Gradients and Compass Operators: Method of Rotations
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Abstract

We describe a new model of gradient operators that are defined along 16
different directions. For that, the model of two rotations of coefficients
Inside the given mask Is proposed. The set of such gradient operators,
which is called the campus gradient is described on different examples.

The 5%5 masks are considered for such operators, as the Sobel, Prewitt,
Agaian gradients along 16 directions. The Nevatia-Babu, and Art-Sobel
campus gradients with illustrative examples are also described.

Comparison of gradient operators along 4, 8, and 16 directions Is given.

The presented approach can be easier extended for large windows and even
with more than 16 directions.



GRADIENTS WITH MAXIMUM 8 DIRECTIONS

We first consider the gradient operators that are defined by using eight directions, which

IS the number of the coefficients of the 3x3 matrix [G, ] of the gradient operator along
the X-axis. The center is not counted.

The rotation of any 3x3 matrix around its center is considered counter clock-wise.

Method of Matrix Rotation:
The coefficients of the rotated matrix by 45 degree are calculated as follows:

a, az 4as : ! (a, as bs]
_|b, b, b . N b
[GCP] — 1 22 3 i l o 0 i _ [G(P+450] = |aq 02 C3
C1 Co C3 ' :

by ¢ ¢y




For example, we consider the Kirsch gradient [2 with the following matrix:

62 =Gy =[5 0 —3]- (1)
5 -3 -3

The scale factor 1/15 is calculated to keep the range of the image. All eight matrices of rotations by the
angles @y of the set ¥ ={0°,45°,90°,135",180°,225",270°,315"} are different, as shown below

1 5 -3 -3 1 -3 -3 -3 1 —3 —3 =3
[Goo] =—I|5 0 —3] [G450] = —l 5 0 —3] [Ggoo] = -3 0 =3
15 5 -3 -3 15 5 5 =3 15 L 5 5 5 .
1 -_3 _3 _3- 1 _3 _3 5 1 -_3 5 5 1
[Gy3sc] = -3 0 5 [G1go°] = _[_3 0 5‘ [Goase] = -3 0 5
15 —3 5 5 15 -3 -3 5 15 -3 -3 -3
1 [ 5 5 57 1 5 5 =3 0O 0 O
[6270°] — 15 -3 0 =3 [6315°] — El 5 0 _3] z[G(Pk] = [0 0 0]
-3 -3 -3 -3 -3 -3 0O 0 O
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Fig 1. The grayscale image (in the middle) and Kirsch gradient images |G, (f)], k=1:8.
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Using the set of eight gradient images G, (f), the gradient image can be calculated, as shown
In the block diagram of Fig. 2.

Gradient G- (f)

Gradient G, (f)

Image (f) |—* - Operaion {G,, ;k = 1:8} |— Gradientimage

Gradient G, (f)

Gradient G, (f)

Figure 2. The diagram of calculation of the final gradient image G, (f) by eight directions.

We can define the Kirsch maximum, square-root, and magnitude gradient images

8 8
1 1
6n(F) = max{IGg s (O k=1:8), 2= 2 [Gacnus DI+ 60D =5 > 16gepss (P
\1 k=1 k=1

3/31/2022 SPIE: Defense+Commercial Sensing - 2022 7



Figure 3 shows the Kirsch maximum, square-root, and magnitude gradient images composed by eight
oriented gradients images in parts (a), (b), and (c), respectively.

(a) maximum (b) sum (c) square-root

Figure 3. The Kirsch (a) maximum, (b) square-root, and (d) magnitude gradient images.

Fig. 4 (a) The “pepper” image and the gradients: (b) the magnitude, (c) the square-root, and (d) the maximum
gradient images by eight directions.
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The eight matrices of rotations by the angles ¢y of the set

The Art Gradient Operators with 8 Directions

w ={0°,45°,90°,135°,180°, 225,270, 315},

1 2 -2 -1 1 -2 =1 =2 1 -1 -2 -1
Gy ] = 3 4 0 —2] [Gye] = §[ 2 0 —1] [Ggoe] = 3 —2 0 -2
2 =2 -1 4 2 =2 2 4 2
1 —2 =1 =2 1 -1 -2 2 1 —2 2 4
[Gy35°] = 3 —1 0 2 [G1go°] = 3 —2 0 4 [Goo5°] = 3 -1 0 2
—2 2 4] -1 -2 2 -2 -1 =2
1| 2 4 2] 1 4 2 -2 0 0 0
[Gy70°] = 3 —2 0 -2 [G315°] = 8[ 20 _1] Z [G<Pk] = lO 0 0
-1 -2 -1 -2 -1 -2 0 0 0




|G90°(f)| |G45°(f)|

G35 (f) Goy'(f) Gy (f)

G0 (f) G (f) Gy (f)

G5 () G99 (f) G5 (F)

-~ /2
o T

|61800 (f)l 21 " ek Ve, L

Fig. 5 The Art maximum
gradient image (in the
middle) together with the
eight gradient images
|G, ()], k=1:8.




