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IntroductionIntroduction
The traditional N-point DFT is defined as 
the decomposition of the signal by N roots 
of the unit, which are located on the unit 
circle.  Multiplication of a complex number 
by a twiddle factor can be considered in 
matrix form; as the Givens transformation.       

 f  f       The definition of the DFT in the real space 
can be generalized by using a two-point 
transform T different from the rotations.     
It is assumed that the matrix of T defines a It is assumed that the matrix of T defines a 
one-parametric group with period N.
We introduce a concept of the T-generated    
N-block discrete transformation, or N-block ,
T-GDT.  For the N-block T-GDT the inner 
product is defined with respect to which 
rows/columns of the matrix are orthogonal.
T is parameterized; selection of parameters 
can be done among the integer numbers, 
which leads to integer-valued metric.



DFT in Real SpaceDFT in Real Spacepp
The N-point DFT: decomposition of the 
signal by N roots of the unit g y

Multiplication in matrix form:
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Transform:  CTransform:  CNN to Rto R2N2N

Vector representation
),,...,,,,,,( 11221100 ′=→ −− NN iriririrff

with the vector component
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N-point DFT as 2N-point in R2N
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ExmExm: 6: 6--point DFT in Rpoint DFT in R1212

Six-point DFT with the matrix
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The inner productThe inner productThe inner productThe inner product

The DFT is linear in the R2NThe DFT is linear in the R
and the inner product is 
preserved for extended DFT:p
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components of the extended 
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DFTs of the vectors f and g, 
respectively. 



Integer representationInteger representationg pg p
The definition of the DFT in the real 
space R2N can be generalized by 2-D  
t f  diff t f  th  t ti  transforms different from the rotations. 
The 2N-point transform of the vector

),,...,,,,( 12223210 ′= −− NN fffffff
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a one-parametric group with period N.
We call the transformation
the T-generated N-block discrete transfor-
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mation, or the N-block T-GFT.
Case T=W: N-block W-GFT (N-block DFT)
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N=6N=6 case (space Rcase (space R1212) ) 
Consider the 6-block T-GDT:
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N=6: Inner productN=6: Inner product

We define the inner product as
),(),( gXfXgf ≠

We define the inner product as

where  A≠I is a matrix 12×12.
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For that we first define a matrix
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“Inner product” in R“Inner product” in R1212pp
The metric can be defined as
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however 
To obtain the property
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Roots of the unit matrixRoots of the unit matrix
? Integer matrix such that
For 
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Elliptic DFTElliptic DFT

Consider the orbit of a point x
with respect to the group of 
motion },4:0;{ =kC k

xCyyCyyCyyCxyx ==→=→=→=→ 3423121

Fig 1: (a) Location of all points        and (b) kyg ( ) p ( )
scheme of the movement of the point (1,0).
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General Elliptic DFTGeneral Elliptic DFT
Given        and angle

the following matrix is defined 
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(GEM)
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Example: N=32Example: N=32
Consider the sinusoidal signal 
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Fig 2: (a,c) Sinusoidal signals and 
(b,d) the 32-block DEFTs of the signals. 



Imaginary part of EDFTImaginary part of EDFTg y pg y p

The N-block EDFT recognizes the 
carrying frequency at the frequency-carrying frequency at the frequency
points p=6 and 28=32-p. 

Fig 2: Imaginary parts of the (a) 32-block EDFT 
and (b) 32-block DFT of the signal  

DFT does not have maximums on 
th  i  f i t  6 26

).6cos( 0tω

the carrying frequency-points 6,26.
The imaginary part of the DFT by 
amplitude is smaller than the EDFT. p



Properties of GEMProperties of GEM
GEM defines a one-parametric 
group with period N

12123121 ... −−− =→=→→=→=→=→ NNN CyxCyyCyyCyyCxyx
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10/πφ = 15/πφ =

20/πφ = 30/πφ =

φ φ

Fig 4: The scheme of the movement of the point 
(1,0) when (a) N=10 and (b) N=15.
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General caseGeneral case

Matrix     satisfies the conditionR
)(2 IR φ

• Given         and matrix    such that
, we call the matrix
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NN--block GEFT:block GEFT:
- generated matrix )(ϕφφ CC =
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GEFT of a real input    , respectively.xp , p y



Example: 5Example: 5--block GEFTblock GEFT
For N=5, the 5-block GEFT has 
the following matrix:
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Example:  5Example:  51212--block GEFTblock GEFT

Consider                  and  
and a “complex” signal of length 512
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p g g
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Fig 5: (a) Signal of length 512, (b) the real and 
(c) imaginary parts of the 512-block GEFT 
of the signal. 



ComparisonComparison
Images of matrices GEFT and DFT.

Fig 6: The image of the matrix of the N-block 
GEFT when (a) N=15, (b) N=30, and (c)GEFT when (a) N 15, (b) N 30, and (c) 
N=52.

Fig 7: The image of the matrix of the N-block 
DFT when (a) N=15, (b) N=30, and (c) 
N=52.



SummarySummary
By constructing matrices         which    

are roots of the identity matrix, 
the N block EFT has been defined 

)(ϕC

the N-block EFT has been defined 
whose block-matrices are 
composed by powers of ).(ϕC

The set of matrices                    
where                  compose a one-
parametric group of order N. 

)},1(:0);({ −− NnC nϕ

,/2 Nnn πϕ =

parametric group of order N. 
The matrix        is the matrix of 

rotation around the ellipse
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The ellipse turns into the circle of 
radius r when a=0 and b=1.  Then 
C is the Givens rotation and the 
elliptic DFT is the traditional DFT.
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Example: 12Example: 12--point Block Transformpoint Block Transform
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123

224

HHHI
HIHI
HHHI

H bl

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

−−−−
−−−−

123100123100
256056210010
245045201001
100100100100
010010010010

⎥
⎥
⎥
⎥
⎥
⎥
⎥

⎢
⎢
⎢
⎢
⎢
⎢
⎢

−−

−−−−
−−−−

=

201045245001
100100100100
056010056010
045001045001
123100123100

       

⎥
⎥
⎥
⎥

⎦⎢
⎢
⎢
⎢

⎣ −−−−
−−−−

−−−−

123100123100
210056256010
201045245001

This is not Fourier-like transform:  H2≠I.



Example: 15Example: 15--point Block Transformpoint Block Transform

Consider the complex matrix 3x3

,0.8131-0.4714-0.3416
0.3570i - 0.58340.5002i - 0.05661.3080i - 0.1483-

⎥
⎥
⎤

⎢
⎢
⎡

=H

.1)det(                                         
0.3570i  0.6893-0.5002i  0.88621.3080i  1.1971

=

⎥
⎥
⎦⎢

⎢
⎣ +++

H

 0.  and  4325 =++++= HHHHIIH

⎥
⎥
⎥
⎥
⎤

⎢
⎢
⎢
⎢
⎡

= 3142

4321

bl5 HHHHI
HHHHI
IIIII

H

⎥
⎥
⎥
⎥

⎦⎢
⎢
⎢
⎢

⎣
1234

2413
bl5

HHHHI
HHHHI
HHHHI

⎤⎡ IIIII

⎥
⎥
⎥
⎥
⎥
⎤

⎢
⎢
⎢
⎢
⎢
⎡

=
−−−−

−−−−

−−−−

−

2413

3142

4321

1
bl5

HHHHI
HHHHI
HHHHI

IIIII

H

⎥
⎥
⎦⎢

⎢
⎣

−−−− 1234 HHHHI
HHHHI

.51
bl5bl5 IHH =⋅ −

This is a Fourier-like transform.


