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Application: Simpson’s rule

 Let’s study the behavior of CTSE to calculate the derivative the parameters of 
an integral using Simpson’s rule.
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To calculate: 
ௗூ

ௗ௔
≈

ூ௠(ூ(௔ା௜௛,௕,௖)

௛
, replace 𝑎 with 𝑎 + 𝑖ℎ within Simpson’s rule.

𝐼 𝑎 + 𝑖ℎ, 𝑏, 𝑐

= න 𝑓 𝑥, 𝑐 𝑑𝑥 ≈
𝑏 − 𝑎 + 𝑖ℎ

8
𝑓 𝑎 + 𝑖ℎ, 𝑐 + 3𝑓

2 𝑎 + 𝑖ℎ + 𝑏

3
, 𝑐 + 3𝑓

𝑎 + 𝑖ℎ + 2𝑏

3
, 𝑐 + 𝑓 𝑏, 𝑐

௕

௔

Then, 
𝐼 = 𝑅𝑒(𝐼(𝑎 + 𝑖ℎ, 𝑏, 𝑐)

𝑑𝐼

𝑑𝑎
≈

𝐼𝑚(𝐼(𝑎 + 𝑖ℎ, 𝑏, 𝑐)

ℎ

𝐼 𝑎, 𝑏, 𝑐 = න 𝑓 𝑥, 𝑐 𝑑𝑥 ≈
𝑏 − 𝑎

8
𝑓 𝑎, 𝑐 + 3𝑓

2𝑎 + 𝑏

3
, 𝑐 + 3𝑓

𝑎 + 2𝑏

3
, 𝑐 + 𝑓 𝑏, 𝑐

௕

௔
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Application: Simpson’s rule, 
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𝐼 𝑎, 𝑏, 𝑐 = න 𝑓 𝑥, 𝑐 𝑑𝑥 ≈
𝑏 − 𝑎

8
𝑓 𝑎, 𝑐 + 3𝑓

2𝑎 + 𝑏

3
, 𝑐 + 3𝑓

𝑎 + 2𝑏

3
, 𝑐 + 𝑓 𝑏, 𝑐

௕

௔

To calculate: 
ௗூ

ௗ௕
≈

ூ௠(ூ(௔,௕ା௜௛,௖)

௛
, replace 𝑏 with 𝑏 + 𝑖ℎ within Simpson’s rule.

𝐼 𝑎, 𝑏 + 𝑖ℎ, 𝑐

= න 𝑓 𝑥, 𝑐 𝑑𝑥 ≈
𝑏 + 𝑖ℎ − 𝑎

8
𝑓 𝑎, 𝑐 + 3𝑓

2𝑎 + 𝑏 + 𝑖ℎ

3
, 𝑐 + 3𝑓

𝑎 + 2 𝑏 + 𝑖ℎ

3
, 𝑐 + 𝑓 𝑏 + 𝑖ℎ, 𝑐

௕

௔

Then, 
𝐼 = 𝑅𝑒(𝐼(𝑎, 𝑏 + 𝑖ℎ, 𝑐)

𝑑𝐼

𝑑𝑏
≈

𝐼𝑚(𝐼(𝑎, 𝑏 + 𝑖ℎ, 𝑐)

ℎ
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Application: Simpson’s rule, 
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𝐼 𝑎, 𝑏, 𝑐 = න 𝑓 𝑥, 𝑐 𝑑𝑥 ≈
𝑏 − 𝑎

8
𝑓 𝑎, 𝑐 + 3𝑓

2𝑎 + 𝑏

3
, 𝑐 + 3𝑓

𝑎 + 2𝑏

3
, 𝑐 + 𝑓 𝑏, 𝑐

௕

௔

To calculate: 
ௗூ

ௗ௖
≈

ூ௠(ூ(௔,௕,௖ା௜௛)

௛
, replace 𝑐 with 𝑐 + 𝑖ℎ within Simpson’s rule.

𝐼 𝑎, 𝑏, 𝑐 + 𝑖ℎ

= න 𝑓 𝑥, 𝑐 + 𝑖ℎ 𝑑𝑥 ≈
𝑏 − 𝑎

8
𝑓 𝑎, 𝑐 + 𝑖ℎ + 3𝑓

2𝑎 + 𝑏

3
, 𝑐 + 𝑖ℎ + 3𝑓

𝑎 + 2𝑏

3
, 𝑐 + 𝑖ℎ + 𝑓 𝑏, 𝑐 + 𝑖ℎ

௕

௔

Then, 
𝐼 = 𝑅𝑒(𝐼(𝑎, 𝑏, 𝑐 + 𝑖ℎ)

𝑑𝐼

𝑑𝑐
≈

𝐼𝑚(𝐼(𝑎, 𝑏, 𝑐 + 𝑖ℎ)

ℎ

Simpson’s Rule



Application: Simpson’s rule

 Example: ି௖௫௕

௔
with 
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CTSE results (ℎ = 10ିଵ଴ was used). 

Note that the accuracy of the derivatives are ~one order of magnitude less than the integral. 
This behavior is often seen in other applications. 

Relative ErrorCTSEExact

9.3 ∗ 10ିସ0.07853380.0786069Integral

3.9 ∗ 10ିଷ−0.134807−0.135335𝑑𝐼/𝑑𝑎

6.9 ∗ 10ିଷ0.03637990.0366313𝑑𝐼/𝑑𝑏

7.8 ∗ 10ିଷ−0.109557−0.109643𝑑𝐼/𝑑𝑐



Application: Simpson’s rule

 Observe the accuracy of the derivative as a function of the step size for 
CTSE, FD, and CD.
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• CTSE reaches an accurate 
result for ℎ < 10ିଷ.

