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Abdract

The tensor representation is an effective way to reconstruct the image from a
finite number of projections, especially, when projectionsare limited in a small
range of angles. Theimage is consdered in the image plane and reconstruction
ISin the Cartesian lattice.

This paper introduces a new approach for calculating the splitting -sgnalsof the
tensor transform of the discrete image f(x, y, ) fromafinenumberofray -
integralsof thereal image f(X,y). The properties of the tensor transform allows
forcalculatingalargepartofthe2  -D discrete Founer transform in the Cartesian
|attice and obtain high quality reconstructions, even when using a small range

of projections, suchasf0, 30° anddownto 0,20 ©). The experimental results
show that the proposed method reconstructs images more accurately than the

known method of convex projections and filtered back -projection.
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Introduction

Image Reconstruction

Imagereconstructiorfrom projectionsis a mathematicaprocessof producing
an image of two-dimensionaldistribution (usually of somephysicalproperty)
from estimatesof its line-integralsalong a finite numberof lines of known
locations P (1)




Limited-angle tomography %&

i Not possible to collect projection data %
over a complete angular range of 180°.

u Digital breastomosynthesisdental
tomography, electron microscopy,

i Reducing: scanning time, patient dose.
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Analytical Reconstruction

€37 2

The mathematicaproblemof determinatior ;2
of functionsf(x, y) from aninfinite setof
their line-integrals(projectionsyas
solvedby Radonin 1917

(RATY(,4) = Ff (I7+ 2 - arctan®) dz I 1

+

(RAT)(0.9) = ff (zg-)dz  1f1=0

L
L L -=
€53 2

R(I,9)- f(r,f)=f(xy)
-("/12-d) to the horizontal line.

Sampled version of the inverse Radon transform

@

UAdapt Radonodés fundamental theory
U The results are approximated and erroneous.
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Figure 1. The geometry of projection by ang
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The main formula obtained in computerized tomography allow us to
express the image in the form of the Fourier slice theorem.

2-D FT
Polar grid
P (w)
S 1I-DFT i
K W BEr N ; :
L2 | Cartesian lattice
Figure 2. Diagram of Fourier slice theorem.  Interpolation is required




Methods based on the Fourier slice theorem
u Interpolatiois required

u Filtereackprojection (FBP) methods

u Computational efficiency and numerical stability

U Reconstructions are not exact but approximations of the discrete image

Tensokrtransform based method

U Based on the tensor representation-dfraéngional image with respect to tr
Fourier transform.

u Defines image as a set-alimeasional) signals that split the Fourier
transform into a set-@ fransforms.
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Proposed method
Splittingsignals When N is prime
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4 ™
Image Model and Lineintegrals

- The imagd (x,y) is considered in the discrete fofgix,y) which has
constant values inside small pieces or image elements (IE) of size

(gx)*(qy) each, .
fy(X, y)=Wr“! f(x, y)dxdy , if (x,y)I IE.

o Theimage can be considered in the matrix form . NI N
0.8 [_my
f(n,m)=r"(1,m)_thlEf(X,y)dxdy=(D><)2fd(Xo,yo), )Ll AT

(X, Yo) i (n,m)- th IE.

=

o The discrete image Is considemuthe
square gridx, , ={(n,m; nm=0:N- 1

Inside the region [0,¥] [0,1]. Figure 3. Model of the Image
on the 5x5 grid
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o The lineintegralalong a ray in the fy,m)-th IE Is
wm = Qe T OGYIAE= (D) T30, ¥o) = (D)NZT, ..
whereqd=d,, ,, Is the length of the ralyin the f,m)-th IE.

frm = (D 1)Nz w™™, nm=0:N-1

o The linesum of the discrete image along the same ray is

V()




4 ™
Image and Splittingignals

- The tensor representation of the im@igeof sizeNx N is defined as a
set of splittingsignal of length\.

c{fnd- {fy, =(1,0it=0:(N- D}

(p,s) INN

o The componentsf these signals are calculated as the sum of the
Image along parallel lines

=a{f,mn np+ms=t mod N}
n,m
o The cyclic group is defined as

T, s ={(kpmodN, ksmodN); k =0:(N - 1)}
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One can construct different s&fg,,
however, their cardinalities are equal.
‘]4,4 :{(110)1 (1’1)1 (1’2)’ (113)1 (0’1)1 (211)}1

‘J5,5 = {(:LO)’ (1’1)! (11 2)’ (113)’ (114)1 (0!1)}
or
J,44=1(01),@.D),(21,(31),(1,0),(1,2)},

‘]5,5 = {( 011)1 (1’1)1 (211)1 (311)1 (4’1)1 (110)}

_ (L+1)
o In general, we consider qenerators

3., ={(10),(11),(1.2).2 , (@ L- D} 8{(01)}, e
L ={(10,@D, (12,2 , (12 - D}8{(0D,(2D.2 (2 -

<

3(2°Y)

21)}.

generators
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- The value of the-D DFT of the image at frequengpints of the group

(- y

™~

Tp,s N-1 .
kamodN,ksmodN = a 1:p,s,tW J k=0: (N B 1)

t=0

whereW=\Wh=exp(2" j/N).

