Cauchy-Reimann form of biduals

= Bidual numbers have an equivalent CR form consisting of a matrix of all real
coefficients.

= |In this form there are no imaginary numbers and matrix operations can be used
to manipulate the bidual numbers.

xo2 0 0 O
x1 X 0 O
x, 0 x9 O
X12 X2 X1 Xp

Xo T+ X1€1 T Xp€p + X12€12 =
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Operations using CR form - Multiplication

= Consider the muiltiplication of two bidual numbers using the CR form

X" = X9t X161 + X265 + X261 y'=Yo + V161 + Y262 + V12612

X6 0 0 O\ /yo O O O
x1 X 0 O\ v vo O O

S X2 0 x O 2 0 ¥y O

X12 X2 X1 Xp Yi2 X2 Y1 Yo
XoYo 0 0 0
_ X1Yo + QoY1 X0Yo 0 0
X2Yo T ApY2 0 X0Yo 0

XoY12 T X1Y2+tX2Y1 + X12Y0 X1Yo T XoY1  X2Yo + XoY2  X0Yo
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Operations using CR form - Division

= Consider a bidual number divided by a bidual number using the CR form

X" =Xg+ X161 + X265 + X261 Y'=Yo+ V161 t Y262 + V12612

X, 0 0 0\ /y, 0 0 0
X x1 % 0 0 yi Yo 0 O
0

y*_szXOO y2 0 ¥y
X12 X2 X1 Xp Yi2 X2 Y1 Yo

xo/yo 0 0 0
_ X1/}’0—x0}’1/}’g Xo/Yo 0 0
xz/}’o—xo}’2/}’g 0 Xo/Yo 0

X12/Yo — xz)’1/3’g_x1)’2/yg — X0 (2YoY1Y2 — 3&23’5)/)’3 X1/3’0—X0)’1/3’5 xz/)’o‘%)’z/)’g Xo/Yo
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Functions of Bidual numbers using the CR form

= Functions of bidual numbers can be computed using the CR form if one uses
functions of matrices.

X" =2x9+ X161 + X6, + X19€1>

x, 0 0 O

. x1 X9 0 O
expCc) =expl| R ) (]

X12 X2 X1 Xp

e*o 0 0 0

x,e*o eXo 0 0

B X, e%o 0 eXo 0
X0

(x1%5 + x10)e*°  xe*0 x,e*0 e
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Computing derivatives using Bidual numbers using the CR
form — general univariate example

= To use bidual numbers to compute derivatives with the CR form, perturb x along

€, and €5, l.e., Xy 0 0 0
) hi x 0 O
X = Xp + h1€1 + hzez — hz 0 xO 0

| 0 hz h1 X

fx*D = f(

f (xo)

UTSA

X
hq
hy

h,0f (x0)/0x
h,0f (x0)/0x
_hlhzazf(xo)/axz

| 0

h20f (x0)/0x  hy0f(x0)/0x  f(%o)!

0
X0
0
h,

0

f (xo)

0

0
0
X0
hq

0-

0
0

X0

University of Texas at San Antonio

0
0

f (%)

0 1

0
0

1 1
df (x9)/0x = h_f([X*])m = h_f([X*])31
1 2

0% f (x0)/0x

f(xo) = f(Ix" D11

 hahy

fUx*Das




Computing derivatives using Bidual numbers using the CR

form — recommended univariate example

= |t is recommended that we use h; = h, = 1 and the method simplifies to,

X*=x+¢€+¢,

fx*D = f(

0f (x0)/0x
0f (x0)/0x
0% f (x0)/0x

UTSA

0f (x0)/0x  0f (x0)/0x  f (o)

University of Texas at San Antonio

0

0

0

0

f(xo) = f(Ix" D11

df (x9)/0x = f([x"D21 = f([x"D31

0%f (x0)/0x* = f([x"Daa




Closed-form example: f(x) = x?2

= Compute the derivatives of f(x) = x? using the CR form for bidual numbers.

flx) = x**
x, 0 0 071> [x¢ 0 0 0
. 1 x, 0 0 2x x5 0 0
X = =
S F xo 0 2x 0 x¢ 0
01 1T xl ]2 2¢ 20 x3

f(xe) = f(Ix" D11 = xg
0f (x0)/0x = f([x*])21 = 2x
0% f (xo)

0x2

= f([x" D41 =2
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Closed-form example: f(x) = x?

