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P R E F A C E

These notes were used in my lectures during the teaching the undergraduate-level class of EE 3523 signals

and systems in the Department of Electrical Engineering at the University of Texas at San Antonio.

These lectures are based on the material of many text-books and my notes, and among the books I should

mention the following books (as it mentioned in the syllabus):

Text:

Signals, Systems, and Transforms, (3rd Ed., 2003), by Charles L. Philips, John

M. Parr, and Eve A. Riskin, Chapters 7, 8, 10-13.

1. Signals and Systems: Analysis using Transform methods and MATLAB (2nd

Ed., 2004) by M.J. Roberts.

2. Fundamentals of Signals and Systems: with MATLAB Examples (2000) by

Edward Kamen and Bonnie Heck.

3. Signals and Systems, (2nd Ed., 2002) by Simon Haykin and Barry Van Veen.

I decided to post these briefs because of many requests from our students, specially the students who took

my class EE-3423: Signals and Systems I. I hope these lectures will be useful for the graduate students as

well, to remember many important concepts from signals and systems and use them in other DSP classes.

It is not a final version of the lectures, it should be improved, and I will work on the text later and will

add many problem-examples. If you have comments, please let me know (email: amgrigoryan@utsa.edu).

I hope these briefs will help students to understand better many basic topics in S&S.

Thank you.

Art Grigoryan

December 2, 2010.
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I. Characteristics of continuous-time systems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . EE-3523

We first consider the RC circuit that is defined by the following differential equation of the 1st
order

C
dv(t)

dt
+

1

R
v(t) = 0. (1)

The solution of this equation is

v(t) = v0e
− t

RC , v0 = v(0)

where τ = RC is the time constant for this exponentially decaying function. The voltage across
the capacitor decays exponentially with time at a rate determined by the time constant.

Let us consider the case when the time constant is 1s. Our goal is to determine the voltage across
the capacitor y(t) = v(t) from the following input voltage

x(t) = e−4t[u(t)− u(t − 3)]. (2)

The impulse response of the RC system is h(t) = e−tu(t), therefore

y(t) = x(t) ∗ h(t) =

∞
∫

−∞

x(τ)h(t − τ)dτ =

3|t
∫

0

e−4τe−(t−τ )dτ

=

3|t
∫

0

e−(t+3τ )dτ = e−t

3|t
∫

0

e−3τdτ = e−t 1

−3
e−3τ |

3|t
0

and finally

y(t) =























0, t < 0
1

3
e−t(1 − e−3t), t ∈ [0, 3]

1

3
e−t(1 − e−9), t > 3.

(3)

Example 1: For a given input x(t) and impulse function h(t) of the LTI system, let us determine
the response of the system,

x(t) = 2u(t − 1) − 2u(t − 3)

h(t) = u(t + 1) − 2u(t − 1) + u(t − 3).

We recall here the following properties of the convolution

u(t − t0) ∗ u(t) = (t − t0)u(t− t0)

u(t − [t1 + t2]) ∗ u(t) = u(t − t1) ∗ u(t − t2)

for ant t0, t1, and t2. Therefore, the following calculations hold

y(t) = [2u(t − 1)− 2u(t − 3)] ∗ [u(t + 1) − 2u(t − 1) + u(t − 3)]

= 2tu(t) − 4(t − 2)u(t− 2) + 2(t − 4)u(t − 4)

−2(t − 2)u(t− 2) + 4(t − 4)u(t − 4) − 2(t − 6)u(t − 6)

= 2tu(t) − 6(t − 2)u(t− 2) + 6(t − 4)u(t − 4) − 2(t − 6)u(t− 6)
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Thus

y(t) =



























0, t < 0
2t, t ∈ [0, 2]

12 − 4t, t ∈ [2, 4]
2t − 12, t ∈ [4, 6]
0, t > 6.

(4)

.1 Impulse response

We consider the concept of linear time-invariant system in the continuous-time case. The con-

tinuous function (continuous-time signal) f(t) can be written as

f(t) =

+∞
∫

−∞

δ(t − s)f(s)ds, t ∈ (−∞, +∞). (5)

Therefore, the response of the linear time-invariant system L[f ] at point t can be written by
formal calculations as

(L[f ]) (t) = L





+∞
∫

−∞

δ(t − s)f(s)ds



 =

+∞
∫

−∞

L[δ(t− s)f(s)]ds

=

+∞
∫

−∞

f(s) (L[δ]) (t − s)ds

=

+∞
∫

−∞

f(t − s) (L[δ](s)) ds. (6)

The function h(s) = L[δ](s) is called the impulse response function of the system L, which is the
output (response) of the system when the impulse delta function x(t) = δ(t) is input,

∞
∫

−∞

h(t − s)δ(s)ds = h(t − 0) = h(t). (7)

.2 Step response

We define the unit step function u(t) as follows

u(t) =











1, t > 0
1/2, t = 0

0, t < 0.

(8)

The response of the system on the input which is the unit step function u(t) is called a step
response

x(t) = u(t) → s(t) = y(t).
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Example 2: Consider the step response of the RC circuit described by the differential equation
of order one. The impulse response function of the RC circuit is

h(t) =
1

RC
e−

t

RC u(t). (9)

Then

s(t) = h(t) ∗ u(t) =

∞
∫

−∞

1

RC
e−

τ

RC u(τ)u(t− τ)dτ

= u(t)

t>0
∫

0

1

RC
e−

τ

RC dτ =

{

0, t ≤ 0
(

1 − e−
t

RC

)

, t > 0.

The step response as the impulse response function describes uniquely the LTI system. Moreover,
a simple relation exists between these two functions. Indeed, defining for positive T the functions

uT (t) =

{

1, t > T/2
t
T

+ 1
2 , t ∈ [−T/2, T/2]

we can see that
duT (t)

dt
→ δ(t), T → 0.

Assuming uT (t) → u(t) [for that we need define u(0) = 1/2], we have

du(t)

dt
= δ(t), → u(t) =

t
∫

−∞

δ(τ)dτ

s(t) = h(t) ∗ u(t) =

t
∫

−∞

h(τ)dτ → h(t) =
ds(t)

dt
. (10)

For instance, the impulse response function of the RC circuit can be calculated as

h(t) =
ds(t)

dt
=

(

1 − e−
t

RC

)′

u(t) =
1

RC
e−

t

RC u(t).

.3 LTI systems

We now write the linear time-invariant system L as

y(t) =

∞
∫

−∞

h(τ)x(t − τ)dτ. (11)

Equation 11 is the linear convolution of the input signal, x(t), with the function h(t)

y(t) = (h ∗ x)(t) = h(t) ∗ x(t) = x(t) ∗ h(t).
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The response of the LTI system to a complex exponential input is the same exponential input
with modified amplitude. Indeed, consider the exponential function with parameter s, x(t) =

xs(t) = exp(st). The output signal for this system is defined as follows

y(t) =

+∞
∫

−∞

h(τ)es(t−τ )dτ = est

+∞
∫

−∞

h(τ)e−sτdτ

= estH(s) = xs(t)H(s)

where H(s) is the transfer function of the system. The exponential input is modified by the amount

H(s) at the output of the linear system.
It directly follows from the above equation, that if an input is composed by linear combination

of two sinusoidal signals, then the output is also the linear combination of two such signals

x(t) = k1xs1(t) + k2xs2(t) (12)

y(t) = k1H(s1)xs1(t) + k2H(s2)xs2(t). (13)

We can see that only amplitudes of inputs signals are changed, when they pass the linear system.
In general, for a linear combination of exponential inputs, the response of the system is defined

as
x(t) =

∑

k

cke
skt → y(t) =

∑

k

ckH(sk)e
skt.

Example 3: Consider the system that is described as

x(t) → y(t) = x(t − 5) + x(t + 2)

Then, the response on the exponential signal is defined as

xs(t) = est → es(t−5) + es(t+2) = est(e−5s + e2s)

and the corresponding frequency response is

H(s) = e−5s + e2s. (14)

There is a simple relation between the impulse and frequency response functions

h(t) ∗ x(t) = H(s)x(t).

We have
h(t) = δ(t − 5) + δ(t + 2)

and using the convolution operation, we obtain

est → est ∗ δ(t − 5) + est ∗ δ(t + 2) = es(t−5) ∗ δ(t) + es(t+2) ∗ δ(t)

= es(t−5) + es(t+2) = est[e−5s + e2s] = H(s)x(t).

We now consider the sinusoidal signal x(t) = cos(2t). Then, the following holds

x(t) =
1

2
[ej2t + e−j2t] → y(t) =

1

2
[H(2j)ej2t + H(−2j)e−j2t]

= Re H(2j)ej2t = Re
[(

e−10j + e4j
)

ej2t
]

= cos(2t − 10) + cos(2t + 4)

cos(2t) → cos(2t − 10) + cos(2t + 4).
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In general, for a complex exponential signal xω(t) = ejωt, the output signal for the LTI system

is defined as follows

y(t) =

+∞
∫

−∞

h(τ)ejω(t−τ )dτ = ejωt

+∞
∫

−∞

h(τ)e−jωτdτ = ejωtH(ω) = xω(t)H(ω) (15)

where H(ω) is the Fourier transform of h(t). The amplitude of the input sinusoid of frequency ω is

only changed by the amount H(ω) at the output of the system.
Because of linearity of the system, for any real inputs x1(t) and x2(t), the response of a linear

combination of inputs is the linear combination of their outputs. Therefore

x1(t) +j· x2(t) = x(t) = ejω0t

↓ L ↓ L ↓ L

y1(t) +j· y2(t) = y(t) = H(ω0)e
jω0t = |H(ω0)|e

j(ω0t+θ)

and

cos(ω0t) = x1(t) = Re x(t) → y1(t) = Re y(t) = Re H(ω0)e
jω0t

= Re [|H(ω0)|e
jθ]ejω0t = |H(ω0)|Re ej(ω0t+θ)

= |H(ω0)| cos(ω0t + θ)

where θ = θ(ω0) = argH(ω0) is the phase of the frequency response.
Thus, for a given frequency ω0,

cos(ω0t) → |H(ω0)| cos(ω0t + θ), H = (|H |, θ) (16)

sin(ω0t) → |H(ω0)| sin(ω0t + θ).

Applying this property for Example 3 when the transfer response defined in (14), we first assume
that

H(s) =
[

H1(s) = e−5s
]

+
[

H2(s) = e2s
]

and, then, applying (16) for ω0 = 2, we obtain

cos(2t) →
[

|e−j5·2| cos(2t + (−5) · 2)
]

+
[

|ej2·2| cos(2t + 2 · 2)
]

= cos(2t − 10) + cos(2t + 4)

= [2 cos(7)] cos(2t − 3) = |H(2)| cos(2t + θ).

Figure 1 shows the input and response of the system.

In the complex case of parameter s = jω, the frequency response H(ω) of a LTI system is defined
as follows

x(t) = ejωt → y(t) = ejωt

+∞
∫

−∞

h(τ)e−jωτdτ = H(ω)ejωt

H(ω) =

+∞
∫

−∞

h(τ)e−jωτdτ. (17)
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2

input signal
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0

0.5

1

1.5

2

output signal

y(t)=y
1
(t)+y

2
(t) 

y
2
(t) y

1
(t) 

x(t)=cos(2t) 

Fig. 1. (a) Input signal x(t) = cos(2t). (b) Response of the system on the signal.

Absolute value of frequency response is called the magnitude response and the phase of the frequency

response is called the phase response.
Example 4: Consider the system with the following impulse response function

h(t) =
1

2
[δ(t − 1) + δ(t) + δ(t + 1)] .

The frequency response of the system is calculated as follows

H(ω) =
1

2

+∞
∫

−∞

[δ(τ − 1) + δ(τ) + δ(τ + 1)]e−jωτ dτ

=
1

2

[

e−jω + 1 + ejω
]

=
1

2
+ cos(ω).

The impulse response is the periodic, symmetric (even) function and the frequency response is real

function, and argH(ω) = 0 for ω ∈ [−2π/3, 2π/3], and argH(ω) = ±π for |ω| ∈ (2π/3, π).
If we consider the impulse response

h(t) =
1

2
[δ(t − 1) + δ(t)]
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then the frequency response

H(ω) =
1

2

[

e−jω + 1
]

=
1

2
e−j ω

2

[

ej ω

2 + e−j ω

2

]

= e−j ω

2 cos(
ω

2
).