We can define the square-root and magnitude gradient image by

8 8
1 1
(N = |5 [6aenus D]’ and 60D =2 (6 pas (DI
\ k=1 k=1

(c) square-root

Fig. 6 The Art (a) maximum, (b) magnitude, and (d) square-root gradient images.
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Gradients with 16 directions

To add more directions for gradient operators, we need to use the gradient matrices of large size.
For instance, for the points in the 5x5 window, there are four additional directions can be
considered, as shown in part (b). Therefore, along these directions, new eight gradient operators
can be defined. Together with the eight gradients in the main compass directions, the number of
gradient operators is 16.

L« — — 7
L = L.l = o« 7
[ L. T] Ll T T
- - T L, = = T 7
Rodafion by 45 - =2 = = T

Rodafion by 2606 and 45
(a) (0) (©)

Fig. 7 (a) Counter clock-wise rotation of the 3x3 matrix, (b) the lattice 5x5, and (c) the rotation of the 5x5 matrix.



A rotation of the 5x5 gradient matrix: it is the counter clock-wise rotation of the
coefficients of the matrix that is shown in the figure. The rotations can be described as
follows. The 16 coefficients of the matrix in the 15t and 5% rows and columns are rotated
counter clock-wise on each stage of the rotation, as shown in part (a). The other eight
coefficients that are closer to the center of the matrix are rotated on each second stage of
the rotation, as shown in part (b).

Tl « o« l « « « «
L e o o 7 Il <« « 7
Il e o o ] N Y |
J, ° ° ° T l, - - T T

-5 5 -5 -5 T - -5 - - 7

Rotation of only 16 coefficients Rotation of all coefficients

(a) (b)

Fig. 8 Counter clock-wise rotation of the matrix: (a) the 15t step and (b) the 2" step.



Thus, the two consequent rotations are described as follows:

a; A 4z Q44 As] [ap az a4 as bs| [az as ass bs  Cs]
by b, by b, bg a;, b, by b, c= a, by by, c, ds
€1 € C3 Ci Cs|->|by ¢ c3 ¢4 dg|—>|ay by c¢3 dy es
dy d; d3 dy ds ci; d, d3 dy es by ¢, d, d3 e,
L1 €, ez e, €5l |ldy e e, e3 e leg di e4 e, e;l

Original matrix the 15t rotation the 2"d rotation
The eight main directions in the compass are with the angles
® ={0",45,90°,135",180°,225",270°,315"}.
Let ¢ be atan(1/2) = 26.5651 =~ 26.56 . Then, we also consider the new set of 8 angles

dy ={¥,90" —,90" + ¢, 180" — 5, 180" + 1, 270" — §, 270" + 5, 360" — s}
= {26.56° 63.43°,116.56° 153.43°,206.56°,243.43°,296.56°,333.43°},
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The complete set of 16 angles ¥ = {®, ®,} of rotations can be written in the ascending order as

W= {O ,26.56°,45,63.43°,90,116.56°,135,153.43°,180 ,}. (4)

206.56°,225",243.43°,270°,296.56°,315, 333.43°

Figure 9 shows the eight main directions of the campus in part (a) and the additional eight
directions by the angles of @, in part (b).

N N

SE
SH * @ W (b)

Fig. 9 Eight and sixteen directions in the compass.
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Denoting by Y, k = 1: 16, the angles of the set ¥, we call [G,, ] the matrix obtained by
rotating the gradient matrix [G,] by the angle Y. Then, the gradient image calculated by
the gradient operator with the matrix [Gy, ] Is denoted by Gy, (f). For simplicity of
notations, we round the angles to integers and consider the set W as

w {o°, 27°45°,63°,90°,117°, 135 ,153°, 180°,}
207°,225°,243°,270°,297°,315,333° )

Therefore, all 16 gradient operators, which we call the oriented gradient operators, can
be denoted as

Goe, Go70, Gysy Geze, G2, G170, G350, G530 G18°°'}
G207°' 622501 624301 62700' 62970’ G315°' G333°'

Gy = { (5)



A. The Sobel’s Oriented Gradients

We consider the Sobel’s differencing operator in the horizontal direction that has the
matrix (without the scale factor 1/48)

1 2 0 -2 -1
4 8 0 -8 -4

|G| =1[G2]=|6 12 0 -12 -6|. (6)
4 8 0 -8 —4
1 2 0 -2 -1

The first two rotations of this gradient matrix result in the following matrices:

