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Complex Functions
 Dual numbers can be used to compute first order derivatives of complex functions 

by perturbing the real portion, e.g., 𝑓𝑓(𝑥𝑥 + 𝜖𝜖,𝑦𝑦) then 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝐼𝐼𝑚𝑚𝜖𝜖(𝑓𝑓(𝑥𝑥 + 𝜖𝜖,𝑦𝑦)) where 
𝐼𝐼𝑚𝑚𝜖𝜖 means to extract the dual imaginary part (not the complex). Note, there will 
now be 2 different imaginary parts: 𝑖𝑖 and 𝜖𝜖. These two imaginary axes do not 
interact, that is 𝑖𝑖 ∗ 𝜖𝜖 does not simplify to −1 or 0. 
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Example:
𝑓𝑓 𝑧𝑧 = 𝑧𝑧 = 𝑥𝑥 + 𝑖𝑖𝑦𝑦

Perturb the real variable, i.e., 𝑥𝑥 = 𝑥𝑥 + 𝜖𝜖

𝑓𝑓 𝑥𝑥 + 𝜖𝜖, 𝑖𝑖𝑦𝑦 = (𝑥𝑥 + 𝜖𝜖) + 𝑖𝑖𝑦𝑦 
𝑑𝑑𝑓𝑓
𝑑𝑑𝑥𝑥

= 𝐼𝐼𝑚𝑚𝜖𝜖 𝑓𝑓 𝑥𝑥 + 𝜖𝜖 = 𝐼𝐼𝑚𝑚𝜖𝜖 (𝑥𝑥 + 𝜖𝜖) + 𝑖𝑖𝑦𝑦 = 1



Closed-form example: 𝑓𝑓 𝑧𝑧 = 𝑧𝑧2
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𝑓𝑓 𝑧𝑧 = 𝑧𝑧2 = 𝑥𝑥 + 𝑖𝑖𝑦𝑦 2 = 𝑥𝑥2 + 2𝑖𝑖𝑥𝑥𝑦𝑦 − 𝑦𝑦2
Analytical result

𝑑𝑑𝑓𝑓
𝑑𝑑𝑥𝑥

= 2𝑥𝑥 + 2𝑖𝑖𝑦𝑦 = 2 𝑥𝑥 + 𝑖𝑖𝑦𝑦 = 2𝑧𝑧

Dual number approach

𝑓𝑓 𝑧𝑧 + 𝜖𝜖 = 𝑥𝑥 + 𝜖𝜖 + 𝑖𝑖𝑦𝑦 2 = 𝑥𝑥2 − 𝑦𝑦2 + 2𝑖𝑖𝑦𝑦 + 2 𝑥𝑥 + 𝑖𝑖𝑦𝑦 𝜖𝜖 + 𝜖𝜖2
= (𝑥𝑥2 − 𝑦𝑦2 + 2𝑖𝑖𝑦𝑦) + 2 𝑥𝑥 + 𝑖𝑖𝑦𝑦 𝜖𝜖

𝑧𝑧2 + 2𝑧𝑧𝜖𝜖

= 𝑧𝑧 +
𝑑𝑑𝑧𝑧
𝑑𝑑𝑥𝑥

𝜖𝜖

𝑑𝑑𝑓𝑓
𝑑𝑑𝑥𝑥

= 𝐼𝐼𝑚𝑚𝜖𝜖 𝑓𝑓 𝑥𝑥 + 𝜖𝜖 ,𝑦𝑦 = 𝐼𝐼𝑚𝑚𝜖𝜖( 𝑥𝑥 + 𝜖𝜖, 𝑦𝑦 2) = 2𝑧𝑧

0



Closed-form example: 𝑓𝑓 𝑧𝑧 = 𝑧𝑧3

4

𝑓𝑓 𝑧𝑧 = 𝑧𝑧3 = 𝑥𝑥 + 𝑖𝑖𝑦𝑦 3 = 𝑥𝑥3 − 3𝑥𝑥𝑦𝑦2 + 𝑖𝑖(3𝑥𝑥2 − 𝑦𝑦3)
Analytical result

𝑑𝑑𝑓𝑓
𝑑𝑑𝑥𝑥

= 3𝑥𝑥2 − 3𝑦𝑦2 + 𝑖𝑖𝑖𝑥𝑥𝑦𝑦 = 3𝑧𝑧2

Dual number approach

𝑓𝑓 𝑧𝑧 + 𝜖𝜖 = 𝑥𝑥 + 𝜖𝜖 + 𝑖𝑖𝑦𝑦 3 = 𝑥𝑥3 − 3𝑥𝑥𝑦𝑦2 + 𝜖𝜖3 + 3𝜖𝜖2 + 3𝑥𝑥2𝜖𝜖 + −3𝑦𝑦2𝜖𝜖
+𝑖𝑖(3𝑦𝑦𝜖𝜖2 + 𝑖𝑥𝑥𝑦𝑦𝜖𝜖 + 3𝑥𝑥2𝑦𝑦 − 𝑦𝑦3)