Therefore, |H(ω)| = | cos(ω/2)| and argH(ω) = ω/2 or ω/2−π, depending on the sign of cos(ω/2).

Example 5: Consider the RC circuit with the impulse response

h(t) =
1

RC
e−

t

RC u(t).

Then

H(ω) =

+∞
∫

0

1

RC
e−

t

RC e−jωtdt =
1

RC

+∞
∫

0

e−[jω+ 1
RC

]tdt

=
1

RC
·

1

jω + 1
RC

(1− 0) =
1

RC

jω + 1
RC

=
1

j(RC)ω + 1

and magnitude and phase frequency responses are

|H(ω)| =

√

√

√

√

√

√

(

1
RC

)2

ω2 +
(

1
RC

)2 =

√

1

(RCω)2 + 1

arg H(ω) = − tan−1[RCω].

Figure 2 shows the magnitude and phase responses of the RC circuit, for the cases when RC = 1
and RC = 4.

Example 6 (Integrator) Consider a causal system H which is described as

H : x(t) → y(t) =

t
∫

−∞

x(τ)dτ, t ∈ (−∞, +∞).

H is linear time invariant system, since for a given t0, we have the following

H : x(t − t0) →

t
∫

−∞

x(τ − t0)dτ =

t−t0
∫

−∞

x(τ ′)dτ ′ = y(t − t0).

The impulse response function of the system is h(t) = u(t) (if t 6= 0).
If x(t) = Cejωt, ω 6= 0, then the response of the system on x(t) at point t 6= 0 is defined as

y(t) =

t
∫

−∞

Cejωτdτ = C

t
∫

−∞

dejωτ ·
1

jω

= C
1

jω
ejωt =

1

jω
Cejωt =

1

jω
x(t).
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Fig. 2. (a) Magnitude frequency responses. (b) Phase responses of the system.

So, we can see that response function H(ω) = 1/(jω) (but not the Fourier transform of the u(t)

function). Therefore, the response of the system to the linear combination of exponential signals
is defined as

x(t) = c1e
jω1t + c2e

jω2t → y(t) =
1

jω1
c1e

jω1t +
1

jω2
c2e

jω2t

and in the general case

y(t) =
1

jω1
c1e

jω1t +
1

jω2
c2e

jω2t + π[c1δ(ω1) + c2δ(ω2)].

Example 7 (Time invariance) In many practical applications, a real physical system (circuit)
can be modeled as a LTI system under a specific conditions. We can consider as an example, the
simple resistor network consisting of two resistors that vary with time. The resistors are connected

cascade-wise, and the voltage across the second resistor can be defined as

y(t) =
r2(t)

r1(t) + r2(t)
x(t)

where x(t)is an applied voltage.
This network can be considered to be a LTI system x(t) → y(t) only if

r1(t)

r2(t)
= cons.
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.4 n-order LTI systems

We now consider a general nth-order linear system H : x(t) → y(t) that is described by the
n-order linear differential equation with constant coefficients,

a0y(t) + a1y
(1)(t) + a2y

(2)(t) + . . . + any(n)(t)

= b0x(t) + b1x
(1)(t) + b2x

(2)(t) + . . . + bmx(m)(t)
(18)

with coefficients ak and bl, (k = 0 : n, l = 0 : m). y(k) and x(l) denote respectively the derivatives

dky(t)/dtk and dlx(t)/dtl. We consider the exponential input function with amplitude X,

x(t) = Xest, t ∈ (−∞, +∞)

and output in the form

y(t) = H(s)x(t), t ∈ (−∞, +∞)

where H(s) is a function of s.
Since

x(l)(t) = slx(t) = slest, l = 0 : m

and

y(k)(t) = H(s)x(k)(t) = H(s)skx(t) = sky(t)

for k=0,...,n, we can write Eq. 18 as

[a0 + a1s + a2s
2 + . . . + ansn]y(t) = [b0 + b1s + b2s

2 + . . . + bmsm]x(t) (19)

And finally

y(t) =
b0 + b1s + b2s

2 + . . . + bmsm

a0 + a1s + a2s2 + . . . + ansn
x(t). (20)

Therefore the nth-order linear system H : x(t) → y(t), that has been defined by the n-order linear

differential equation with constant coefficients, is described by the transform function

H(s) =
b0 + b1s + b2s

2 + . . . + bmsm

a0 + a1s + a2s2 + . . . + ansn
(21)

when inputs are exponential functions.

The following formula for computing the response function of the system by the impulse function:

H(s) =

+∞
∫

−∞

e−sτh(τ)dτ. (22)

Thus, the linear convolution system can be represented by two ways:

x(t) −→ y(t) = x(t) ∗ h(t) (integral representation)
x(t) −→ y(t) = H(s) x(t) (polynomial representation).
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.5 Impulse response of the RC circuit

C
dy(t)

dt
+

1

R
y(t) = x(t) (23)

where we denote y(t) = v(t) and x(t) = i(t). The impulse response of the RC system is

h(t) =
1

C
e−

t

RC u(t) (24)

1. (Laplace transform) The transfer function is

H(s) =
1

Cs + 1
R

=
1
C

s + 1
CR

→ h(t) =
1

C
e−

t

RC u(t).

2. (Integrator) By multiplying both sides of (23) by exp(t/RC), we obtain

e
t

RC

dy(t)

dt
+ e

t

RC

1

CR
y(t) =

1

C
e

t

RC x(t)

d

dt

[

e
t

RC y(t)
]

=
1

C
e

t

RC x(t)

So

e
t

RC y(t) =

∫ t

−∞

1

C
e

τ

RC x(τ)dτ =

y(t) =

∫ ∞

−∞

1

C
e−

(t−τ)
RC u(t − τ)x(τ)dτ = h(t) ∗ x(t).

3. (Delta function) The impulse response is the output of the system when the input is δ(t)

x(t) = δ(t) → y(t) = h(t).

We show that h(t) in (24) is the solution of

C
dy(t)

dt
+

1

R
y(t) = δ(t).

Indeed, for any continuous at point t = 0 function f(t), the following calculations hold

∞
∫

−∞

[

C
dh(t)

dt
+

1

R
h(t)

]

f(t)dt

∞
∫

−∞









C

[

1

C

(

−
1

RC

)

e−
t

RC u(t) +
1

C
e−

t

RC

du(t)

dt

]

+
1

R

1

C
e−

t

RC u(t)









f(t)dt

∞
∫

−∞

C

[

1

C
e−

t

RC

du(t)

dt

]

f(t)dt =

∞
∫

−∞

[

e−
t

RC δ(t)
]

f(t)dt

=

∞
∫

−∞

[

e−
t

RC f(t)
]

δ(t)dt = f(0).
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II. State-variable description for continuous LTI systems . . . . . . . . . . . . . . . . . . . . . . .EE-3523

In this section, we consider state-variable description (SVD) of a LTI system, namely a model

which is specified in terms of a set of variables that describe the internal state of the system. We
derive such model in terms of matrix equations that correspond to a system of coupled first order

differential equations. That system will also describe the state of the system to the current input
and output. A state can be defined as a minimal number of signals that represent the system’s

memory of the past.
We consider a LTI system, L : v(t) → y(t), that is described by a differential equation of order

n. The following notations are used for SVD of the system

x(t) =













x1(t)

x2(t)
...

xn(t)













, ẋ(t) =













ẋ1(t)

ẋ2(t)
...

ẋn(t)













. (25)

The components xk(t) are called state variables of the systems. The n-dimensional vector function

x(t) is called a state trajectory ( or state response) of the system. The component of the second
vector are derivatives of xk(t), i.e. ẋk(t) = x′

k(t), k = 1 : n. The input of the system will be denoted

by v(t).
The general state equations of the SISO system with state x(t), relative to the input v(t) and

output y(t) at time t, can be written as

ẋ(t) = F (x(t), v(t), t) (26)

y(t) = G(x(t), v(t), t) (27)

where F and G are functions to be found. These equations define the state model of the system.

This is a time-domain model with two parts connected in cascade form as shown in Fig. 3.

• 

F(x(t),v(t),t) 

G(x(t),v(t),t) 

y(t)v(t)

state response

State Model

I 

II 

Fig. 3. Structure of the state model of a LTI system.

The first equation describes the state response x(t) resulting from application of an input signal
v(t). The second equation describes the response of the system with the given state and input.

We focus only on the simple form of the above equations, namely linear form

ẋ(t) = A(t)x(t) + B(t)v(t) (28)

y(t) = C(t)x(t) + D(t)v(t). (29)
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Example 1: Consider the system with the differential equation of order one

ẏ(t) + 3y(t) = 4v(t).

Introducing the variable x(t) = y(t), this equation can be written as the following system
{

ẋ(t) = −3x(t) + 4v(t)
y(t) = x(t).

In this case A(t) = −3, B(t) = 4, C(t) = 1, and D(t) = 0.

Example 2: Consider the system with the differential equation of order 2

ÿ(t) − 2ẏ(t) + 3y(t) = 4v(t).

Introducing the variable
x1(t) = y(t), x2(t) = ẋ1(t)

the above differential equation can be written as the following system










ẋ1(t) = x2(t)
ẋ2(t) = −3x1(t) + 2x2(t) + 4v(t)

y(t) = x1(t).

The first two equations define the state response x(t) of the system, and the last equation describes

the system response y(t). In the terms of matrix

ẋ(t) =

[

ẋ1(t)

ẋ2(t)

]

=

[

0 1

−3 2

] [

x1(t)

x2(t)

]

+

[

0

4

]

v(t)

y(t) =
[

1 0
]

[

x1(t)

x2(t)

]

In this case

A(t) =

[

0 1
−3 2

]

, B(t) =

[

0
4

]

, C(t) =
[

1 0
]

, D(t) = 0.

Thus, the following substitution have been done for the given differential equation

ÿ(t) −2· ẏ(t) +3· y(t) = 4v(t)

↓ ↓
x2(t) x1(t) → ẋ1(t) = x2(t)

↓ ↓ ↓
ẋ2(t) −2· x2(t) +3· x1(t) = 4v(t)

It should be noted that the state-variables for the state-model of the system can be defined in

different way. In other words, there is no unique state-variable description of the system. For
instance, consider the following state-model

ÿ(t) −2· ẏ(t) +3· y(t) = 4v(t)

↓ ↓
x1(t) x2(t) → ẋ2(t) = x1(t)

↓ ↓ ↓

ẋ1(t) −2· x1(t) +3· x2(t) = 4v(t)
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Then, in the matrix form the state-model can be written as

ẋ(t) =

[

ẋ1(t)
ẋ2(t)

]

=

[

2 −3
1 0

] [

x1(t)
x2(t)

]

+

[

4
0

]

v(t)

y(t) =
[

0 1
]

[

x1(t)

x2(t)

]

One can note the change in matrices

A(t) =

[

0 1

−3 2

]

→

[

2 −3

1 0

]

, b(t) =

[

0

4

]

→

[

4

0

]

, C(t) =
[

1 0
]

→
[

0 1
]

by rules an,k → a2−n,2−k, bk → b2−k, and cn → c2−n, respectively.

Example 3: Consider the RLC circuit that is described by the differential equation of order 2

L
di(t)

dt
+ Ri(t) + vc(t) = vi(t)

vc(t) =
1

C

t
∫

−∞

i(τ)dτ

where vi(t) is the input voltage and vc(t) is the capacitor voltage (output).

