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Analogy with the finite difference method

Finite Difference (FD)

Step size study for the function sin(x)

10t
Perturb along the real axis U I N <
df flx+h)-f@)
~ ~ 5 1073
_dx h LE —A— Forward Difference
Subtraction errors occur when h — 0 ¢ 10-%4 —=— Central Difference
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Complex Taylor
Series Expansion (CTSE) O Mot cococeccosoooccoooos
CTSE is performed analogously to FD 1077 5 0 100 105 10 105 10
Perturb along the imaginary axis 1 Step size h
af _Im(f(x +ih)) The step size can be made
dx h CTSE arbitrarily small with no concern
h< about round-off error — no
- tFD Re  subtraction error.
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Method — in a nutshell

=sUses hypercomplex algebra combined with
traditional finite element methods to compute

arbitrary order high accuracy derivatives.
= Step size independent method ensures

high accuracy.
= The traditional real-valued results are
still obtained.

UTSA.

*Methodology programmed as a user
element (UEL) within Abaqus.
=Intrusive — code has to be
reprogrammed for hypercomplex
algebra but traditional functions still
used, e.g., same shape functions, etc.
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Perturbations

sArbitrary shape, material and loading sensitivities are available.

=Perturb nodal coordinates in imaginary axis only!

Minimal mesh
distortion issues!

Horizontal Perturbation Radial Perturbation

Imaginary nodal coordinates define the perturbation in the shape.




Calculation of the Energy Release Rate

G = i% - special case of shape sensitivity. Perturb the

crack area along the imaginary axis and extract the
imaginary component of strain energy:
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AA is related to the step size h — typically 10710
times the smallest element at the crack tip.
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»_Virtual crack extension method for thermoelastic
L2 fracture using a complex-variable FEM

Nodal Perturbations along crack face

% s Energy Release Rate
& G = —— Im|U"]
— —— /i
ANA

Normalized G |G/(o5a/E)

2D Abaqus 3D Abaqus
ZFEM 2D | ZFEM 3D 10" Contour | 10** Contour

0.70641 0.70662 0.70640 0.70662

D. Ramirez Tamayo*, A. Montoya, H.R. Millwater, “A Virtual Crack Extension Method for Thermoelastic Fracture Using a Complex-Variable Finite Element Method”,
Engineering Fracture Mechanics 192 (2018) 328-342,


https://doi.org/10.1016/j.engfracmech.2017.12.013

A Complex-Variable Virtual Crack Extension FEM for
Elastic-Plastic Fracture Mechanics

= Extends ZFEM for elastic-plastic materials.
= |n contrast to J-integral, ZFEM achieves contour path independence, and it is
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Multiple imaginary axes - multiple arbitrary order derivatives
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Non-intrusive Residual Method

Residual Concept:

r(u(a),a) =0

In Linear elasticity,

d"r
dam

=0

r(u,a) = Ku—f=0

aa

RHS difficult to obtain

in closed form

da? 0da? u

New residual approach:

Ju
K% = —Im, [r(u,a + €)]
d2%u ou
K3gs = —Img [r(u+3;

u+t+—e,a+e€

/

RHS obtained
automatically
from HYPAD

)

Advantaqges

= Non-intrusive postprocessing
approach.

= Applicable to transient linear and
non-linear problems.

= Parallelizable and memory efficient.

= Does not compute derivatives of
tangent-stiffness matrix (which are
costly)



Non-intrusive Residual Method

Generalized form:;

r(u,a) = K(u)u — f=0

First order derivatives:

T——=-Im, [r(ua+e)]

Second order derivatives:

0°u B ou
Tﬁ = —Ime% [I‘ (u +El

€1,a+ 61)]

1. Find u with FEM software: r(u,a) = 0

2. Compute tangent matrix: T(u, a)

3. HYPAD STEP

u* =u Apply perturbatlo*ns
to parameters a

— Loop for all order of derivatives (p)

Evaluate problem residual with
hypercomplex solution
r' =r(u*,a")

Solve all p’th order terms at once
T[u]? = p’th order part[—r*]

Update hypercomplex form of u*

— End loop for all order of derivatives




Efficient 3D ERR and Mode-l SIF sensitivities

= Analyzed a 3D penny-shaped crack problem
with FEM (20 node bricks) to compute ERR
and SIF.