= 𝑥𝑥3 − 3𝑥𝑥𝑦𝑦2 + 𝑖𝑖 3𝑥𝑥2𝑦𝑦 − 𝑦𝑦3 + 3𝑥𝑥2 − 3𝑦𝑦2 + 𝑖𝑖 𝑖𝑥𝑥𝑦𝑦 𝜖𝜖

= 𝑧𝑧3 + 3𝑧𝑧2𝜖𝜖

= 𝑧𝑧 +
𝑑𝑑𝑧𝑧
𝑑𝑑𝑥𝑥

𝜖𝜖

𝑑𝑑𝑓𝑓
𝑑𝑑𝑥𝑥

= 𝐼𝐼𝑚𝑚𝜖𝜖 𝑓𝑓 𝑥𝑥 + 𝜖𝜖 ,𝑦𝑦 = 𝐼𝐼𝑚𝑚𝜖𝜖( 𝑥𝑥 + 𝜖𝜖,𝑦𝑦 3) = 3𝑧𝑧2

0

0 0



Closed-form example: 𝑓𝑓 𝑧𝑧 = sin(𝑧𝑧)
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𝑓𝑓 𝑧𝑧 = sin 𝑧𝑧 = sin 𝑥𝑥 + 𝑖𝑖𝑦𝑦 = sin 𝑥𝑥 cosℎ 𝑦𝑦 + 𝑖𝑖 cos(𝑥𝑥) sinh 𝑦𝑦
Analytical result

𝑑𝑑𝑓𝑓
𝑑𝑑𝑥𝑥

cos 𝑥𝑥 cosh(𝑦𝑦) − 𝑖𝑖 sin 𝑥𝑥 sinh 𝑦𝑦 = cos(𝑧𝑧)

Dual number approach
𝑓𝑓 𝑧𝑧 + 𝜖𝜖 = sin(𝑥𝑥 + 𝜖𝜖) cosℎ 𝑦𝑦 + 𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 𝑥𝑥 + 𝜖𝜖 sinh 𝑦𝑦 =

(sin(𝑥𝑥) + cos(𝑥𝑥)𝜖𝜖) cosℎ 𝑦𝑦 + 𝑖𝑖 (cos 𝑥𝑥 + sin 𝑥𝑥 𝜖𝜖) sinh 𝑦𝑦 =
sin 𝑥𝑥 cosh 𝑦𝑦 + 𝑖𝑖 cos 𝑥𝑥 sinh 𝑦𝑦 + cos 𝑥𝑥 cosh 𝑦𝑦 + 𝑖𝑖 sin 𝑥𝑥 sinh 𝑦𝑦 𝜖𝜖 =

sin 𝑧𝑧 + cos(𝑧𝑧) 𝜖𝜖

= 𝑧𝑧 +
𝑑𝑑𝑧𝑧
𝑑𝑑𝑥𝑥

𝜖𝜖

𝑑𝑑𝑓𝑓
𝑑𝑑𝑥𝑥

= 𝐼𝐼𝑚𝑚𝜖𝜖 𝑓𝑓(𝑥𝑥 + 𝜖𝜖,𝑦𝑦 = 𝐼𝐼𝑚𝑚𝜖𝜖 sin(𝑥𝑥 + 𝜖𝜖 ,𝑦𝑦) = cos(𝑧𝑧)



CR form for complex-dual variables

 The CR form can be used to take numerical derivatives of complex functions. 
This can be done using a combined CR form for complex and dual numbers.
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The CR dual form of a real number (with ℎ = 1) is 𝑅𝑅 0
1 𝑅𝑅 . Now replace R with the complex 

term 𝑧𝑧 =to yield 𝑍𝑍 0
1 𝑍𝑍 . Finally replace Z with its CR form 𝑍𝑍 =

𝑥𝑥 −𝑦𝑦
𝑦𝑦 𝑥𝑥  to yield the final 

result

[𝑧𝑧 + 𝜖𝜖] = 𝑓𝑓(

𝑅𝑅𝑒𝑒 𝑧𝑧 −𝐼𝐼𝑚𝑚𝑖𝑖 𝑧𝑧
𝐼𝐼𝑚𝑚𝑖𝑖 𝑧𝑧 𝑅𝑅𝑒𝑒 𝑧𝑧

0 0
0 0

1 0
0 1

𝑅𝑅𝑒𝑒 𝑧𝑧 −𝐼𝐼𝑚𝑚𝑖𝑖 𝑧𝑧
𝐼𝐼𝑚𝑚𝑖𝑖 𝑧𝑧 𝑅𝑅𝑒𝑒 𝑧𝑧

) =

𝑓𝑓(

𝑥𝑥 −𝑦𝑦
𝑦𝑦 𝑥𝑥

0 0
0 0

1 0
0 1

𝑥𝑥 −𝑦𝑦
𝑦𝑦 𝑥𝑥

)