The substitutions are the following for this system

L
di(t)

dt
+R· i(t) + vc(t) = vi(t)

↓ ↓
x2(t) x1(t) → ẋ1(t) = 1

C
x2(t)

↓ ↓
Lẋ2(t) +R· x2(t) + x1(t) = vi(t)

Thus, we write the above system of equations as

ẋ1(t) =
1

C
x2(t) (30)

ẋ2(t) = −
1

L
x1(t) −

R

L
x2(t) +

1

L
vi(t)

where x1(t) = vc(t) and x2(t) = i(t). In the matrix form the above equations can be written as

ẋ(t) =

[

ẋ1(t)

ẋ2(t)

]

=

[

0 1
C

− 1
L

−R
C

][

x1(t)

x2(t)

]

+

[

0
1
L

]

vi(t) (31)

y(t) =
[

0 1
]

[

x1(t)
x2(t)

]

. (32)

State response (rule):
In the general case of the differential equation of order n

Ly(an, an−1, ..., a1, a0)(t) = Lv(bn, bn−1, ..., b1, b0)(t)
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∫x
2
(τ)dτ

+ + 

b
0
 

b
1
 

b
n−2

 

b
n−1

 

b
n
 

−a
n−1

 

−a
0
 

−a
n−2

 

−a
1
 

v(t) y(t)

•

•

•

•

•

x
2
(t)=x′

1
(t)

x′
n
(t)

x
1
(t)

x
3
(t)=x

2
′(t)

x
n
(t)=x′

n−1
(t)

x
n−1

(t)=x′
n−2

(t)

∫x
3
(τ)dτ

∫x
n
(τ)dτ

∫x′
n
(τ)dτ

y(t)=b
n
x′

n
(t)+b

n−1
x

n
(t)+b

n−2
x

n−1
(t)+...+b

0
x

1
(t)x′

n
(t)=−a

0
x

1
(t)−a

1
x

2
(t)−a

2
x

3
(t)−...−a

n−1
x

n
(t)+v(t),

1. Use the            
coefficients   
of dif. eq. part 

2. Change the signs 
of the coefficients

1. Use the            
coefficients   
of dif. eq. part 

L
y
(1,a

n−1
,a

n−2
,...,a

0
) L

v
(b

n
,b

n−1
,b

n−2
,...,b

0
) 

∫=∫
−∞

t

L
y
(1,a

n−1
,a

n−2
,...,a

0
) = L

v
(b

n
,b

n−1
,b

n−2
,...,b

0
) 

Fig. 4. Diagram of realization of the system with state variables.

where (we assume an = 1)

Ly(1, an−1, ..., a1, a0) = y(n) + an−1y
(n−1) + ... + a1y

′ + a0y

Lv(bn, bn−1, ..., b1, b0) = bnv(n) + bn−1v
(n−1) + ... + b1v

′ + b0v

the following substitutions can be performed

y(n) +an−1· y(n−1) +an−2· y(n−2) +... + a2· y(2) +a1· y′ +a0· y = v(t)
↓ ↓ ↓ ↓ ↓

xn xn−1 x3 x2 x1

↓ ↓ ↓ ↓ ↓ ↓

ẋn(t) +an−1· xn(t) +an−2· xn−1(t) +... + a2· x3(t) +a1· x2(t) +a0· x1(t) = v(t)

Therefore, we have the following system of equations for state variables















































ẋ1(t) = x2(t) [x1(t) = y(t)]
ẋ2(t) = x3(t)

ẋ3(t) = x4(t)
...

ẋn−2(t) = xn−1(t)
ẋn−1(t) = xn(t)

ẋn(t) = −a0x1(t) − a1x2(t) − a2x3(t) − ...− an−2xn−1(t) − an−1xn(t) + v(t)
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In the matrix form, the state-variable description of the system is defined by

ẋ(t) =















0 1
0 1

0 ...

0 1

−a0 −a1 −a2 ... −an−1















x(t) +















0
0

...

0

1















v(t) (33)

and

y(t) =
[

b0 − a0bn b1 − a1bn b2 − a2bn ... bn−1 − an−1bn

]















x1(t)
x2(t)

x3(t)
...

xn(t)















+ bnv(t)

Note that another state model is described by the state-variables defined as follows:

y(n) +an−1· y(n−1) +an−2· y(n−2) +... + a2· y(2) +a1· y′ +a0· y = v(t)
↓ ↓ ↓ ↓ ↓

x1 x2 xn−2 xn−1 xn

↓ ↓ ↓ ↓ ↓ ↓

ẋ1(t) +an−1· x1(t) +an−2· x2(t) +... + a2· xn−2(t) +a1· xn−1(t) +a0· xn(t) = v(t).

Therefore, we have the following system of equations for new state variables














































ẋ1(t) = −an−1x1(t) − an−2x2(t)− an−3x3(t) − ...− a1xn−1(t) − a0xn(t) + v(t)
ẋ2(t) = x1(t)

ẋ3(t) = x2(t)
...

ẋn−2(t) = xn−3(t)
ẋn−1(t) = xn−2(t)

ẋn(t) = xn−1(t) [xn(t) = y(t)].

In the matrix form, the corresponding state-variable description of the system is defined by

ẋ(t) =















−an−1 −an−2 ... −a1 −a0

1 0
1 0 ...

1 0
1 0















x(t) +















1

0
...

0
0















v(t) (34)

and

y(t) =
[

bn−1 − an−1 bn−2 − an−2bn ... b1 − a1bn b0 − a0bn

]















x1(t)

x2(t)
x3(t)
...

xn(t)















+ bnv(t).
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Example 4: Consider the LTI system described by the differential equation of order two

Ly(1, 3, 2) = Lv(5, 4).

The order of equation is 2, therefore the state variable consists of two components, and we will use
the matrix (2× 2) for A. The SVD model for this system is defined by

ẋ(t) =

[

0 1

−a0 −a1

]

x(t) +

[

0

1

]

v(t) =

[

0 1

−2 −3

]

x(t) +

[

0

1

]

v(t)

and (b2 = 0)

y(t) =
[

b0 − a0b2 b1 − a1b2

]

[

x1(t)

x2(t)

]

+ b2v(t) =
[

4 5
]

[

x1(t)

x2(t)

]

.

Example 5: Consider the diagram of realization, which is given in Fig. 5. The diagram describes
a LTI system described by the differential equation of order two

y(2)(t) = 3y′(t) − 2y(t)− v′(t) + 4v(t). (35)

∫ 

∫ −2

−1 

4 

0 
+ + • 

• 

• 

3 

v(t) y(t) 

x
1
(t) 

x
2
(t) 

x’
2
(t) 

y
(2)

(t)−3y’(t)+2y(t)=−v’(t)+4v(t)

1

Fig. 5. Diagram of realization of the system.

The state-model is defined as follows

ẋ(t) =

[

ẋ1(t)
ẋ2(t)

]

=

[

0 1
−2 3

] [

x1(t)
x2(t)

]

+

[

0
1

]

v(t) (36)

y(t) =
[

4 −1
]

[

x1(t)
x2(t)

]

. (37)

Example 6: We now consider the system described by differential equation

y(2)(t) = 3y
′

(t) − 2y(t) + 2v(2)(t) − v′(t) + 4v(t). (38)

The state-response is the same as in (36), one need to change only the formula for response of the

system

y(t) =
[

4 − 2 · 2 −1 + 3 · 2
]

[

x1(t)

x2(t)

]

=
[

0 5
]

[

x1(t)

x2(t)

]

= 5x2(t).
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In this case we can simplify the state-model as

ẋ1(t) =
[

−2 3
]

[

x1(t)
x2(t)

]

= −2x2(t) + 3x2(t), y(t) = 5x2(t).
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III. Discrete-time representation of differential equations . . . . . . . . . . . . . . . . . . . . . . EE-3523

In this section, we describe the method of discretization (in time)

t → nT, y(t) → y(n) = y(nT ), x(t) → x(n) = x(nT )

of a differential equation with constant coefficients. The goal is to obtain the approximation of the
differential equation in the form of the difference equation. The time sampling T is assumed to be
small for correct approximation.

A. The 1st order differential equation

We first consider the differential equation of order 1

y′(t) + ay(t) = bx(t) (39)

which results in the following evaluation at point t = nT

y′(t|t=nT ) + ay(n) = bx(n), n ∈ Z. (40)

By definition of the derivative, we obtain the approximation

y′(t|t=nT ) = lim
∆→0

y(nT + ∆) − y(nT )
∆

≈ y(nT + T ) − y(nT )
T

.

Therefore Eq. 40 can be approximated as

y(nT + T ) − y(nT )
T

+ ay(n) = bx(n)

y(n + 1) − y(n) + aTy(n) = bTx(n)
y(n + 1) = y(n)[1− aT ] + bTx(n) (41)

y(n) = y(n − 1)[1− aT ] + bTx(n− 1). (42)

Let us assume that the initial condition for this equation to be y(0) and let x(t) = 0 for all n. Then,

y(1) = (1 − aT )y(0) + bTx(0) = (1 − aT )y(0)
y(2) = (1 − aT )y(1) + bTx(1) = (1 − aT )2y(0), ...

and the solution is
y(n) = (1 − aT )ny(0), n ≥ 0. (43)

The exact solution of (39) is
yc(t) = e−aty(0)u(t) (44)

whose approximation is

yc(n) = yc(t|t=nT ) = e−anT y(0)u(n) =
(
e−aT

)n
y(0)u(n). (45)
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For small T, the solution in (43) can thus be considered as the accurate approximation of the
solution (45). Indeed, according to Taylor’s expansion (series) of the exponential function, we have

e−aT = 1 − aT +
(aT )2

2!
− (aT )3

3!
+ ... + (−1)n (aT )n

n!
+ ...

≈ 1 − aT, when T � ε > 0.

Example 1: Consider the RC circuit with the input-output differential equation

C
dy(t)
dt

+
1
R

y(t) = x(t) → dy(t)
dt

+
1

RC
y(t) =

1
C

x(t)

where x(t) is the current applied to the circuit, y(t) is the voltage across the capacitor. In this
case, α = 1/RC and b = 1/C, and the solution in (42) is

y(n) =
(
1 − T

RC

)
y(n − 1) +

T

C
x(n − 1) = Ay(n − 1) + Bx(n − 1) (46)

where
A = 1− T

RC
, B =

T

C
. (47)

Example 2: Consider the RC circuit with parameters C = 1F, R = 1Ω, and sampling period
T = 0.2s. The difference equation 46 takes the form

y(n) =
4
5
y(n − 1) +

1
5
x(n − 1).

If the initial conditions are conditions y(0) = 0 and x(0) = 1, then response of the system to the
input x(t) = 1, t > 0, is calculated by the simple recursion as

y(1) =
1
5

y(2) =
4
5
· 1
5

+
1
5

y(3) =
42

52
· 1
5

+
4
5
· 1
5

+
1
5

...

y(n) =
4n−1

5n−1
· 1
5

+ . . . +
42

52
· 1
5

+
4
5
· 1
5

+
1
5
.

Therefore
y(n) = 1 −

(
4
5

)n

, n = 1, 2, . . . .

Figure 6 shows the solution of this difference equation for n = 1 : 40. The curve of the exact
solution

yc(t) = (1 − e−
t

RC )u(t) (48)

is also shown.
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Fig. 6. Approximation of the solution for the RC=1 circuit when the sampling time is 0.2s.

B. 2nd order equation

We now consider the differential equation of order 2

y′′(t) + a1y
′(t) + a0y(t) = b1x

′(t) + b0x(t) (49)

which results in the following evaluation at point t = nT

y′′(t|t=nT ) + a1y
′(t|t=nT ) + a0y(n) = b1x

′(t|t=nT )(n) + b0x(n), n ∈ Z. (50)

The approximation of the second derivative will be calculated as follows

y′′(t|t=nT ) = lim
∆→0

y′(t + ∆) − y′(t)
∆

= lim
∆→0

lim
T→0

y(t+∆+T )−y(t+∆)
T − y(t+T )−y(t)

T

∆

= lim
T→0

[
y(t + T + T )− y(t + T )

T 2
− y(t + T ) − y(t)

T 2

]

≈ y(nT + 2T ) − 2y(nT + T ) + y(nT )
T 2

=
y(n + 2)− 2y(n + 1) + y(n)

T 2
.