The imagd, ,,,of size N« N, where N is a power of 2, can be compose
splitting-signals as follows:
1 ut 1

_ L 1 . ) LTt
n,m K a[fz" 2Kst fzk 2Kst N/2] 2 '0,0,0
2N 20 2" (psyi s D S N

where we denote t = t{@2,2s;n,m) = (n8p,mZs)mod N. All components
fk, s 1N this equation can be calculated using the following recursive
formula:

N/ 2K N/2K

= f + f

2“p,2sy 2T p,2¢ts 24

k=12,..r-1

21 p,2¢ts, 20 +N/2”

where p or s equals 1, and=t0: (N/Z+1-1).
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In other words, these components can be calculated from 3N/2 splitting

o

Each image isthe direction image with N values of the splitting

o= Fspmgmoay P dddddd Op Odedt d~dl 2 d_dy

< generated by the frequencies(p, ).

which are located along the parallel lines (
the knots of the lattice.
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Figure 6. (a) The 258 256 image, (b) splittingignal {f, ,,; t=0:253, and (c) the
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J16,16

Example: (p, s)=(1,2)

Incomplete Set of Projections

Equivalent sets of angles
The complete set of angfes:={arctan(s/ p); (p,s)I Jnng

Jun ={(PD, p=0:(N- D}
8{(12s),s=0:(N/2- 1}.

F ={arctan(l/ p); p=0:(N- 1}
U{arctan@s) ; s=0:(N/2- 1)}
(arctan(2)=63.4349°)

Tig = {(0,0),(1,2).(2,4),(3,6),(4,8),(5,10),(6,12), (7, 14
(8,0),(9,2), (10,4), (11,6, (12,8),(13,10),(14,12), {15, 14)}.

Replacementp,s)- (2k+1)(p,s), ki {1232 7.
(p,9=12)- (p.s)=(92 (arctan(2/9)=12.5288°)

Too = {(0,0),(9,2),12,4),(11,6), (4,8),(13,10),(6,12), (15, 14).
(8,0, (1,2), (10,4),(2,6), (12,8), (5,10}, (14,12, (7, 14)}.




Generators and angles for (2k + Ip(pjextions, when (p, s) = (1, 2).

7\
(2k+1)(p.s) | (12) | (3,6) | (5,10) | (7,14) |( (9,2) \| (11,6) | (13,10) | (15,14)
(k) 63.43° | 63.43° | 63.43° | 63.43° \{2.52* B61° | BTH6° | 43.02°
Table 1. Generators and angles for (2k + 1) (p, s)-projections, when (p, s) = (1,2).

Equivalent sets of angles that are close to 45°, 60°, and 90°,
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Figure 7. Sets of angles of projections(aj 4 5 @),6 Q &d (c)90e
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Intersection between subsets
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Figure 8. The covering of the-B DFT for (a) (1,1)projection, (b) (1,9)projection
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Removal of the first 2 projections and 5 projections
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i Ray-integralsand Ray -sums h

o Example : Imagereconstruction on the latticex83.

| (b, 5)=(2,1)projection Rays of this projection: -
2O ={(x y); 2x+y=g+74, t=0:2L
T TE] 6)1(71(8)(9) 1011121191 (14) | 81

/// // /' Ray-sums: v, = § fo t=0:21

jﬂﬂ%%ﬂﬂﬂ/m 4

0.12

X
\\
N
N

N
3\
\\
S
)

025 | /|(17) Splitting -signal calculation:

I e meru

05 3//////////;////////;//;//|(19) f2,1,1 ;\\//1 +\\/j _:/i/?

4 // // // ?/ﬁ//é//}////§//l(zo) f2,1,2 :Vz +V10+V18
/ / / / - 2,13 3 11 19

/
1
-//1/// /////////
7/ /
I 1177 T

! ! ! ! ! ! ! ! !
0 0.12 0.25 0.37 05 0.62 0.75 0.87 1
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4 N
20
. (p, s)=(2,1}projection o =2y
Geometrical Rays 'W'
- t
o |(9)I/) I(6)I |(8)||($%) )(LO@LYA2I(13) (14 2 ot (- 09 ={(xY) 2X+y:§+%}’ t=0-21.
e
=111 :E: w(@) = w(l () =85/ 2v(7) + @)
/;/ /; / /;/ / ; / /; / /; / /; // e WO = (©)=85/2v(E) +u(9)
é 05 3///////// /////////////:mg) Matrix form:  (8V5/2)Av=w
> 4/////// /// ///////////// 120 _ (0 5 a0 o
=111 111171 ] SEEERR I <A vy
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2
. (p, s)=(2,1)projection o o =35 o
’ ’ Line-integrals: 2
| cp<:1/8|
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1@
I(Z)I(I.ES) W(24) +W<15) + W(16) + W(07)
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. (p, S)=(2,1}projection