CR form for complex-dual variables

 The real portion of the derivative( 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

) will be contained in the 31 location of the 
CR output and te the imaginary portion of the derivative will be contained in the 
41 location.
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The resulting output matrix will be

[𝑧𝑧 + 𝜖𝜖] =

𝑅𝑅𝑒𝑒 𝑓𝑓 𝑥𝑥,𝑦𝑦 −𝐼𝐼𝑚𝑚𝑖𝑖 𝑓𝑓 𝑥𝑥,𝑦𝑦
𝐼𝐼𝑚𝑚𝑖𝑖 𝑓𝑓 𝑥𝑥,𝑦𝑦 𝑅𝑅𝑒𝑒 𝑓𝑓 𝑥𝑥, 𝑦𝑦

0 0
0 0

𝑅𝑅𝑒𝑒(𝑑𝑑𝑓𝑓/𝑑𝑑𝑧𝑧) −𝐼𝐼𝑚𝑚𝑖𝑖(𝑑𝑑𝑓𝑓/𝑑𝑑𝑧𝑧)
𝐼𝐼𝑚𝑚(𝑑𝑑𝑓𝑓/𝑑𝑑𝑧𝑧) 𝑅𝑅𝑒𝑒(𝑑𝑑𝑓𝑓/𝑑𝑑𝑧𝑧)

𝑅𝑅𝑒𝑒 𝑓𝑓 𝑥𝑥,𝑦𝑦 −𝐼𝐼𝑚𝑚𝑖𝑖 𝑓𝑓 𝑥𝑥,𝑦𝑦
𝐼𝐼𝑚𝑚𝑖𝑖 𝑓𝑓 𝑥𝑥,𝑦𝑦 𝑅𝑅𝑒𝑒 𝑓𝑓 𝑥𝑥,𝑦𝑦

Then
𝑑𝑑𝑓𝑓
dx

= 𝑧𝑧 + 𝜖𝜖 31 + 𝑖𝑖 𝑧𝑧 + 𝜖𝜖 41 = 1



CR form for complex-dual variables: Example 
𝒇𝒇 𝒙𝒙,𝒚𝒚 = 𝒛𝒛 = 𝒙𝒙 + 𝒊𝒊𝒚𝒚

 𝑓𝑓 𝑥𝑥,𝑦𝑦 = 𝑧𝑧 = 𝑥𝑥 + 𝑖𝑖𝑦𝑦
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𝑧𝑧 + 𝜖𝜖 = 𝑓𝑓