Therefore Eq. 49 can be approximated as

y(n + 2) − 2y(n + 1) + y(n)
T 2

+ a1
y(n + 1) − y(n)

T
+ a0y(n) = b1

x(n + 1)− x(n)
T

+ b0x(n)

y(n + 2)− [2− a1T ]y(n + 1) + [1 − a1T + a0T
2]y(n) = b1Tx(n + 1)− [b1 − b0T ]Tx(n)
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y(n + 2) = [2 − a1T ]y(n + 1) − [1− a1T + a0T
2]y(n) + b1Tx(n + 1)− [b1 − b0T ]Tx(n)

y(n) = [2 − a1T ]y(n − 1) − [1− a1T + a0T
2]y(n − 2) + b1Tx(n − 1) − [b1 − b0T ]Tx(n− 2).

We obtain thus the difference equation of order two

y(n) = A1y(n − 1) + A2y(n − 2) + B1x(n − 1) + B2x(n − 2) (51)

where

A1 = 2− a1T, A2 = −(1 − a1T + a0T
2), B1 = b1T, B2 = −(b1 − b0T )T. (52)

We assume that two initial conditions are given, y′(0) and y(0). For difference equation the first
initial condition takes the form

y′(0) =
y(T )− y(0)

T
=

y(1)− y(0)
T

and therefore
y(1) = Ty′(0) + y(0). (53)

Example 3: Consider the RLC circuit with the input-output differential equation

L
di(t)
dt

+ Ri(t) +
1
C

∫ t

−∞
i(τ)dτ = v(t)

which we write in the form

L
d2y(t)
dt2

+ Ry′(t) +
1
C

y(t) = x′(t)

or
d2y(t)
dt2

+
R

L
y′(t) +

1
LC

y(t) =
1
L

x′(t) (54)

We denote
a1 =

R

L
, a0 =

1
LC

, b1 =
1
L

, b0 = 0.

and according to (52) obtain the following approximation of the differential equation

y(n) =
[
2 − R

L
T

]
y(n − 1) −

[
1 − R

L
T +

1
LC

T 2
]
y(n − 2) +

1
L

Tx(n − 1) − 1
L

Tx(n − 2).

In the case, R = 2, L = C = 1, we obtain

y(n) = 2(1− T )y(n − 1) − (1 − T )2y(n − 2) + Tx(n − 1) − Tx(n − 2)
= (1− T )[2y(n− 1)− (1− T )y(n− 2)] + T [x(n − 1) − x(n − 2)]
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C. MATLAB source code

The program shown below can be used for calculating the response of the LTI causal system
defined by

y(n) =
N∑

k=1

aky(n − k) +
M∑

m=0

bmx(n − m) (55)

where we assume M ≤ N. In the code, the matrix form of this equation is used

y(n) = [aN , aN−1, ..., a2, a1]




y(n − N)
y(n − N − 1)
...
y(n − 2)
y(n − 1)




+ [bM , bM−1, ..., b2, b1]




x(n − M)
x(n − M − 1)
...
x(n − 2)
x(n − 1)




+ b0x(n).

One can see that each new value of y(n) is calculated from the N previous values y(n− 1), y(n−
2), ..., y(n− N) and M previous input values x(n − 1), x(n− 2), ..., x(n− M) plus the input x(n).
This is an N th-order recursion.

% Call: recur.m
% Calculate response of the system x(t)-> y(t)
% L_y(1,a)=L_x(b)
% a=(a1,a2,...,an) and b=(b1,b2,...,bn)
% with initial conditions x0 and y0.

function y=recur(a,b,t,x,x0,y0)
n=length(t);
N=length(a);
M=length(b);
x=[x0 x];
y=[y0 zeros(1,n)];
a_reverse=a(N:-1:1);
b_reverse=b(M:-1:1);
for k=N+1:N+n

y(k)=-a_reverse*y(k-N:k-1)’ + b_reverse*x(k-N:k-1-N+M)’;
end;
y=y(N+1:N+n);

% a=[-3/2 1]; b=[0 0 2];
% y0=[2 1];
% x0=[0 0];
%
% t=0:20;
% n=length(t);
% x=ones(1,n);
% y=recur(a,b,t,x,x0,y0);
%
% figure;
% plot(t,y,’r--’); % plot the response
% stem(t,y,’b’); % plot the response as a stem plot
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IV. Discrete-Time Fourier Transform . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . EE-3523

In this section,we consider the concept of the discrete-time Fourier transform (DTFT). For a
given sequence x(n), n = 0,±1,±2, . . . , the pair of the discrete-time Fourier transforms is defined
by

X(ejω) =
∞∑

n=−∞
x(n)e−jωn , ω ∈ (−π, π), (49)

x(n) =
1
2π

π∫

−π

X(ejω)ejωn dω, n ∈ Z. (50)

We assume here, that the infinite series in (49) converges (uniformly), in order to the inverse
Fourier transform (50) to be defined. The discrete-time Fourier transform of a sequence x(n) exists
if, for example, the sequence is absolute summable, i.e. the following (sufficient) condition holds

∞∑

n=−∞
|x(n)| <∞.

It is clear, that the DTFT for a finite length sequence x(n) exists.
We should note that the DTFT X(ejω) is a periodic function on the unit circle and

X(ejω+2kπ) =
∞∑

n=−∞
x(n)e−j(ω+2kπ)n =

∞∑

n=−∞
x(n)e−jωne−j2knπ

=
∞∑

n=−∞
x(n)e−jωn = X(ejω), k = 0,±1,±2, . . . .

The frequencies ω and ω+2kπ are indistinguishable. Therefore, in the inverse formula of the DTFT,
we need define only integral over the interval (−π, π) (or any other interval of length 2π). Therefore,
we consider that ”hight frequencies” are those that close to the boundary of the interval, ±π, (and
odd multiple of π), ”low frequencies” are those that close to the original 0 (and even multiple of
π).

The DTFT is the complex transformation. Writing components of the DTFT in the form

X(ejω) = |X(ejω)|ejϑ(ω)

we call |X(ejω)| to be the amplitude function and ϑ(ω) to be the phase function of the DTFT.
Example 1: If the sequence x(n) = 2−nu(n), then the DTFT exists and the following holds

X(ejω) =
1

1− 2−1e−jω
=

1
1− 2−1e−jω

· 1− 2−1e+jω

1− 2−1e+jω

=
1− 2−1ejω

1 + 4−1 − cos ω
=

1− 2−1(cosω + j sinω)
1 + 4−1 − cosω

=
1− 2−1 cos ω

1 + 4−1 − cos(ω)
+ j

−2−1 sinω

1 + 4−1 − cosω
.
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Fig. 7. (a) Amplitude spectrum of the sequence x(n) = 2−nu(n), (b) phase of the spectrum, (c) real part
and (d) imaginary part of the DTFT.

The DTFT characteristics of x(n) are (see Fig. 7)

|X(ejω)|2 =
1 + 4−1 − cos ω

(1 + 4−1 − cosω)2
(51)

ϑ(ω) = arg X(ejω) = − arctan
(

sin ω

2− cosω

)
. (52)

Example 2: We calculate the DTFTs of the following sequences

x1(n) = u(n), x2(n) = anu(n), x3(n) = anu(n− 1)

where a is a real number. Then, the first DTFT

X1(ejω) = ? =
∞∑

n=−∞
x1(n)e−jωn =

∞∑

n=0

e−jωn (53)

cannot be defined directly, since the series does not converge (u(n) is not absolute summable). The
next DTFT

X2(ejω) =
∞∑

n=−∞
x2(n)e−jωn =

∞∑

n=0

ane−jωn =
∞∑

n=0

(
ae−jω

)n
=

1
1− ae−jω

if only |ae−jω | = |a| < 1. So, the DTFT of x2(n) exists for |a| < 1.
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Similarly, we obtain the following calculations for the third DTFT

X3(ejω) =
∞∑

n=−∞
x3(n)e−jωn =

∞∑

n=1

ane−jωn

=
∞∑

n=1

(
ae−jω

)n
=

ae−jω

1− ae−jω
=

a

ejω − a
(54)

if |a| < 1 (otherwise, the DTFT cannot be defined).

A. Properties of the discrete-time Fourier transform

F : x(n)→ X(ejω).

2. (Time reversal transformation)

x(n) → x(−n)
↓ F ↓ F

X(ejω) → X(e−jω)

3. (Time shift)
x(n) → x(n− n0)
↓ F ↓ F

X(ejω) → e−jωn0X(ejω)

4. (Rotation)
x(n) → ejω0nx(n)
↓ F ↓ F

X(ejω) → X(ej(ω−ω0))

5. (Derivative of the DTFT)

x(n) → nx(n)
↓ F ↓ F

X(ejω) → j
[
X(ejω)

]′
.

Indeed

X
′
(ejω) =

[ ∞∑

n=−∞
x(n)e−jωn

]′

=
∞∑

n=−∞
−jnx(n)e−jωn

= −j
∞∑

n=−∞
[nx(n)] e−jωn = −jF [nx].

6. (Convolution)
x(n) y(n) → x(n) ∗ y(n)
↓ F ↓ F ↓ F

X(ejω) Y (ejω) → X(ejω)Y (ejω)
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7. (Convolution in frequency domain)

x(n) y(n) → x(n) · y(n)
↓ F ↓ F ↓ F

X(ejω) Y (ejω) → 1
2π

π∫

−π

X(ej(ω−τ))Y (ejτ )dτ

8. (Parseval’s equality) The energy of the signal can be expressed in the frequency domain as

||x||2 =
∞∑

n=−∞
|x(n)|2 =

1
2π

∞∫

−∞

|X(ejω)|2dτ = ||X ||2. (55)

For any two sequences x(n) and y(n) with the discrete-time Fourier transforms X(ejω) and Y (ejω),
the distance between signals in the time domain coincides with the distance in the frequency domain

||x− y||2 =
∞∑

n=−∞
|x(n)− y(n)|2 =

1
2π

∞∫

−∞

|X(ejω)− Y (ejω)|2dτ = ||X − Y ||2.

Therefore, if two sequences have the same DTFT, they are equal.

B. Frequency response of the system

In the discrete case of the sequences

x(n), n = 0,±1,±2, . . .

we consider the linear system with impulse characteristics h(n) that is described as

H : x(n)→ y(n) = x(n) ∗ h(n) =
∞∑

m=−∞
h(m)x(n−m) =

∞∑

m=−∞
x(m)h(n−m).

Given ω, let an input x(n) be the exponential sequence

x(n) = ejωn = (ejω)n n = 0,±1,±2, . . . .

Then, the corresponding output of the system is

y(n) =
∞∑

m=−∞
h(m)ejω(n−m) = ejωn

∞∑

m=−∞
h(m)e−jωm = ejωnH(ejω) = x(n)H(ejω)

where we denote by

H(ejω) =
∞∑

m=−∞
h(m)e−jωm =

∞∑

m=−∞
h(m)(ejω)−n

the frequency characteristics of the system H (or, the discrete-time Fourier transform of h(t)).
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Writing components of the DTFT in the polar form

H(ejω) = |H(ejω)|ejϑ(ω)

we call |H(ejω)| to be the amplitude response function and ϑ(ω) to be the phase response function
of the system H.

The inverse formula holds

h(m) =
1
2π

π∫

−π

H(ejω)ejωm dω.

We recall that the discrete-time Fourier transform of a sequence h(n) exists if the sequence is
absolute summable. And in this case, we call the system H to be stable. But, not for any absolute
square integrable sequence h(n), the DTFT can be defined. It means that the condition

∞∑

n=−∞
|h(n)|2 <∞

is not sufficient for the DTFT existence. As an example, we consider the following function in the
frequency domain

H(ejω) = rect(ω), ω ∈ (−π, π).

The inverse Fourier transform for this function take values of the sinc sequence

h(n) =
1
2π

π∫

−π

H(ejω)ejωn dω =
1
2π

1/2∫

−1/2

ejωn dω =
1
2π

sinc
(

n

2

)
.

The sequence h(n) is not absolute summable, but the sums of finite number of terms

HN(ejω) =
N∑

m=−N

h(m)e−jωm

converges to the function H(ejω) as N → ∞ in the sense

∞∫

−∞

|HN (ejω)−H(ejω)|2 dω → 0, as N →∞.

Figure 8 shows the approximations of the discrete-time Fourier transform H(ejω) by finite series
H7(ejω), H11(ejω), H21(ejω), and H100(ejω).