1 2 0 -2 -1 [2 0 -2 -1 —41 [0 -2 -1 —4 -6
4 8 0 -8 -4/ [1 8 0o -8 -6 [2 0 -8 -12 -4
6 12 0 —-12 —6|-|4 12 0 -12 -4|-|1 8 0o -8 -1f.
4 8 0 -8 —-4| |6 8 0 -8 -—-1| |4 12 8 0 -2
1 2 0 -2 -4 a1 2 o 20l 4 1 2 ol




Continuing similar rotations, we obtain 16 matrices of the Sobel’s gradient operators

—4

-1

—2
0

-1 -4 -6
0 -8 —12

[—2

-8
0

N

-2

-1

0
-1

-12 -8
—4

-1
L—4

—2

—6

12

-8 —-12 -6

0

—6
—4

-2 -1 -4
-8 —12

0

-4 -1 =2 0O
—8

—12

(—6

0

—4

12

0
—2

—-12 -8
-1

—4
L—6

0-

—4

[Go5]

12

—4
—6.

—12

—4

-8
-1

-2

-0

[G315°]

0 —-12 —4
0 -8 -1

4 12
8

[G27°]

— 2
0

-6 —4 -1
-8 —-12 -8

[—4
-1

12

—12

—2

-1

[G117°]

[Goo7°] = [—4

-8 —-12 -8 -1
—4 -6

-1

0
2

—4.

Gzp+180

0 —-12 -6
0 -8 —4

6 12

[G0°]

—1-
-2

-4 -6 -4
-8 —-12 -8

—1
-2

0

-8
—12
-8

12

0

[G1go°] =|—6

-2
—14

-8 —-12 -8
-4 -6 -4

—2
1

[G270°]
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The Sobel’s gradient operator in x-direction has a symmetry, namely the following holds
for the coefficients of the matrix |G |:

Cnm™= —C5-n+1,5-m+1» n,m = 1,2 (7)
It means that the rotation by 180" changes only the sign of the matrix. Therefore,
G¢+180°= —Gy, (8)

for any angle ¢ € W. For example, [G,g,°] = —[Gy] and [G,y°] = —[G,,°]. The number
of different oriented gradient images |G, (f)| for the Sobel’s operators is 8.

We thus consider only the first 8 angles iy In the set ¥, i. e., the set
y, ={0°,27°,45",63°,90°,117°,135°, 153°}. (9)
The full set of the oriented gradient operators is

Gy = {Gy°, Go70, G yc0, Gozo, Goyey G1179 G357, Gise}- (10)



The angles for the Sobel’s gradient operator : ¥; = {Oo, 27°,45°,63°,90°,117°, 135, 153°}

Fig. 10 Oriented gradient images |Gy, (f)|, for 8 angles Y5, € W, k = 1:8.
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The Sobel’s gradients: the maximum, square-root, and magnitude gradient images

() = max{| G, (s e = 1:8}, (1)
1% 1\
2
G2 (f) = gkzl[ccpk(ﬂ] , G(f)=§kZIG<pk(f)|- (12)
,\1 = =

(a) image\ | () maimum (c) sum (d) square root |

Fig. 11 (a) The “pepper” image, and (b) the Sobel’ maximum, (b) magnitude, and (c) square-root gradient
Images composed from gradients in 8 directions.
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THE 8-ANGLE AGAIAN’s ORIENTED GRADIENTS

The matrix of the 9-level Agaian-Frei-Chen’s differencing operator in the horizontal direction is [without
the scale factor 1/(8+6v/2)]

1 a 0 —-a -11 11 V2 0 —2 -1
a 2 0 =2 —a|l |W2 2 0 -2 =2
[Gil=[2 2a 0 —-2a -2|=|2 V8 0 —/8 -2/, (13)
a 2 0 =2 —al W2 2 0 -2 -2
e 0 —a -1y v2 0o —v2 -1
where a = /2.

This matrix, as the matrices of the Sobel’s and Prewitt gradient operators in x-direction, has similar
columns from the left and right side of the middle column. Therefore, the oriented gradients will be
calculated only for eight angles 0°,27°,45°,63°,90°,117°,135 , and 153°. The rotation of this matrix by
the set of 8 angles results in the following matrices of the gradients:



The matrices of the eight oriented gradients for angles

0,27°45,63°90,117° 135, and 153°.