𝑥𝑥 −𝑦𝑦
𝑦𝑦 𝑥𝑥

0 0
0 0

1 0
0 1

𝑥𝑥 −𝑦𝑦
𝑦𝑦 𝑥𝑥

=

𝑥𝑥 −𝑦𝑦
𝑦𝑦 𝑥𝑥

0 0
0 0

1 0
0 1

𝑥𝑥 −𝑦𝑦
𝑦𝑦 𝑥𝑥

Then
𝑑𝑑𝑓𝑓
dx

= 𝑧𝑧 + 𝜖𝜖 31 + 𝑖𝑖 𝑧𝑧 + 𝜖𝜖 41 = 1



CR form for complex-dual variables: Example 
𝒇𝒇 𝒙𝒙,𝒚𝒚 = 𝒛𝒛𝟐𝟐

 𝑓𝑓 𝑥𝑥,𝑦𝑦 = 𝑧𝑧2
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𝑧𝑧 + 𝜖𝜖 =

𝑥𝑥 −𝑦𝑦
𝑦𝑦 𝑥𝑥

0 0
0 0

1 0
0 1

𝑥𝑥 −𝑦𝑦
𝑦𝑦 𝑥𝑥

2

=

𝑥𝑥2 − 𝑦𝑦2 −2𝑥𝑥𝑦𝑦
2𝑥𝑥𝑦𝑦 𝑥𝑥2 − 𝑦𝑦2

0 0
0 0

2𝑥𝑥 −2𝑦𝑦
2𝑦𝑦 2𝑥𝑥

𝑥𝑥2 − 𝑦𝑦2 −2𝑥𝑥𝑦𝑦
2𝑥𝑥𝑦𝑦 𝑥𝑥2 − 𝑦𝑦2

Then
𝑑𝑑𝑓𝑓
dx = 𝑧𝑧 + 𝜖𝜖 31 + 𝑖𝑖 𝑧𝑧 + 𝜖𝜖 41 = 2𝑥𝑥 + 𝑖𝑖2𝑦𝑦 = 2𝑧𝑧



CR form for complex-dual variables: Example 
𝒇𝒇 𝒙𝒙,𝒚𝒚 = 𝒛𝒛𝟑𝟑

 𝑓𝑓 𝑥𝑥,𝑦𝑦 = 𝑧𝑧3

10

𝑧𝑧 + 𝜖𝜖 =

𝑥𝑥 −𝑦𝑦
𝑦𝑦 𝑥𝑥

0 0
0 0

1 0
0 1

𝑥𝑥 −𝑦𝑦
𝑦𝑦 𝑥𝑥

3

=

−2 𝑥𝑥 𝑦𝑦2  +  𝑥𝑥 𝑥𝑥2 −  𝑦𝑦2 −2 𝑥𝑥2 𝑦𝑦 −  𝑦𝑦 (𝑥𝑥2  −  𝑦𝑦2)
2 𝑥𝑥2 𝑦𝑦 +  𝑦𝑦 (𝑥𝑥2  −  𝑦𝑦2) −2 𝑥𝑥 𝑦𝑦2  +  𝑥𝑥 𝑥𝑥2 −  𝑦𝑦2

0 0
0 0

3 𝑥𝑥2  −  3 𝑦𝑦2 −𝑖𝑥𝑥𝑦𝑦
𝑖𝑥𝑥𝑦𝑦 3 𝑥𝑥2  −  3 𝑦𝑦2

−2 𝑥𝑥 𝑦𝑦2  +  𝑥𝑥 𝑥𝑥2 −  𝑦𝑦2 −2 𝑥𝑥2 𝑦𝑦 −  𝑦𝑦 (𝑥𝑥2  −  𝑦𝑦2)
2 𝑥𝑥2 𝑦𝑦 +  𝑦𝑦 (𝑥𝑥2  −  𝑦𝑦2) −2 𝑥𝑥 𝑦𝑦2  +  𝑥𝑥 𝑥𝑥2 −  𝑦𝑦2

Then
𝑑𝑑𝑓𝑓
dx = 𝑧𝑧 + 𝜖𝜖 31 + 𝑖𝑖 𝑧𝑧 + 𝜖𝜖 41 = 3 𝑥𝑥2  −  3 𝑦𝑦2 + 𝑖𝑖𝑖𝑥𝑥𝑦𝑦 = 3𝑧𝑧2



CR form for complex-dual variables: Example 
𝒇𝒇 𝒙𝒙,𝒚𝒚 =sin(z)

 𝑓𝑓 𝑥𝑥,𝑦𝑦 = sin(𝑧𝑧)
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𝑧𝑧 + 𝜖𝜖 = sinM

𝑥𝑥 −𝑦𝑦
𝑦𝑦 𝑥𝑥

0 0
0 0

1 0
0 1

𝑥𝑥 −𝑦𝑦
𝑦𝑦 𝑥𝑥

= 

sin 𝑥𝑥 cosh(𝑦𝑦) − cos 𝑥𝑥 sinh(𝑦𝑦)
cos 𝑥𝑥 sinh(𝑦𝑦) sin 𝑥𝑥 cosh(𝑦𝑦)

0 0
0 0

cos 𝑥𝑥 cosh(𝑦𝑦) sin 𝑥𝑥 sinh(𝑦𝑦)
− sin 𝑥𝑥 sinh(𝑦𝑦) cos 𝑥𝑥 cosh(𝑦𝑦)

sin 𝑥𝑥 cosh(𝑦𝑦) − cos 𝑥𝑥 sinh(𝑦𝑦)
cos 𝑥𝑥 sinh(𝑦𝑦) sin 𝑥𝑥 cosh(𝑦𝑦)

Then
𝑑𝑑𝑓𝑓
dx

= 𝑧𝑧 + 𝜖𝜖 31 + 𝑖𝑖 𝑧𝑧 + 𝜖𝜖 41 = cos 𝑥𝑥 cosh 𝑦𝑦 − 𝑖𝑖 sin 𝑥𝑥 sinh 𝑦𝑦 = cos 𝑥𝑥 + 𝑖𝑖𝑦𝑦 = cos(𝑧𝑧)

Where 𝑖𝑖𝑖𝑖𝑠𝑠𝑠𝑠 denotes the matrix 
sine function
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