Example 3: Let the impulse characteristics function be the following exponential sequence

h(n) = anu1(n) =

{
an, n = 0, 1, 2, . . .
0, n = −1,−2, . . .

for a given number a, 0 < |a| < 1.
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Fig. 8. Approximation by N = 7, 11, 21, and 100.

Then, the frequency characteristics is

H(ejω) =
∞∑

m=0

h(m)e−jωm =
∞∑

m=0

ame−jωm =
∞∑

m=0

(
ae−jω

)m
=

1
1− ae−jω

and the absolute response function is defined as

|H(ejω)|2 =
1

1− ae−jω
· 1
1− aejω

=
1

1− 2a cosω + a2
.

The phase response function ϕ(ω) can be calculated as follows:

H(ejω) =
1

1− ae−jω
=

1− a cos(ω)
1− 2a cos(ω) + a2

+ j
−a sin(ω)

1− 2a cos(ω) + a2

ϕ(ω) = arg (H(ejω)) = − tan−1
(

a sin(ω)
1− a cos(ω)

)
.

So,

h(n) = anu1(n)→ H(ejω) =
1

1− ae−jω
.

For this system, the output is defined as follows:

y(n) =
∞∑

m=0

amx(n−m) = x(n) + ax(n− 1) + a2x(n − 2) + a3x(n− 3) + ...

= x(n) + a[x(n− 1) + ax(n− 2) + a2x(n− 3) + ...]
= x(n) + ay(n− 1)
= x(n) + ax(n− 1) + a2y(n− 2)
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Fig. 9. The diagram of realization of system H.

which represents the deference equation with the diagram of realization of Fig. 9.

Example 4: Consider the simplest case when the impulse response is the unit impulse

h(n) = u0(n) =

{
1, n = 0
0, n 6= 0.

Then, H(ejω) = 1, and
ejωn → ejωn ∗ u0(n) = 1 · ejωn.

In the general case
x(n) ∗ u0(n) =

∑

k

x(n− k)u0(k) = x(n).

If the impulse response h(n) = u0(n − n0), then the shift by n0 will yield the transfer response
to be equal

H(ejω) = e−jωn0 · 1.

Example 5: Consider the following impulse response and input

h(n) = anu(n), x(n) = bnu(n)

where |a| < 1 and |b| < 1. The convolution y(n) of these two sequences is calculated in the spectral
domain as follows

h(n) → H(ejω) =
1

1− ae−jω

x(n) → X(ejω) =
1

1− be−jω

x(n) ∗ h(n) → X(ejω)H(ejω) =
1

1− ae−jω
· 1
1− be−jω

Y (ejω) =
A

1− ae−jω
+

B

1− be−jω

where A = a/(a− b) and B = b/(b− a), if a 6= b. Therefore

y(n) = Ah(n) + Bx(n).

In the b = a case, the discrete-time Fourier transform is

Y (ejω) =
[

1
1− ae−jω

]2

.
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Note that
[

1
1− ae−jω

]2

=
[

1
1− ae−jω

]′
·
(

1
−jae−jω

)

= j

[
1

1− ae−jω

]′
· 1
a
ejω

therefore, the following table holds
[

1
1− ae−jω

]2

: j

[
1

1− ae−jω

]′
→ j

[
1

1− ae−jω

]′
× ejω·1 1

a

↑ F ↑ F ↑ F
y(n) : n [anu(n)] → (n + 1)

[
an+1u(n + 1)

] 1
a

Thus,

y(n) =
1
a
(n + 1)an+1u(n + 1) =

1
a
(n + 1)x(n + 1)

and we can note that y(−1) = 0 and y(0) = a.

B.1 Linear Filter

Consider a causal LTI system that is described by a difference equation of order N

y(n) +
N∑

k=1

aky(n− k) =
M∑

m=0

bmx(n−m) (M ≤ N). (56)

According to the property of the convolution, we obtain

H(ejω) =
Y (ejω)
X(ejω)

and from (56)

Y (ejω) +
N∑

k=1

akY (ejω)e−jkω =
M∑

m=0

bmX(ejω)e−jmω

H(ejω) =

M∑

m=0

bme−jmω

1 +
N∑

k=1

ake−jkω

.

Example 6: Consider the difference equation of the first order

y(n)− ay(n− 1) = 2x(n).

Then
H(ejω) =

2
1− ae−jω

← 2anu(n).
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Example 7: Consider a LTI system L defined by the following difference equation of order two

y(n)− 5
6
y(n− 1) +

1
6
y(n− 2) = 3x(n). (57)

Then

H(ejω) =
3

1− 5
6e−jω − 1

6e−j2ω
=

3[
1− 1

3e−jω
] [

1− 1
2e−jω

]

or
H(ejω) =

A

1− 1
3e−jω

+
B

1− 1
2e−jω

where A = −2 and B = 3. Therefore, the impulse response of the system is

h(n) = −2
(

1
3

)n

u(n) + 3
(

1
2

)n

u(n). (58)

Let us rewrite difference equation 57 for the impulse response as

h(n)− 5
6
h(n − 1) +

1
6
h(n− 2) = 3u0(n)

h(n)− 1
3
h(n− 1)− 1

2
h(n− 1) +

1
6
h(n− 2) =

[
h(n)− 1

3
h(n− 1)

]
− 1

2

[
h(n − 1)− 1

3
h(n− 2)

]

Therefore, defining the signal

w(n) = h(n)− 1
3
h(n − 1) (59)

we obtain the following difference equation in (57)

w(n)− 1
2
w(n− 1) = 3u0(n). (60)

Thus, the system represents the cascade connection of two systems L = L1◦L2, which are described
respectively by difference equations

L1 : x(n)→ y(n), y(n)− 1
3
y(n− 1) = x(n)

L2 : x(n)→ y(n), y(n)− 1
2
y(n− 1) = 3x(n).

In other words, the system L works as

x(t)→ [L2]→ w(n)→ [L1]→ y(n). (61)

But the system L1 has impulse response h1(n) = 3−nu(n), and the system L2 has impulse response
h2(n) = 2−nu(n).

The cascade connection of two systems L = L1 ◦L2 can be represented as the parallel connection

L = L1 ◦ L2 = AL1 + BL2 = −6L1 + 9L2
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which yields the impulse response for the system L to be equal as shown (58).
Example 8: Consider now the response y(n) of a LTI system L to input x(n) = bnu(n), a < 1.

In the frequency domain, we have

Y (ejω) = H(ejω)X(ejω) = H(ejω) · 1
1− be−jω

where H(ejω) is the frequency response of L. If the system L is defined by a difference equation of
order N, then the system can be represented as cascade-wise (or parallel) connection of N simple
system Lk with frequency responses Hk(ejω) and impulse responses hk(n) = an

ku(n), k = 1 : N.

Then we can write

Y (ejω) =
N∑

k=1

Ak

1− ake−jω
+

B

1− be−jω
=

N∑

k=1

AkHk(ejω) + BX(ejω)

where Ak and B are constants. Therefore, the response of the system can be written as

y(n) =
N∑

k=1

Akhk(n) + Bx(n) =
N∑

k=1

Aka
n
ku(n) + Bbnu(n).

For example, consider the LTI system of Example 7, for which the frequency response is

H(ejω) =
3

1− 5
6e−jω − 1

6e−j2ω
.

Let the input discrete-time signal be

x(n) =
(

1
4

)n

u(n). (62)

Then

Y (ejω) = H(ejω)X(ejω) =
3[

1− 1
3e−jω

] [
1− 1

2e−j2ω
] · 1

1− 1
4e−jω

=
A

1− 1
3e−jω

+
B

1− 1
2e−j2ω

+
C

1− 1
4e−jω

where A = −24, B = 18, and C = −9. The impulse response therefore equals

h(n) = −24
(

1
3

)n

u(n) + 18
(

1
2

)n

u(n)− 9
(

1
4

)n

u(n).

As in Eq. 57, the impulse response is composed as a linear combination of exponential sequences
with bases 1/3, 1/2, and 1/4. We recall here, that the input signal x(n) can be considered as the
impulse response of system L3, and the system L as parallel connection of three systems.
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V. Sampling Theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . EE-3523

I. Digital signal processing provides an alternative method for processing the analog signals. To
perform processing digitally, there is a need for an interface between the analog signal and digital
processor. This interface is called an analog-to-digital (A-D) converter. The output of A-D is a
digital signal to be processed in the digital processor.

A  / D DSP 
x(t) x(nT) y(n) 

Fig. 10. Diagram of digital signal processing.

We consider the sampling process, where the analog signal x(t) (or continuous-time signal) is mea-
sured periodically every T seconds, as x(nT ). T is the sampling time, or period, and time is counted
at points multiple to T, i.e. t = 0, T, 2T, 3T, . . ., (t = nT, n=0,... ), or t = 0,±T,±2T,±3T, . . . .

The following problems are considered:
1. How does the sampling effect on the Fourier spectrum of the original signal?
2. What is the maximal value of sampling interval T?
3. Is it possible to reconstruct the original continuous-time signal x(t) from its sampled version,

by interpolating between the samples x(nT ).

We consider an absolute (or square) integrable function x(t) defined on the real line R for which
the Fourier transform exists

X(ω) = (F ◦ x)(ω) =
+∞∫

−∞

x(t)e−jωt dt, ω ∈ (−∞, +∞). (70)

The inverse Fourier transform is described as

x(t) =
1
2π

+∞∫

−∞

X(ω)ejωt dω, t ∈ (−∞, +∞). (71)

A.
Let T be an interval of sampling the function x(t), that results in the sequence

x(t) → Analog/Digital Converter → x(nT )

x(nT ) = x(t)|t=nT , n = 0,±1,±2, . . . .

We take the pair of the discrete-time Fourier transforms for the sampled signal x(t)

X(ejωT ) =
∞∑

n=−∞
x(nT )e−jωnT , (period is 2π/T ) (72)

x(nT ) =
T

2π

π
T∫

− π
T

X(ejωT )ejωnT dω. (73)
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We consider the relation between the spectrum of the sequence x(nT ) with the Fourier transform
of the continuous-time function x(t). For that, in (71), the integral on the line (−∞, +∞) will be
calculated by sum of integrals on segments of length 2π/T, i.e. . . . , [−3π/T,−π/T ), [−π/T, π/T ),
[π/T, 3π/T ), . . . . We use the fact that 2π/T is the period for both the DFT X(ejωT ) and basis
functions ejωnT .

It follows directly from (71), that

x(t)|t=nT =
1
2π

∞∫

−∞

X(ω)ejωnT dω

=
1
2π

∞∑

m=−∞

π
T

+2m π
T∫

− π
T

+2m π
T

X(ω)ejωnT dω

=
1
2π

∞∑

m=−∞

π
T∫

− π
T

X

(
ω + m

2π

T

)
ej(ω+m 2π

T
)nT dω

=
T

2π

π
T∫

− π
T

[
1
T

∞∑

m=−∞
X

(
ω + m

2π

T

)]
ejωnT dω.

From (73), we therefore obtain the following expression for the DFT

X(ejωT ) =
1
T

∞∑

m=−∞
X

(
ω + m

2π

T

)

=
1
T

X (ω) +
1
T

∑

m=±1,±2,...

X

(
ω + m

2π

T

)
.

(74)

It means that the periodic spectral function X(ejω) consists of infinite number of spectral compo-
nents of the original spectra X (ω) . Namely, the DFT itself represents the scaled original Fourier
transform plus an infinite number of the shifted versions (copies, or replicas) of the Fourier trans-
forms. The shifts are by periods m(2π/T ), m = ±1,±2, . . . .

The sampling process generates high frequency components and every frequency component of
the original signal is periodically replicated1 over entire frequency axis with period

fs =
1
T

(sampling rate (frequency))

in units of samples per second.

B. Let us assume that the signal has bounded spectrum, i.e. X (ω) = 0 for all |ω| > Ω, and
π/T > Ω for a positive number Ω. In this case, for all integers m 6= 0, we have

X

(
ω + m

2π

T

)
∣∣∣
(−Ω,Ω)

= 0.