[G0°] [Gz7 ] [G45°] [663°]
1T a 0 —a —17 a 0 —a -1 —a 0 —a -1 —a -2 —a -1 —a -2 -—a
a 2 0 -2 -—-a 1 2 0 -2 =2 a 0 -2 —-2a -—a 0 0O -2 —-2a -1
=2 2a 0 —-2a -2 =la 2a 0 —-2a -a =1 2 0 -2 -1 =| a 2 0 -2 —a
a 2 0 -2 -—-a 2 2 0 -2 -1 a 2a 2 0 —a 1 2a 2 0 0
.1 a 0 —a -1 la 1 a 0 —a- L2 a 1 a 0 - L a 2 a 1 a -
[G9o ] [6117°] [G135°] [G153°]
-1 —a -2 —a - —a —2 —a -1 —a —2 —a -1 —a 0 —a -1 —a 0 a
—a -2 —-2a -2 - -1 -2 —-2a -2 0 —a —2a -2 0 a —2 —2a -2 0 1
=10 0 0 0 ( =l—a O 0 0 a =1-1 -2 0 2 1 =|l—a -2 0 2 a
a 2 2a 2 i 0 2 2a 2 1 —a 0 2 2a a -1 0 2 2a 2
L1 a 2 a L a 1 a 2 a - 0 a 1 a 2 —a 0 a 1 a
3/31/2022 SPIE: Defense+Commercial Sensing - 2022 23
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IG45 (f)I IG63 (f)I

|G90°(f)| |G117°(f)| G3c° |G153°(f)|
Figure 12. Oriented gradient images |Gy, ()|, for eight angles gy € ¥, k = 1:8.
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Figure 12 shows the 9-level Agaian-Frei-Chen’s gradient images that are composed from these eight
oriented gradients for the “pepper” image, by using Eq. 8.

(a) image (b) maximum (c) sum (d) square-root

Figure 13. (a) The image, and (b) the Agaian-Frei-Chen’s maximum, (c) magnitude, and (d) square-root gradient
Images composed from gradients in 8 directions.

3/31/2022 SPIE: Defense+Commercial Sensing - 2022 25



(a) maximum (b) sum (c) square-root

Figure 14. The Agaian-Frei-Chen’s gradient images: (a) maximum, (b) magnitude, and (d) square-root that are
composed from gradients in 8 directions.
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THE 16-ANGLE ART-SOBEL’S ORIENTED GRADIENTS

Many matrices of the gradient operators In the x-direction are symmetric or
symmetric up to the sign with respect to the middle row. Therefore, among 16
rotated gradient matrices, only parts of them are different.

The matrices of the gradients, which are equal up to the sign, result in the same
gradient images that are used only in the absolute scale.

The Sobel’s and Prewitt gradient operators, which were considered above, are
examples of operators with such symmetry. It is clear that these matrices can be
modified to remove the property of symmetry. As an example, first we consider
the Sobel’s gradient.



We can change the Sobel’s differencing operator in the first two columns as shown
below

1 2 0 -2 —-11 2 1 0 =2 -1
4 8 0 -8 —-4| |4 8 0 -8 -4
6 12 0 —-12 —6|-|6 12 0 —-12 -6l (14)
4 8 0 -8 -4 [8 4 0o -8 -4
1 2 o -2 -1 L1 2 0o -2 -1

Thus, we move from the tradition and simple approach in constructing the gradients,
when assumed that the change in intensity from left and right, and in other opposite
directions are differentiated In the same way. The non-symmetry in the gradient
operators may lead to interesting results in edge and counter detection.
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1Go (O | G2 (O] | 1Gage (DI | Gz ()
1Goo> (D] | 161172 | G352 (DI | 1G153°(F)]
1G1g0" (PN | G072 (O] | 1Go25° (PN | 1Goa5° ()
1Go70° (N | 1Ga972 (O | 1G315° (] | 1G333°(F)]

Figure 15. Oriented gradient images

|Gy, (f)], for 16 angles gy € P,
k=1:16.
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Below are all 16 matrices of the oriented Art-Sobel’s gradients (without the scale factor 1/48)
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Comparison: 4, 8, and 16 gradient operators

Magnitude
gradients
Figure 16. The “pepper”
Image and Art-Sobel Maximum
gradients

maximum and magnitude
gradients by 4, 8, and 16
directions, after
thresholding by T=12.



Comparison: 4, 8, and 16 gradient operators

Figure 17. The “bike-
wheel” image and Art-
Sobel maximum and
magnitude gradients by 4,
8, and 16 directions after el T e T s -
thresholding. 4 directions 8 directions 16 directions

b Maximum
| .
gradients




SUMMARY

We present the model of rotations to obtain gradient operators that are defined along maximum
of 16 directions and compose the campus gradients. The different examples of gradients were
considered, including the Sobel, Prewitt, Agaian, and Nevatia-Babu operators. Each gradient is
defined by the mask, which is initially taken along X-direction. The number of directions in
campus gradients for each operator is determined separately. For instance, for the Nevatia-Babu
gradient, the campus gradient is composed by six different oriented gradients.

With mask larger than 3x3, for instance 5x5, the campus gradient is composed with more than
eight oriented gradients. For instance, the for the Art-Sobel gradient operator, the compass
gradient is composed from 16 different oriented gradient operators.
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