@ \

Matrix form: v:(2/8\/§)A'1W E—) b=A'w VF%Q

Al 2
0 g @O e 1y 00 0. 000]|eMO o
S0 5 d0 5 |1 100 0o00] v Y
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e R - WorY
Recursive form:
G b, =w(0), &
b, = W) - by,
b, =w(2) - b,
b =w(t)- b, t=342 21
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Preliminary Results

Limited -angle range image reconstruction ( Tensor transform)

0

0.2r

rectangles on grid 256x256
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Figure 9. Original image on the lattic25d 256, and reconstruction by projections

(-

with the angles within the range of ) [©,3 0 e ) ¢)dOn2d0 e )(.
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(b) (c)

100+ 30A 100 i
20A
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Figure 10. Original image on the lattice 26856, and reconstruction by projections
with the angles within the range of) (®, 303 and (c) [0, 28).
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Comparnson with Projections onto Convex sets
(POCS) method

. Projection onto Convex sets (POCS)
x known as alternating projection method
x |terative algorithm.

f,=(PP .3 P)f,i=123..

m ml

: M.l.SezaandH.Stark Tomographimage reconstruction from
”? ncomplete view data by cor

x Relax algorith

El =(TT,15T) E! i=123.. T :1+/M

relaxation parameter




Projection operators
i Projection P
191‘5 ,if (nm)i A
pE=g Onm =] ( )
0, otherwise
0 ProjectionP
o 6F ., f (p,S)i L, s
PF=g, G, Pp . 0 I
FEps, otherwise. = 2 0
u ProjectionP B B iy
& o if F<o s
I%E:T E  if E20gH¢cE, E[ﬁ_aa(nm)z E, =E[f]
N n=0 m=0
: P(yE,/El B)Eif £20,E[F>E,
U PrOjeCtIOHSP ¢ a, it E <a
o 1 o _ o
RF=9, ¢,,=1 K, ifac E,m¢b,[ [a,b]=[0,1] ]
1[ b, if £, >b




/ . ASA 45A7\
Comparison - -

Limited -angle range image reconstruction _52 _52
( by POCS ) -100 4% -100
Angle range:[ T A &A] -100 0 100 -100 -50 0 50 100
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Figure 11 (a,d Original images and reconstructions by the POCS algorithm, when the
d a t A4after O,8) 30mnd €, 300 iteratiorfs.i1 4 5

@projection
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Comparison

Angle range:[ T 8 B4

POCS Tensor
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Comparison

Angle range:[ T 8 P4
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Noise Effect

- Noise of the projection data
U Follows approximately a Gaussian distribution
i Additive Gaussian noise with a distrido&én
u Signal independent

- Quantitatively Evaluation
Reconstruction sigieahoise ratio (SNR)

NN )
aa(f,.
SNR=10l0g, g w1

N‘l e

é. a. (Em - fn,m)z

n=0 m=0

fum : Referendeagenoise free Reconstruction

@ En,m . NoisyReconstruction




e

- Image reconstructions from limited angular range ([0,30
projecionswith Gaussian noisewithmean O
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(@) 6=0.01 (b) 5=0.025
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=
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(c) c=0.05 (d) 6=0.1

250

(-

Figure 11 Image reconstructions from limited angular range projections with Gaussian
mean 0 and standard deviation (a) 0.01, (b) 0.025, (c) 0.05, and (d) 0.1.
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Figure 12 Phantom mage reconstructions from limited angular range projections with
noise with mean 0 and standard deviation (a) 0.01, (b) 0.025, (c) 0.05, and (d) (
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Condusion

A novel approach for reconstructing the discrete image on the Cartesian lattice

from afinite number of projections of the image is applied. Thisapproachis

based on the tensor transform and an idea of transfemng the geometry of

integrals from the image spaceto the Cartesian lattice. All line -integrals over
f(x,y) image can be used forexactly calculatingline  -sumsof the discrete
image f,, ,, defined inthe Cartesian lattice and the tensor transform of the

Image asthe sum of direction images. The parallel beam scanning schemeis
described and the reconstruction is exact.

Preliminary results show good results of image reconstruction when the
angularrangeis 30° and downto 20 °. The proposed method isalso analyzed
forthe noisy projection data. The preliminary results show that the proposed

method of reconstruction is robust relative to an additive signal -independent
noise.
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THANK YOU VERY
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QUESTIONS, PLEASE?