1The periodicity is in term of Hz and means that X(ejωT ) = X(ej2πfT ) is periodic when shifting f → f + fs.
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This means that if a frequency ω ∈ (−Ω, Ω), then X
(
ω + m2π

T

)
= 0 and the replicas of X(ω) do

not overlap (see Fig. 11(a)).

−10 −5 0 5 10
0

0.1

0.2

0.3

0.4

0.5
2π/T=6

Ω−Ω π/T 2π/T

2π/T

(a)

(b)

X(ejω)

ω

X(ω)/T

−10 −5 0 5 10
0

0.1

0.2

0.3

0.4

0.5
2π/T=2.5

Ω−Ω

π/T

2π/T

2π/T
X(ejω)

ω

Fig. 11. (a) Effect of sampling when π/T > Ω, and (b) effect of sampling when π/T < Ω.

Then, we can state that the Fourier transform of the continuous-time signal can be defined from
the discrete Fourier transform of the sampled signal as

1
T

X (ω) = X(ejωT ), or X (ω) = TX(ejωT ) (75)

for all frequencies |ω| ≤ Ω.

And opposite, if period of sampling T such that π/T < Ω, then at least two additional terms
X

(
ω + 2π

T

)
and X

(
ω − 2π

T

)
will contribute to form the spectrum of the sampled signal in the

interval [−Ω, Ω] as shown in Fig. 11(b), and the Fourier transform X(ω) in the interval [−Ω, Ω]
cannot be defined as

X (ω) = TX(ejωT), ω ∈ [−Ω, Ω]

from the spectrum of the sampled signal. The reason is the small sampling rate fs (or, not small
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sampling time T ), which results in the overlapping (aliasing) condition

π

T
< Ω.

To determine the Fourier transform of the function x(t), the period of sampling should be taken as
a period T1 which provides the condition

− π

T1
< −Ω and Ω <

π

T1

and, therefore T1 ≤ T.

C. From the first example of Fig. 11 (part a), one can see that it is possible to reconstruct the
original spectrum from the continuous-discrete Fourier transform, taking

X(ω) = TX(ejωT ), |ω| ≤ π

T
> Ω (76)

since X(ω) ≡ 0 when ω lies outside the interval (−π/T, π/T ). From the second example, we observe
that one can never reconstruct the original spectrum from X(ejωT ). Namely, the original Fourier
transform can be reconstructed partially (reconstruction for low frequencies).

It should be noted that the sampling condition in terms of frequencies in Hz is derived as follows

π

T
≥ Ω ⇔ 1

2T
=

fs

2
≥ fb =

Ω
2π

.

(see illustration of this condition in Figure 12). In other words, the sampling rate fs ≥ 2fb.

Ω π/T=πf
sampling

ω=2πf (rad/sec)

f (Hz)f
b
=Ω/2π 1/(2T)=f

sampling
/2

Nyquist interval 

Nyquist frequency 

0 

Fig. 12. Condition of the proper sampling the signal bounded by Ω.

D. The following statement holds.
Theorem 1: Let x(t) be a function with the bounded spectrum, i.e.

X(ω) = 0, |ω| > Ω (77)

and let such value Ω > 0 exists. Then x(t) can be described uniquely by its samples taken at
discrete time with the sampling interval

T <
π

ωs
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for a frequency ωs such that Ω ≤ ωs ≤ π/T .
This statement has been proved first by Kotelnikov [V.A. Kotelnikov, Theory of potential noise

stability, Moscow, Nauka, 1956] but is often called Uttekker and Shannon’s sampling theorem.
Example 1: Consider the signal x(t) that is bounded in the spectral domain of 50 · 103rad/sec.

Then, Ω = 25 · 103rad/sec. Let us assume that T = 10−4sec. Checking the condition

ωperiod/2 =
π

T
= 3.14 · 104 > Ω

we see that T can be considered as a good sampling period.
If we take T = 1.5 · 10−4sec, then after checking the condition

ωperiod/2 =
π

T
= 3.14/1.5 · 104 ≈ 2.28 · 104 < Ω

we can state that such T cannot be used for sampling a signal with bounded spectrum of 50 ·
103rad/sec. We need reduce by ∆T the sampling period for signal reconstruction. The minimum
change in sampling time is defined as

∆T = T − π

Ω
= 1.5 · 10−4 − π

2.5 · 104
= 10−4(1.5− π

2.5
) = 2.4336 · 10−5sec.

In terms of hertz, the spectrum is bounded by the frequency

fb =
Ω
2π

=
25 · 103

2π
Hz = 3.9789 · 103Hz

the sampling rate fs therefore should be greater or equal 2fb = 7.9578 · 103Hz.
Owing to the Kotelnikov theorem (given bellow), each function with the bounded spectrum can

be restored from its discrete values chosen in the defined way. So, the one-dimensional signal x(t),
that is given in the finite interval [0, L] and satisfies the condition of spectrum to be band limited:
X(ω) = 0 for all |ω| > Ω, can be represented one-to-one by the discrete sequence of its values

{xn = x(nT ), n = 0 : (N − 1)} (78)

taken with a sampling interval T ≤ π/Ω = 1/(2fb) such that N = L/T is an integer. The restoration
of the assumed continuous-time function from its discrete values (78) is described by the expansion
formula of the function:

x(t) =
N−1∑

n=0

xnsinc{Ω(t− nT )}, t ∈ [0, L] (79)

by the basis functions

sinc{Ω(t − nT )} =
sin{Ω(t − nT )}

Ω(t − nT )
(80)

that are the shifted by nT and time-scaled by Ω versions of sinc(t) functions

sinc(t) → sinc(Ωt) → sinc(Ω(t− nT )).

Thus, a ”signal” with the bounded spectrum (77) is defined completely by the finite number of
its values at points situated uniformity on the segment [0, L].
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Fig. 13. Elements of the decomposition of the reconstructed signal by basis sinc(t) functions.

To proof the statement of the Kotelnikov theorem in (79) uses the condition of not aliasing

X(ω) = TX(ejωT ) |ω| < Ω <
π

T
. (81)

Eq. 79 in the general case has the form

x(t) =
TΩ
π

∑

n∈Z

x(nT )sinc [Ω(t − nT )]

=
∑

n∈Z

x(nT )sinc [Ω(t − nT )] ( if
π

T
= Ω).

E. In the real word, the signals are not bound limited. They are limited in time but not in
frequency domain.

Example 2: Consider the rectangle function on the interval [−T0, T0]

x(t) = rect

(
t

2T0

)
= u(t + T0)− u(t − T0) → 2T0 sinc(ωT0).

In the particular T0 = 1/2 case, we obtain rect(t) F−→ sinc(ω/2). Note that sinc(ω) is the function
that is not limited neither absolute integrable.
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D. We consider a continuous-in-time signal that itself represents a step-function with values of
the sampled sequence

x̃(t) = x(nT ), t ∈ An = (nT − T/2, nT + T/2], n ∈ Z. (82)

The function x̃(t) can be represented as the infinite sum of the pulse signals

x̃(t) =
∑

n∈Z

x(nT )rect
(

t

T
− n

)
.

Each function r(t) = rect
(

t
T − n

)
represents the performance of the following time-transforma-

tions t :→ t/T and t → t − nT of the rect(t) function. Therefore, the Fourier transform is defined
by these transformation as it shown in the diagram:

rect(t) → z(t) = rect

(
t

T

)
→ z(t − nT ) = rect

(
t

T
− n

)

↓ F ↓ F ↓ F ↓ F = ↓ F

sinc

(
ω

2

)
→ Z(ω) = Tsinc

(
ωT

2

)
→ Z(ω)e−jωnT = Tsinc

(
ωT

2

)
e−jωnT

Therefore, the Fourier transform of the function x̃(t) is calculated as

X̃(ω) =
∑

n∈Z

x(nT )Tsinc

(
ωT

2

)
e−jωnT

=
∑

n∈Z

x(nT )e−jωnT ·
[
Tsinc

(
ωT

2

)]
= TX(ejωT )sinc

(
ωT

2

)
.

On the other hand, if x(nT ) is the sampled signal x(t) with the sampling period T , then according
to (74)

X(ejωT ) =
1
T

X (ω) +
1
T

∑

m=±1,±2,...

X

(
ω + m

2π

T

)
.

Therefore

X̃(ω) = TX(ejωT )sinc

(
ωT

2

)

= X (ω) sinc

(
ωT

2

)
+


 ∑

m 6=0

X

(
ω + m

2π

T

)
 sinc

(
ωT

2

)
.

and we can see that in general
Even in the case when x(t) has a spectrum bounded by Ω < π/T , the following holds for

ω ∈ (−Ω, Ω)

X̃(ω) = X(ω)sinc

(
ωT

2

)
6= X(ω) (if ω 6= 0)

which shows the error of the digital-to-analog convertor.
F. (Periodic sampling step function)
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We consider the mathematical representation of the sampling

x(t) → xs(t) = x(t) · s(t) =

{
x(nT ), if t = nT

0, otherwise

when the continuous-time signal is transformed into a continuous-time signal with values of the
original signal at points nT. The modulated signal s(t) is periodic impulse function with period T

s(t) = {. . . , δ(t + 2T ), δ(t + T ), δ(t), δ(t− T ), δ(t− 2T ), . . .}

=
∑

n∈Z

δ(t − nT ) =
1
T

∑

n∈Z

e−jnωst

where ωs = 2π/T is the sampling frequency.
In the Fourier domain, we following diagram holds for the function s(t)

s(t) =
1
T

∑

n∈Z

e−jnωst

↓ F ↓ F
S(ω) =

1
T

∑

n∈Z

2πδ(ω − nωs)

Next, because of the property of the convolution in the frequency domain, we obtain the following

xs(t) = x(t) · s(t)
↓ F = ↓ F

Xs(ω) =
1
2π

∫ ∞

−∞
X(ω − τ)S(τ)dτ

and

Xs(ω) =
1
2π

∫ ∞

−∞
X(ω − τ)

[
1
T

∑

n∈Z

2πδ(τ − nωs)

]
dτ =

1
T

∑

n∈Z

∫ ∞

−∞
X(ω − τ)δ(τ − nωs)dτ

=
1
T

∑

n∈Z

X(ω − nωs) =
1
T

X(ω) +
1
T

∑

n∈Z\{0}
X(ω − nωs).

We can see again that the Fourier transform of the function xs(t) consists of periodic copies (withe
period ωs) of the scaled Fourier transform of the original signal x(t). If the Fourier transform of
x(t) is bound limited, X(ω) = 0 for ω /∈ (−Ω, Ω), then these copies do not overlap if ωs > 2Ω. In
this case, we have

X(ω) = TXs(ω), ∀ω ∈ (−Ω, Ω).

In other words, the ”lowpass” filter

Ylp(ω) =

{
T, if |ω| < ωcut

0, otherwise
F−1
−→ ylp(t) =

Tωcut

π
sinc(ωcutt)

with a cutoff frequency ωcut = ωcutoff from the interval (Ω, ωs/2) can be used to recover the Fourier
transform

X(ω) = Ylp(ω)Xs(ω).
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Fig. 14. Fourier transform calculation by the lowpass filter Y (ω).

In the case when ωs < 2Ω (or T > π/Ω), the Fourier transform of the signal x(t) cannot be
recovered from the Fourier transform of the signal xs(t), because of overlapping of copies X(ω−nωs).
Thus, X(ω) 6= TXs(ω), or X(ω) 6= Ylp(ω)Xs(ω) for any lowpass filter.

Consider now the pulse train sampling of x(t)

xp(t) =
∑

n∈Z

x(nT )δ(t − nT )

that is continuous-time function with non zero values at points t = nT . In many cases of x(t), the
bandwidth of the function exceeds 2π/T and it still may possible to recover the continuous signal
from the samples x(nT ). For instance, if x(t) is a piece -wise linear function, then by the impulse
response

h4(t) =

{
1 − |t|/T, if |t| ≤ T
0, otherwise

the linear interpolation can be performed to reconstruct x(t). In this case, in the reconstructed
continuous-time signal xp(t) ∗ h4(t) the samples x(nT ) are connected with straight lines.
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We recall here the relation between the Fourier transform and Fourier series of a periodic signal
x(t) with period T

x(t) =
∞∑

n=−∞
cnejnω0t (ω0 = 2π/T )

where the coefficients of the series are defined as

cn =
1
T

∫ T

0
x(t)e−jnω0tdt, n = 0,±1,±2, ... .