= Compute the derivatives of f(x) = x> using the CR form for bidual numbers.

flx) =x*
X, 0 0 0718 [x 0 0 0]
1 3x2 x5 0 0
fay=[7 o=
1 0 x5 O 3x 0 x5 O
01 1 Xl Jex 3x2 3x2 «2

fxo) = f([x" D11 = x5

d

! a(;‘) = f(lx"D2 =327
62

(;ff") = f([x"Das = 6x
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Closed-form example: f(x) = e”*

= Compute the derivatives of f(x) = e*using the CR form for bidual numbers.

flx) =e*

Fae)=exp(| | ¢
0

f(xo) = f(Ix* D1 = ™0
df (x0)/0x = f([x*])21 = e*©

02f (x0)/0x% = e¥o
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Closed-form example: f(x) = sin(x)

= Compute the derivatives of f(x) = cos(x)using the CR form for bidual numbers.

f(x) = sin(x")

xo 0 0 07 [ sin x 0 0 0 7
~_ A1 x 0 0], _|cosxy sinxg 0 0
fx™) = sin( 1 0 x O ) = COS X 0 sin x 0
0 1 1 xoqf |—sinxy CO0SXy COSXy Sinxg]
f(xo) = f([x"D11 = sin(x)
Of (xo) *
= f([x* D21 = cos(xo)
0% f (xo) L
o —sin(xg)
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Closed-form example: f(x) = cos(x)

= Compute the derivatives of f(x) = cos(x)using the CR form for bidual numbers.

f(x) = cos(x”)

xo 0 0 07 [ COS X 0 0 0
o~ 1 xo 0 O0J, |—sinxyg cosxg 0 0
f(x") = cos( 1 0 x5 O ) = —sin x 0 COS X 0
0 1 1 xof |—COoSXxy —Sinxy —sinXxg COS Xy
f(xo) = f([x"])11 = cos(xp)
0f (x0) \ .
= f([x" D21 = —sin(xo)
02f(x0)
o —cos(xg)
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Closed-form example: f(x) = In(x)

= Compute the derivatives of f(x) = In(x)using the CR form for bidual numbers.

f(x) = In(x")

o 0 0 071 [In(x) 0 0 0

- 1 x 0 O |1/x0 In(x) O 0

f&7) =In(] 4 0 xo, O ) = 1/x 0 In(xo) 0
0 1 1 xp —1/x§  1/xqg 1/xy In(xp)]

f(xo) = f([x"D11 = In(xo)

0
fa(;CO) = f([x*" D21 = 1/x9
62
0
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Computing derivatives using Bidual numbers using the CR
form — general multivariate example

= To use bidual numbers to compute mixed derivatives, perturb x along €; and y

along €, I.e., X, 0 0 0 v 0 0 0
x %1 h X0 0 0 * %1 _ 0 Yo 0 0
X = Xp + h1€1 [x ] = 01 0 X, 0 Y =Y + hZEZ [y ] = hz 0 Yo 0
0 0 hy xq. L0 hy 0 ol
xo 0 0 0711y, O O 07
h 0 0 0 0 0 f(xo) = f(Ux"D1s
ey =700 D o ol Y . D=
0 2 Yo 0f(xy) 1 . .
| O O h1 xo_ | O hz O yo_ ax = hl f([x ]; [y ])21
0 1
f(x0) 0 0 0 - Y LD,
hy0f (x0)/0x f (x0) 0 0
h,0f (x0)/0x 0 f (xo) 0 0°f(xo) 1 D
|h1hy,0%f (x0)/0x0y  hy0f (x0)/0x hi0f (x0)/0x  f(xo). 0xdy  hqh, H
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Computing derivatives using Bidual numbers using the CR
form — recommended multivariate example

= The recommendation is to use h; = h, = 1.

X, 0 0 07 'y 0 0 0
. — 1 x 0 0 . _— 0 yo O 0
X —X+h1€1 [.X']— O 00 xO O y _y+h262 [y]_ 1 O yO O
0 0 1 xg. 0 1 0 y
X 0 0 071 O 0 0]
1 o ollo 0 0 fxo) = fIx"D1a
FyD=F0o 0 x oll1 o v oP= s
X
0 0 1 xJdlo 1 0 v, = (L D
0
(o) 0 o o P el s,
0f (x0)/0x  f(xo) 0 0
0f (x0)/dy 0 £ (xo) 0 LG _ ey
02f (x0)/0x%  3f (x0)/dy 9f (x0)/0x  f (o). 0x0y "
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Closed-form example: f(x) = xy

= Compute the derivatives of f(x) = xy using the CR form for bidual numbers.