= Displacements obtained using Abaqus.

= Methods: 1) HYPAD + VCE and 2) HYPAD +
J-integral.

Mesh Statistics Elements Nodes Total DOFs

= Computed up to 3rd order derivatives of ERR
and SIF to a, E, v and o (34 derivatives)
with residual method.

m@ University of Texas at San Antonio
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Analytical solution of 3D Penny-shaped crack

= Analytic solution of ERR for Penny-
shaped crack.

K? ,\0%a
G = E —4(1—1/ )E
1—v2

= ERR has 27 Non-zero derivatives

= Results HYPAD + J-Integral:

ZFEM + residual - compute
derivatives of u

* ERR obtained with hypercomplex

Derivative Relative Error [%] Derivative Relative Error [%]
Ry 1 ——
G 0.016 Py
9G/da 0.048 393G /0adE? 0.048
9GO 0.016 93G/0E3 0.016
Rl ey L —
aG/dv 0.017
03G/0adEdv 0.341
0G/da 0.016 903G /OE2dv 0.017
aZG/aaZ ________ 63G/aaav2 0.728
903G /OEdv? 0.087
02G/0adE 0.048
3G/ovd e
GZG/aEZ 0.016 a3G/aaZao. __________
926G /dadv 0.341 03G/0adEdo 0.048
93G/0E%d 0.016
902G /OEdv 0.017 /9E"90
03G/0advdc 0.341
2 2
0°G/dv 0.087 936G /dEdvdc 0.017
02G/dado 0.048 93G/9v*do 0.087
3 2
026 /0Edc 0.016 0°G/dado 0.048
93G/0Ed o> 0.016
2
0°G/9vio 0.017 93G/vdc? 0.017
92G/d0? 0.016 Tyl ——



3D Penny-shaped crack — ERR Sensitivities

* ERR analytic solution for Penny-shaped ERR HYPAD + J-integral - whole crack
crack. 10° 3
G = 4(1 —v?) o’ .
= —V)——= -1
E 107 5
g ]
w 1072 3 o)
= All derivatives below 1% relative error g 5 o o
T 1073 3 s
) 3
o 4
-
1074
10-5 - T . . .

0 1 2 3
Order of derivative

34 derivs (4 first, 10 second and 20 third)



3D Penny Shaped crack — Performance results

= Implementation: Fortran + Python code run in a node
with
* 2x Intel(R) Xeon(R) Gold 6248 CPU (up to 40
cores)

* 376 GB RAM
= Residual method approximately ~2X Abaqus real run
= Residual method scales well with parallelization.

= Each order of derivative adds around 7% CPU time.

=

—— Residual Code
-~ Abaqus

Speed-up factor
O NWLMUON® WO

124 8 16 20 40
Number of CPUs

CPU time distribution 40 CPUs
2. Assmble K

1. Preparation

3. Factor K
7. Domain Integr:

\ 6. 3rd-Order
5. 2nd-Order

4. 1st-Order



Interaction integral (Overview)

= Also known as M-integral- calculates the mutual energy release rate

aux aux aux

M:L(O-ij Ujig,itoijjy — 0 SjkCI,l) dA,

= Used in the calculation of mixed-mode stress intensity factors. w

M; if K3 =1 and K3 =0, [TTTTTT]

M(uj 1, ut™, o) =
, 1> .
SR My if K3 =0 and K& = 1,

KI = EM[, K][ = ?MH, where E’ =

E for plane stress,

E/(1-v?) for plane strain.

m@ University of Texas at San Antonio



2D mixed-mode stress intensity factor rates using a
complex-variable interaction integral - dK/da

= Applies ZFEM to the interaction integral.