According to properties of the Fourier transform, we obtain

x(t) =
∞∑

n=−∞
cnejnω0t

↓ F ↓ F

X(ω) =
∞∑

n=−∞
cn2πδ(ω − nω0)

(83)

Thus the Fourier transform of the periodic signal is the set of uniformly spaced delta-impulses (the
space interval equals to the fundamental frequency ω0).

Example 1: Consider x(t) = 2 cos(ω0t). This periodic signal has only one frequency and that is
the fundamental frequency ω0. The coefficients of the Fourier series

cn =





1, n = 1
1, n = −1
0, otherwise.

Therefore

x(t) → X(ω) = c1 · 2πδ(ω − 1ω0) + c−1 · 2πδ(ω + 1ω0)
X(ω) = 2π [δ(ω − ω0) + δ(ω + ω0)]

as shown in Fig. 15. The signal x(t) is bounded in spectrum by frequency ωb = ω0.

ω
0−ω

0

ω

X(ω) 

2π

Fig. 15. Fourier transform of x(t).

Consider now the signal composed by sinusoidal signals with two frequencies

x(t) = 2 cos(ω0t)−
1
2

cos(2ω0t)
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The fundamental frequency of the signal equals ω0 and coefficients of the Fourier series are defined
as

cn =





1, n = ±1
−1/4, n = ±2

0, otherwise.

Then

X(ω) = c1 · 2πδ(ω − ω0) + c−1 · 2πδ(ω + ω0) + c2 · 2πδ(ω − 2ω0) + c−2 · 2πδ(ω + 2ω0)

X(ω) = 2π [δ(ω − ω0) + δ(ω + ω0)]−
π

2
[δ(ω − 2ω0) + δ(ω + 2ω0)] .

The spectrum of the signal x(t) is bounded by frequency ωb = 2ω0. Figure 16 shows the Fourier
transform of this signal.

ω
0

−ω
0

ω

X(ω) 

2π

2ω
0−2ω

0

−π/2

ω
b

−ω
b

Fig. 16. Fourier transform of x(t).

Consider another signals composed by two sinusoidal signals with frequencies 1/2 and 1/3 re-
spectively

x(t) = 2 cos
(

1
3
t

)
− 1

2
cos

(
1
2
t

)
.

The fundamental frequency of the signal equals ω0 = 1/6,since

x(t) = 2 cos
(
2 · 1

6
t

)
− 1

2
cos

(
3 · 1

6
t

)

The coefficients of the Fourier series are defined by

cn =





1, n = ±2
−1/4, n = ±3

0, otherwise.

Then

X(ω) = c2 · 2πδ(ω − 2 · 1
6
) + c−2 · 2πδ(ω + 2 · 1

6
) + c3 · 2πδ(ω − 3 · 1

6
) + c−3 · 2πδ(ω + 3 · 1

6
)

= c2 · 2πδ(ω − 1
3
) + c−2 · 2πδ(ω +

1
3
) + c3 · 2πδ(ω − 1

2
) + c−3 · 2πδ(ω +

1
2
)

X(ω) = 2π

[
δ(ω − 1

3
) + δ(ω +

1
3
)
]
− π

4

[
δ(ω − 1

2
) + δ(ω +

1
2
)
]
.

The signal has a bounded spectrum by frequency ωb = 1/2.
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A. Discrete to continuous-time signal transformation

The first time when we face with relation between the discrete and continuous Fourier transforms
is the case when a discrete-time signal x(n) is represented as a continuous signal

xc(t) =
∞∑

n=−∞
x(n)δ(t− nT )

and T is a given number. The following diagram holds in this case

x(n) ⇒ xc(t) =
∞∑

n=−∞
x(n)δ(t− nT )

↓ F ↓ F ↓ F

X(ejω) ⇒ Xc(ω) =
∞∑

n=−∞
x(n)e−jnωT ←

(
e−jωT

)n

Thus
x(n)→ X(ejω), xc(t)→ Xc(ω) = X(ejωT )

which means that the Fourier transform of the continuous-time version of the signal is the discrete
Fourier transform after the frequency transformation ω → ωT.

X(ejω) is a periodic function with period Pd = 2π, and Xc(ω) is a periodic function with period
Pc = 2π/T

Xc(ω) = Xc

(
ω + k

2π

T

)
, − π

T
< ω <

π

T
, k = 0,±1, ... .

Note that X(ejωT ) is the Fourier transform of the continuous signal, not ”sampled signal”

X(ejωT)→ x(nT )

and we are not considering the sampled signal in this example.

B. Sampling Theorem

Consider a proof of the sampling theorem, which is similar to the considered above case when
the discrete-time signal is represented by the continuous-time signal. For the sampling process with
sampling period T

x(t)→ x(nT ), n = 0,±1, ...

we consider the continuous-time representation

xc(t) =
∑

n

x(nT )δ(t− nT ) = x(t)
∑

n

δ(t− nT ) = x(t) · p(t)

where the impulse train
p(t) =

∑

n

δ(t− nT )

is a periodic function (period is T ).
According to the property of convolution (and duality), the following is valid

xc(t) = x(t) · p(t)→ 1
2π

X(ω) ∗ P (ω) = Xc(ω)
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Thus
Xc(ω) =

1
2π

X(ω) ∗ 2π

T

∑

n

δ(ω − nω0) =
1
T

∑

n

X(ω − nω0)

where ω0 is sampling frequency (rate), ω0 = 2π/T.

C. Examples of sampling

1. Consider the sinusoidal signal x(t) = cos(π/3t), which Fourier transform equals

X(ω) = 2π
1
2

[
δ(ω − π

3
) + δ(ω +

π

3
)
]
.

The spectrum of this signal is bounded by frequency ωb = π/3, i.e.

X(ω) = 0, if |ω| > ωb.

Let T > 0 be a sampling period. Then according to relation of the Fourier transforms of the
sampled and continuous signals

X(ejωT ) = Xc(ω) =
1
T

∑

n

X

(
ω − n

2π

T

)

=
1
T

∑

n

π

[
δ

([
ω − π

3

]
− n

2π

T

)
+ δ

([
ω +

π

3

]
− n

2π

T

)]

or
X(ejωT ) = Xc(ω) =

ωs

2

∑

n

[
δ

(
ω − π

3
− nωs

)
+ δ

(
ω +

π

3
− nωs

)]
(84)

where the sampling frequency (rate) ωs = 2π/T.

We now analyze which value of T = 1/2s, T = 2s, T = 3s, and T = 6s can be used for
proper sampling procedure. For that we will chose such values of T for which the condition of not
overlapping π/T > ωb holds. We have the following four inequalities

π

T
= 2π > ωb,

π

T
=

π

2
> ωb,

π

T
=

π

3
= ωb,

π

T
=

π

6
< ωb.

Therefore, values of time sampling equal 0.5s, 2s, and 3s can be used for sampling the signal x(t).
2. Consider the input signal to be x(t) = 5sinc(5πt), for which the Fourier transform is bounded

by ωb = 5π. Indeed, the following table of calculations holds

rect(t) → 1
2rect( t

2) sinc(t) → 5sinc(5πt)
↓ F ↓ F ↗ ↓ F ↓ F

sinc(ω
2 ) → sinc(ω) πrect(ω

2 ) → π 5
5πrect( ω

2·5π)
(85)

Thus X(ω) = rect( ω
10π), X(ω) = 0 if |ω| > 5π, and ωb = 5π.

Consider the following candidates for time sampling T = 1s, T = 0.25s, and T = 0.1s. We again
chose such values of T for which the condition of not overlapping π/T > 5π holds. We have the
following

π

T
= π < 5π,

π

T
= 4π < 5π,

π

T
= 10π > 5π.

Thus, T = 0.1s can be considered for good time sampling of the signal 5sinc(5πt).
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D. DTFT of Periodic Sequences1

Let N be a period of a sequence x(n), and let x0(n) be the following part of x(n) of one period

x0(n) =

{
x(n), n = 0 : (N − 1)
0, otherwise.

(86)

The sequence x(n) can be written as (u0(n) = δ[n])

x(n) =
∑

k∈Z

x0(n− kN) =
∑

k∈Z

u0(n− kN) ∗ x0(n) = x0(n) ∗
∑

k∈Z

u0(n− kN). (87)

As we know the train of discrete impulses corresponds in the frequency domain to the train of
delta functions

p(n) =
∑

k

u0(n− kN)→ ω0

∑

k∈Z

δ(ω − kω0)

where ω0 = 2π/N. Therefore, the DTFT of the sequence x(n) can be expressed as follows

x(n) = x0(n) ∗
∑

k∈Z

u0(n− kN)→ X0(ejω) ·


ω0

∑

k∈Z

δ(ω − kω0)




X(ejω) = ω0

∑

k∈Z

X0(ejω)δ(ω − kω0) = ω0

∑

k∈Z

X0(ejkω0)δ(ω − kω0).

Thus
X(ejω) =

2π

N

∑

k∈Z

X0(ejk 2π
N )δ

(
ω − k

2π

N

)
. (88)

The DTFT is a periodic function with period 2π, and the inverse DTFT can be calculated as
follows

x(n) =
1
2π

2π∫

0

X(ejω)ejnωdω

=
1
2π

2π∫

0

2π

N

∑

k∈Z

X0(ejk 2π
N )δ

(
ω − k

2π

N

)
ejnωdω

=
1
N

∑

k∈Z

2π∫

0

X0(ejk 2π
N )ejnω

︸ ︷︷ ︸δ

(
ω − k

2π

N

)
dω (89)

=
1
N

N−1∑

k=0

X0(ejk 2π
N )ejnω

︸ ︷︷ ︸ |ω=k 2π
N

=
1
N

N−1∑

k=0

X0(ejk 2π
N )ejnk 2π

N .

Thus

x(n) =
1
N

N−1∑

k=0

X0(ejk 2π
N )ejnk 2π

N , n = 0,±1,±2, ... . (90)

The limits of summation in (90) equal to 0 and N − 1, since frequency-points k2π/N lie outside
the interval of integration [0, 2π) in (89), when k < 0 and k ≥ N.

1Addition to §12.3 of the text book.
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VII. Discrete linear convolutions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . EE-3523

A. Array method

Consider the case when two discrete-time signals to be convolved are of finite length, for instance

{x(n)} = {..., 0, x(−3), x(−2), x(−1), x(0), x(1), x(2), ..., x(100), 0, ...}

{h(n)} = {..., 0, h(−1), h(0), h(1), h(2), h(3), h(4), ..., h(9), 0, ...}.

Then to calculate the convolution we compose the following table

x(−3) x(−2) x(−1) x(0) x(1) x(2)

h(−1) h(0) h(1) h(2) h(3) h(4)

x(−3)h(−1) x(−2)h(−1) x(−1)h(−1) x(0)h(−1) x(1)h(−1) x(2)h(−1)

↓ x(−3)h(0) x(−2)h(0) x(−1)h(0) x(0)h(0) x(1)h(0)

+ x(−3)h(1) x(−2)h(1) x(−1)h(1) x(0)h(1)

↓ + x(−3)h(2) x(−2)h(2) x(−1)h(2)

↓ + x(−3)h(3) x(−2)h(3)

(n = −3 − 1) ↓ + x(−3)h(4)

↓ +

↓

y(n = −4) y(−3) y(−2) y(−1) y(0) y(1)

Consider the following example given below in the table.

x(n) 1 3 2 4 7 5 3 4
h(n) −2 1 2 1 −1 −2 1 3

−2 −6 −4 −8 −14 −10
↓ 1 3 2 4 7

+ 2 6 4 8
↓ + 1 3 2

↓ + −1 −3
↓ + −2

↓ +
↓ +

↓ +
↓

y(n) −2 −5 1 1 −4 2

Thus
y = {−2,−5, 1, 1,−4, 2, , , ...}, (y(−3) = −2).
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a b 

c d 

−d −c 
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. 