X" =x9+ hy€q

fx*) =

X 0 0 0] Vo 0 0 07
%1 1 xO O O * ¥l — O yO 0 0
T=10 0 x o0 yiEvethe D=1y, 0
0 0 1 xq. 0 1 0 yql
fx) =x"y" _
o 0 0 O0J[y O 0 o071 [x¥ O 0 0
1 x 0 0||l0 yo 0 0| |2xy8 x%y3 0 0
0 0 x, O]l1 0 y, 0 2x%ye 0 x5y6 0
L0 0 1 xl L0 10yl {ayy, 2x5Y0  2X0y5 X5V
9 ( ) f(x0,¥0) = f([X*g’;]()n :)xo)’O
X ’y * * X ’y * *
00 == flx* y" D21 = 2x0¥5; ~ = fx*,y* Ds1 = 2x550
X dy
0%f (xo)
ax2 4x0Y0
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Closed-form example: f(x) = x?y?

= Compute the derivatives of f(x) = x?y? using the CR form for bidual numbers.

X, 0 0 0 Yo 0 0 0°
*x __ x1 __ 1 X0 0 0 * — 1 = 0 Yo 0 0
x* =xg+ hi€q [x*] = 0 0 x5 O Y =yot he; [y']= 1 0 y, O
0 0 1 xpl 0 1 0 1yl
fG) =x"y
X 0 0 0%y 0 0 07* [*¥s O 0 0
fay= |1 Ho 0 0110y 00 12xy8 xfyg 0 0
(1) (1) xo O (1) (i’ Yo O 2x5yo 0 X5¥6 0
I 1 xol L 0 Yol 4X0YVo  2X5V0 2XoVE  x5yE
f(x0,¥0) = fUx™y* D11 = x0¥0
of (X0, ¥o) .. 0f (x0, ¥0) -
00— Py D = 2wy T = (0 D = 26
y
02
f(x0)=4x0y0
0x?
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Closed-form example: f(x) = xsiny

= Compute the derivatives of f(x) = x siny using the CR form for bidual numbers.

X" =x9+ hy€q

fx*) =

xo 0 0 07 Vo 0 0 07
a_ |1 x 0 0 . a_10 vy 0 0
[.X' ]_ 0 0 X 0 y _y0+h262 [y ]_ 1 0 Yo 0
0 0 1 xq. 0 1 0 yql
f(x) =x"siny”*
0 0 07 Vo 0 0 07 X Sin(yg) 0 0 0
X 0 O] . ( 0 yo 0 O ) = sin(yg)  xgsin(yg) 0 0
0 x, 0|°™Y1 0o y, o)~ Xo sin(yg) 0 Xo sin(yy) 0
0 1 X0l L0 1 0 ol | cos(Yo)  xpsin(yg)  sin(¥o)  xosin(yo).
5f ) f(xo,¥0) = f([x;]}c’z])n :) X0Yo
X0, Y * * . X0, Y * * :
= [,y Do = sin(o); —— = f([x%,y" Dar = xosin(yo)
X dy
02 f (xo) _
—5 = cos(¥)
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Closed-form example: f(x) = xe”

= Compute the derivatives of f(x) = xe* using the CR form for bidual numbers.

% 0 0 07 Yo 0 0 0]
* *71 __ 1 x() O O * ¥l — O yO 0 0
X = Xp + h1€1 [X ] — 0 0 Xo 0 Y =Yo + hZEZ [y ] — 1 0 Yo 0
0 0 1 x 0 1 0 7y,
f(x) = xe*
X 0 0 01 [rve O 0 o7] [x¥6 0O 0 0
1 O O 0 2 2 2.,2 O O
fe =y o S | A | B B
xg O 10 yo O 2X5Vo 0 X0Y0 0
00 1 xl L0 1 0 woll [axyy, 2x2y, 2x,v2 x2y2
97 ( ) f(x0,¥0) = f([X*g’;]()n :)xo)’O
X ,y " " X 'y * *
= F Uy D = 20y T = £y D = 280
Ozf(xo)_
92 = 4xoY0
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