example

= Consider a multivariate Taylor series expansion of the following bidual number
2
f(x+he,y+hey) =f(x)+h(e; +6)f (x) + %(61 +€,)%f"(x) + H.0.T.

= G + h((er + &)f () + 5 (6 + 2e16, + 5" () + H.O'T.
= f(x) + h((e1 + €)f ' (x) + h*(e16)f" (%)

Recommended: h = 1

X*=x4+€
y'=y+te
flx*,y*) = f(bidual(xo, 1,0,0), bidual(x,, 0, 1, O))

T=Im(fxy)
= Imy(f(x",y")
0%f

UTSA oy Imy, (f (x*, %))




Closed-form example: f(x,y) = xy

= The use of bidual numbers to compute 1st and 2" order derivatives can be
demonstrated using some closed-form examples. All examples assume h; = h, = 1.

fx) = x°
flx,y) =xy 5 0= Relfix+e1+6)] T
(x+e)y+e) =xy+ye +xe;, + 1egy = il + 1+ €]
1.5
af r\,:1.0-
—=Im (f((x+ e +&))) =
af 0.5 1
dy = Im,; (f((x +e)(y + Ez))) =X . | | | |
0.0 0.2 0.4 0.6 0.8 1.0
d%f
%0y = Imy; (f((x +e)(y + Ez))) =1
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Closed-form example: f(x,y) = x*y?

flx,y) = x*y?
f((x+e) (y+ 62)) =(x+e)+e) =
(x2+2x61+g (y? +2y62+e § =
= x%y?% + 2xy?e; + 2x°%ye, + 4xy612

0

g_i = Imy (f((x +e)ly + 62))) = 2xy*

% = Im, (f((x +e)y + 62))) = 2x°%y

62

axafy = Imy; (f((x +e)ly + 62))) = 4xy
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Closed-form example: f(x,y) = xe”

flx,y) =xe”
(G +€), (v +6)) = (x + e;)e¥+ez =
xeY*ez 4 eY¥eze,

But (exp(xg + x1€61 + X565 + X15€12)) =
exp(xg) + xexp(xg)eq + x5 exp(xg)ey + (x1x5 + x1,)exp(xg) €12

Then e¥Y*€2 = eY + eY¢,

(x +e)ev ez = (x+€)(e¥ +e¥ey,) =
xeY +eYe, +xeVey, +eVey, =

0
% =Im, (f((x +e)(y + 62))) — oV
of
dy

S= 1 (f(Gr+ @) + €)= xe”

62
UI'SA® Oxafv =Im4, (f((x +e)(y + 62))) — eV

12



Closed-form example: f(x,y) = xsin(y)

f(x,y) = xsin(y)
f((x +€), (¥ + 62)) = (x + €1)sin(y + €,)

But (sin(xg + x161 + X565 + X15€15)) =
sin(xg) + x,cos(xg)€q + x5 cos(xgy)€y + (x1, cos(xy) — x1%5 Sin(xg)) €12

Then sin(y + 0e; + €, + 0€1,) =sin(y) + 0e; + cos(y)e, + 0€4,
and

(x + €1)(sin(y) + cos(y))e; =
xsiny + sin(y) €; + xcos(y) €, + cos(y) €15

9,

a% = Im, (f((x +e)(y + 62))) = sin(y)
% = Im; (f((x + €D + &) ) = x cos(y)
02
axafy =Imy, (f((x +e)(y + Ez))) = cos(y)
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Closed-form example: f(x,y) = xsin(y)

f(x,y) = xsin(y)
f((x +€), (¥ + 62)) = (x + €1)sin(y + €,)

But (sin(xg + x161 + X565 + X15€15)) =
sin(xg) + x,cos(xg)€q + x5 cos(xgy)€y + (x1, cos(xy) — x1%5 Sin(xg)) €12

Then sin(y + 0e; + €, + 0€1,) =sin(y) + 0e; + cos(y)e, + 0€4,
and

(x + €1)(sin(y) + cos(y))e; =
xsiny + sin(y) €; + xcos(y) €, + cos(y) €15

9,

a% = Im, (f((x +e)(y + 62))) = sin(y)
% = Im; (f((x + €D + &) ) = x cos(y)
02
axafy =Imy, (f((x +e)(y + Ez))) = cos(y)
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Incorrect method for computing derivatives using
bidual numbers — univariate example

= What happens if we perturb ¢, €,, and €,,7 Consider a Taylor series expansion
of the following bidual number

2
fx+h(e;+e,+€3)=f(x)+h(e; +e,+e)f ' (x) + o7 (e, + €, +€15)*f"(x) + H.O.T.

=f(x)+h((e; + €5 +€1)f (%) + ’;—?(?fo"' 261%012 + Efzo+ 2€1€; + 251fegz + ?)%Sf”(x) +H.0.T.
= f() + hf'(x)eg + hf'()ez + (hf'(x) + h*f" (x))€12

f(x*) = f(x+ h(er + € + €12))
Im, (F () = Im,,(f(x) = h L
d*f

dx?

f

Imlz(f(x )) h— + h?— «—— Convolve f, and f,
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Incorrect method for computing derivatives using
bidual numbers — univariate example

* How do we determine which non-real axes to perturb? Consider the following
options — only case 4 provides the correct result.

Case Perturbation Result

1 f(x+ 1e; + 0€, + 0€45) f(x)+ fr€e1 + 0€y + O€qy

2 f(x+0e; + 1€, + 0€q5) f(x)+ 0€ey + fr€e3 + O€qy

3 f(x + 061 + 062 + 1612) f(X) + 061 + 062 + f:xelz

4 f(x + 161 + 1EZ T 0612) f(x) T f,xel + f,xEZ T f,xxelz

5 f(x + 161 + 062 + 1612) f(x) + ﬁxel + 062 + ﬁxelz

6 f(x+0e; + 1€, + 1€45) f(x)+ 0€y + [ + [r€12

7  flx+leg+1e; +1€13) f(x) + frer + [r€r + (fxtSxx)€r2

daf d?f
where ﬁx =E,and]fxx =ﬁ

m University of Texas at San Antonio
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