* * aux * * * * aux * * aux k * * * *
M, —/[Uij Wiv g + 0 up 4y — 0y € 4 ] J*| dédn, M" = E M;,

CTSE ZFEM CTSE ZFEM CTSE CTSE CTSE ZFEM CTSE CTSE

Yy
Jo
I T I I I I T I 2 1 -"‘~\\ === Exact 0K /da
g Vo1 O [N R Exact 0K ;/0a
oK; FE Im (M;) 2 \\_ ZFEM 01\{11/0(,
da 2 h / /\3 : 047 " A ZFEM 0K/;/da
\ @B 2 0.3 1 ."‘\_\'\.‘
0K;; _ p'Im(Mj)) i é 027 A B A
9a = 7 —h é 014 A :\\\ A
PETEITT AL, bt S0
W (l) IIO 210 3'() 4IU 5'() 6‘() 7|O 8IO 9|0
Angle 3

A. Aguirre-Mesa*, S. Restrepo-Velasquez*, D. Ramirez-Tamayo, A. Montoya and H. Millwater, “Computation of two dimensional mixed-mode stress intensity factor rates using a complex-variable
interaction integral,” 277 (2023) Engineering Fracture Mechanics, https://doi.org/10.1016/j.engfracmech.2022.108981
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Inclined Penny-Shaped Crack problem

» Parameters for the analysis were as follows*:

Parameter Value
— . Parameter Value
Crack Inclination y 45 Young modulus _E_10 000
Crack length r 0.125 . ) .
L L 50 Poisson’'sratio v 0.0
Dimension R, Far-field stress o 1.0
l, 10.0

*Corresponds to benchmark problem 3 in Franc3D website.

» SIFs analytical solution (Murakami, 1987)

20
K; =— VT sin?(y)
20 2
Ky = — < si in(6) =—
n=—\nr sin(y) cos(y) sin(0) >

Kup =22 siny) cos(y) cos(6) g

Wedge Brick Tetra Total

Mesh Statistics 15 20 10 Elements

Nodes Total DOFs

Value 2360 14160 111374 127 894 228 814 646 442




Inclined Penny-Shaped Crack problem — Results

Results for ring 0 of elements — vertex perturbation (two slices).

 This ring contains only wedge15, two element slices.

« Computed using g-function for wedge vertex nodes.

— Q-function linear in element, two slice span.

— K_I (an) K_III (an) e KU (r0)
—— K_II (an) e K| (r0) e K. (r0)

» Results show error of 0.284% to analytical solution.
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Inclined Penny-Shaped Crack problem — Results

9'SIF/aa

— K_I (an) — K_lll (an) e K.l (r0)
—— K_Il (an) e K.I (r0) e K_I(r0)
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Inclined Penny-Shaped Crack problem — Results

Second
order
derivatives

a,v

3%SIF/9adv

32SIF/avav

— K_I (an) K_lIl (an) e Kl (r0)
—— Kl (an) e K| (r0) o Kl (r0)
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Inclined Penny-Shaped Crack problem — Results

3>SIF/avavav

— KU (an) K@) s Kl (r0)
— K_I (an) e K (r0) e KN (r0)
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Third order derivatives

KJll(an) e Kl (r0) — KU (an) KJll(an) e Kl (r0)

— K_I (an)
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Summary

e
}’[777 2§

= Elegant, straightforward method to compute G, K, and its derivatives with respect
to crack size and any other parameter.

* Promote variables to complex/hypercomplex.
* Largely use the same/existing solution methods.

= Higher order derivatives are available.
* Applicable to linear and nonlinear problems.

* Non-intrusive residual method very effective for 3D fracture.
* Residual method approximately ~2X Abaqus real run

23
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