• FD and CD can also obtain the 
same accuracy but only for a 
window of ℎ and the window is 
unknown a priori.

𝐼 𝑎, 𝑏, 𝑐 = ∫ 𝑥𝑒ି௖௫𝑑𝑥
௕

௔
with 𝑎 = 1, 𝑏 = 2, 𝑐 = 2

Numerical integration of 
𝐼 𝑎, 𝑏, 𝑐 using Simpson’s rule



Application: Simpson’s rule

 Compare the accuracy of computed 2 ways: 1)CTSE applied directly to , and 2) 
Integration of the analytical derivative. Both integrals computed using Simpson’s rule. 

7

𝐼 𝑎, 𝑏, 𝑐 = ∫ 𝑥𝑒ି௖௫𝑑𝑥
௕

௔
with 𝑎 = 1, 𝑏 = 2, 𝑐 = 2

𝑑𝐼ଵ

𝑑𝑐
≈

1

ℎ
𝐼𝑚(𝐼 𝑎, 𝑏, 𝑐 + 𝑖ℎ )

ௗூమ

ௗ௖
=

ௗ

ௗ௖
 ∫ 𝑥𝑒ି௖ 𝑑𝑥

௕

௔
= ∫

ௗ

ௗ௖
(𝑥𝑒ି௖௫)𝑑𝑥

௕

௔
= ∫ (−𝑥ଶ𝑒ି௖௫)𝑑𝑥

௕

௔

Analytical derivativeCTSE

𝑑𝐼ଶ

𝑑𝑐
= න(−𝑥ଶ𝑒ି௖௫)𝑑𝑥

௕

௔

𝑑𝐼ଵ

𝑑𝑐
≈

1

ℎ
𝐼𝑚(𝐼 𝑎, 𝑏, 𝑐 + 𝑖ℎ )

−0.1096432776573800−0.109557440400866

To summarize, CTSE provides the most accurate numerical derivative possible (given 
sufficiently small step size) – the accuracy is only limited in this case by the accuracy 
of Simpson’s rule.



Application: Gauss-Legendre quadrature

 Let’s study the behavior of CTSE to calculate the derivative the parameters of 
an integral using Gauss-Legendre quadrature.

 Where ௜, ௜ are weights and evaluation points, and defines the number of 
integration points. 

 As an example, consider with the evaluation points 
ଷ

ହ

ଷ

ହ
with 

weights 
ହ

ଽ

଼

ଽ

ହ

ଽ
respectively. 
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𝐼 𝑎, 𝑏, 𝑐 = න 𝑓 𝑥, 𝑐 ≈  
𝑏 − 𝑎

2

௕

௔

෍ 𝑤௜𝑓
𝑏 − 𝑎

2
𝜉௜ +

𝑏 + 𝑎

2
, 𝑐

௡

௜ୀଵ



Application: Gauss-Legendre quadrature

9

 To calculate: 
ூ௠(ூ(௔ା௜ ,௕,௖)

௛
, replace with within G-L quadrature 

and similarly for and .

𝑑𝐼

𝑑𝑎
=

𝐼𝑚(𝐼(𝑎 + 𝑖ℎ, 𝑏, 𝑐))

ℎ
≈

1

ℎ
𝐼𝑚

𝑏 − (𝑎 + 𝑖ℎ)

2
෍ 𝑤௜𝑓

𝑏 − (𝑎 + 𝑖ℎ)

2
𝜉௜ +

𝑏 + (𝑎 + 𝑖ℎ)

2
, 𝑐

௡

௜ୀଵ

𝑑𝐼

𝑑𝑏
=

𝐼𝑚(𝐼(𝑎, 𝑏 + 𝑖ℎ, 𝑐))

ℎ
≈

1

ℎ
𝐼𝑚

(𝑏 + 𝑖ℎ) − 𝑎

2
෍ 𝑤௜𝑓

(𝑏 + 𝑖ℎ) − 𝑎

2
𝜉௜ +

(𝑏 + 𝑖ℎ) + 𝑎

2
, 𝑐

௡

௜ୀଵ

𝑑𝐼

𝑑𝑏
=

𝐼𝑚(𝐼(𝑎, 𝑏, 𝑐 + 𝑖ℎ))

ℎ
≈

1

ℎ
𝐼𝑚

𝑏 − 𝑎

2
෍ 𝑤௜𝑓

𝑏 − 𝑎

2
𝜉௜ +

𝑏 + 𝑎

2
, 𝑐 + 𝑖ℎ

௡

௜ୀଵ



Application: Gauss-Legendre quadrature
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 Example: ି௖௫௕

௔
with 

CTSE results (ℎ = 10ିଵ was used). 

Relative ErrorCTSEExact

3.17 ∗ 10ିହ0.07860940.0786069Integral

1.55 ∗ 10ିସ−0.135356−0.135335𝑑𝐼/𝑑𝑎

3.93 ∗ 10ିସ0.03664570.0366313𝑑𝐼/𝑑𝑏

1.27 ∗ 10ିହ−0.109642−0.109643𝑑𝐼/𝑑𝑐



Application: Gauss-Legendre quadrature

 Observe the accuracy of the integral and its derivatives as a function of the step 
size for CTSE, FD, and CD.
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• CTSE reaches an accurate result for 
ℎ < 10ିଷ.

• FD and CD can also obtain the same 
accuracy but only for a window of ℎ
and the window is not known a priori.

• FD and CD “may” occasionally obtain 
a better result than CTSE but this is a 
numerical artifact and rarely seen.