. . 

a+c b+d 

0 

Fig. 16. Interval of definition of the 1-D linear convolution.

B. Circular convolution

For two given discrete-time signals f(n) and h(n), the linear convolution is defined as

g(n) = (f ∗ h)(n) =
∑

m

h(n − m)f(m) (90)

In the case, when f(n) is defined in the finite interval [a, b] and the signal h(n) is defined in the

interval [c, d], where a, b, c, d ∈ Z, the linear convolution g(n) is defined in the interval [a+ c, b+d].
Thus, the length of the linear convolution is calculated as

length(f ∗ h) = (b + d)− (a + c) + 1

= (b − a + 1) + (d− c + 1) − 1

= length(f) + length(h)− 1.

Figure 16 illustrate this property. In particular case, when the length of the signals f(n) and h(n)
are equal, the convolution yields the signal of length 2length(f)− 1.

We now consider another concept of the linear operation, that operates over signals of equal

length N and yields the signal of the same length. The periodic convolution of two discrete-time
signals f(n) and h(n) is defined as

y(n) = (f ⊗ h)(n) =
N−1
∑

m=0

h(n − m)f(m) =
N−1
∑

m=0

h([n − m] mod N )f(m) (91)

where argument n − m is considered modulo N .

This linear operation is also called the circular convolution, because of the simple method of
calculations by using two concentric circles. For that, N values of the signal f are spaced equally

around the outer circle in counter clock-wise direction. Then, N values of the signal h are spaced
equally around the inner circle in clock-wise direction. On each stage of the linear convolution

calculation, the values on the inner circle are rotated counter clock-wise through the angle 2π/N

and the sum of products of the corresponding values of (inside) two circles is calculated. As an
example, Figure 17(a) shows the data of two sequences of length six placed inside the sectors of

two circles. The calculation on this figure corresponds to the calculation y(0). Figure 17(b) shows
the calculation of the linear circular convolution y(1), for what the data of the first circle have been

rotated clockwise by 60◦.
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Step 1: 

(a) 1-D DCC (step 1)
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Step 2: 

(b) 1-D DCC (step 2)

Fig. 17. Method of calculation of the 1-D discrete circular convolution of length 6.

C. DCC and DLC

There is the simple relation between the circular convolution and linear convolution, that yields
a signal of length M = N1 + N2 − 1,where N1 = length(f) and N2 = length(h). One can calculate

M values of the linear convolution g(n) by means of the circular convolution. For that the signals
f(n) and h(n) are extended to the same length, by zero-padding

{f(n)} → {f̄(n)} = {f(0), f(1), f(2), ..., f(N1 − 1), 0, 0, 0, ..., 0
︸ ︷︷ ︸

N2−1 times

}

{h(n)} → {h̄(n)} = {h(0), h(1), h(2), ..., h(N2 − 1), 0, 0, 0, ..., 0
︸ ︷︷ ︸

N1−1 times

}.

The circular convolution of the two zero-padding sequences results in the M values of the linear
convolution. That is

g(n) = (f ∗ h)(n) = (f̄ ⊗ h̄)(n), n = 0 : (M − 1). (92)
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Fig. 18. Method of calculation of the 1-D discrete linear convolution by the circular convolution.
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VIII. Discrete-time Fourier transform of periodic signals . . . . . . . . . . . . . . . . . . . . . . .EE-3523

Consider a periodic sequence (discrete-time signal) x(n) = x(n + N) with fundamental period
N > 0. Let x̂(n) be one period of the signal

x̂ = {0, ..., 0, x(0), x(1), ..., x(N − 1), 0, ...}

Using the discrete unit impulse u0(n),1 we can write

x̂(n) = x(0)u0(n) + x(1)u0(n− 1) + x(2)u0(n− 2) + ... + x(N − 1)u0(n−N + 1)

=
N−1∑

k=0

x(k)u0(n− k).

The periodic signal

x = {..., {x̂(n); n = 0 : (N − 1)}, {x̂(n); n = 0 : (N − 1)}, {x̂(n); n = 0 : (N − 1)}, ...}

can be written as

x(n) =
∞∑

k=−∞
x̂(n − kN) = x̂(n) ∗

∞∑

k=−∞
u0(n− kN).

The Fourier transform of the periodic signal x(n)

x(n) = x̂(n) ∗
∞∑

k=−∞
u0(n− kN) n N

↓ F ↓ F ↓ ↓ F ↓ ↓

X(ejω) = X̂(ejω) · 2π

N

∞∑

k=−∞
δ(ω − k

2π

N
) ω ω0 =

2π

N

(94)

We use here the fact that the discrete-time train signal t(n) =
∑

k u0(n− kN) can be represented
as the continuous-time train signal t(t) =

∑
k δ(t− kN). And as we know from Section VI(A), the

Fourier transform of the train signal coincides with the discrete Fourier transform of the discrete-
time train signal, i.e. T (ω) = T (ejω)

t(n) =
∞∑

k=−∞
u0(n− kN)→DF→ T (ejω) = T (ω)

t(t) =
∞∑

k=−∞
δ(t− kN)→CF→ T (ω) =

2π

N

∞∑

k=−∞
δ

(
ω − k

2π

N

)
.

Thus, we obtain from (94) that

X(ejω) =
2π

N

∞∑

k=−∞
X̂(ejω)δ

(
ω − k

2π

N

)
=

2π

N

∞∑

k=−∞
X̂

(
ej 2π

N
k
)

δ

(
ω − k

2π

N

)

1u0(n) = 1 if n = 0, and u0(n) = 0 if n 6= 0.
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The discrete Fourier transform X̂
(
ej 2π

N
k
)

is the periodic sequence relative k and the period is N

X̂
(
ej 2π

N
k
)

=
N−1∑

k=0

x̂(n)e−j 2π
N

kn.

This discrete transform is called in general the N -point discrete Fourier transform (DFT)

Xk =
N−1∑

k=0

xne−j 2π
N

kn =
N−1∑

k=0

xnWnk , k = 0 : (N − 1) (95)

where W = e−j 2π
N . The inverse N -point discrete Fourier transform is defined as

xn =
1
N

N−1∑

k=0

Xke
j 2π

N
kn =

1
N

N−1∑

k=0

XkW
−kn, n = 0 : (N − 1).

The pair of N -point discrete Fourier transforms are implemented in MATLAB by fast algorithms
as functions fft and ifft. The N -point discrete Fourier transform is defined by cosine and sine
waveforms of N frequencies ω = 2πn/N uniformly spaced on the unit circle.

Example 1: Consider the following periodic sequence

x = {..., 1, 2, 3, 4, 1, 2, 3, 4, 1, 2, 3, 4, ...}

for which N = 4 and x(0) = 1. Then one period of the sequence is x̂ = {1, 2, 3, 4} and its 4-point
DFT is calculated as follows

Xk =
3∑

k=0

xnWnk = x0W
0k + x1W

1k + x2W
2k + x3W

3k, k = 0 : 3

= 1 + 2W 1k + 3W 2k + 4W 3k

= 1 + 2e−j 2π
4

k + 3e−j 2π
4

2k + 4e−j 2π
4

3k

= 1 + 2(−j)k + 3(−1)k + 4(j)k.

Therefore

X0 = 1 + 2 + 3 + 4 = 10 (power of signal)
X1 = 1− 2j − 3 + 4j = −2 + 2j

X2 = 1− 2 + 3− 4 = −2
X3 = 1 + 2j − 3− 4j = −2− 2j = X1.

The main application of the N -point discrete Fourier transform in linear filtering, namely when
calculating the circular convolution of two discrete-time signals of finite length N,

yn =
N−1∑

k=0

xkhn−k mod N → Yk = XkHk, k = 0 : (N − 1). (96)

And because the linear convolution can be reduced to the circular convolution, the method of the
N -point DFT can be used for fast calculating the linear convolution.
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Fig. 20. (a) Signal x(t). (b) Correlogram of signals x(t) and y1(t). (c) Signals y1(t) and y2(t). (d) Correlogram
of signals x(t) and y2(t).

A. Correlation operations

There are tools to measure if two signals are ”similar,” dependent, or/and correlated with each
other.

A.1 Correlogram

One can use the correlogram which is the plot of one signal versus another. In the ideal case
when the signals are the same, the correlogram is the straight line. In general, if correlogram tends
to a straight line then two signals are said to be highly correlated. The closer the correlogram to a
straight line, the more correlated the signals are (but not always).

Example 2: Consider the signal

x(t) = 2 cos(ω0t) + 0.1 sin(ω1t − 0.25) = 2y1(t) + 0.1y2(t)

where ω0 = 2 and ω1 = 100ω0. Figure 20 shows the signal x(t) in part (a) along with signals y1(t)
and y2(t) in part (c), and the correlograms of signal x(t) with these functions in parts b and d.
The correlogram in part b shows that the signals x(t) and y1(t) are highly correlated.

Example 3: Consider the following cosinusoidal signals

x(t) = cos(ω0t), y(t) = sin(ω1t− ϑ)

where the phase of the second signal ϑ = π/4 and ϑ = π/2. Figure 21 shows the signal x(t) in part
(a) along with signal y(t) with two phases in part (c), and the correlograms of signal x(t) with
this function in part b. One can see form the correlogram that the principle axis of the ellipse is
directed in plane by the angle equal to the phase of the signal y(T ).

A.2 Correlation function

The correlogram is a good tool for visualization, but not for precise mathematical way of ex-
pressing the relation between two signals. Such mathematical tool exists and well-known as the
correlation function.
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Fig. 21. (a) Signal x(t). (b) Signals y(t) with phase π/4 and π/2. (c) Correlograms of signals x(t) with y(t).

The correlation function shows if the signals have similarity or they are correlated, and shows
how the signals are correlated in a given position, and how they correlated when one signal is
shifted. We consider the correlation function as a main measure for similarity of signals.

There are two operations (or definitions) of correlation that are defined on the two ”different”
signals or the same signal

Rxy(n) = rxy(n) =
N−1∑

k=0

xkyn+k , Rx(n) = rx(n) =
N−1∑

k=0

xkxn+k (97)

which in the case of continuous-time signals have respectively the forms

Rxy(t) = rxy(t) =
∞∫

−∞

x(τ)y(t + τ)dτ, Rx(t) = rx(t) =
∞∫

−∞

x(τ)x(t + τ)dτ. (98)

(We here consider only the real signals or functions).
The operation of correlation of signals can be also effectively calculated by the N -point DFT.

Indeed, we recall that the operation of the linear convolution

(x ∗ y)(t) =
∞∫

−∞

x(τ)y(t− τ)dτ, t ∈ (−∞,∞).

For the linear convolution, one of the signals is flipped in time and then a shift of the signal is
performed. There is no need in time-inverting for the correlation. Therefore, we can write the
correlation by using the convolution operation as

Rxy(t) = x(−t) ∗ y(t), Rxy(n) = x(−n) ∗ y(n).

We also recall that for the frequency domain the following holds X(ω)← x(t) → x(−t) → X̄(ω).
Therefore Rxy(t)→ Rxy(ω) = X̄(ω)Y (ω).
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XI. The z-transform . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . EE-3523

The z-transform can be considered as a generation of the discrete Fourier transform (DFT). The
z-transform is to the DFT what the Laplace transform is to the Fourier transform. The z-transform

is used for analysis of discrete-time signals and systems. For many discrete signals x(n), the DFT
cannot be defined, but the z-transform with many similar properties takes place.

Let x(n) be a sequence defined (may be) for all integers n = 0,±1,±2, .... The z-transform is

defined by

x(n)
z
−→ X(z) =

∞∑

n=−∞

x(n)z−n , z ∈ C2, (109)

where z is a complex number for which X(z) exists. In other words, the concept of the z-transform

refers to as the formula (109) with region of convergence (ROC) of X(z). We recall that the formula
for DFT is defined by

X(ejω) =
∞∑

n=−∞

x(n)e−jωn =
∞∑

n=−∞

x(n)
(

ejω
)−n

, ω ∈ (−π, π),

and one can see a similarity when substituting ejω by z. The DFT is defined on points z = ejω

lying on the unit circle. X(ejω) = X(z)|z=ejω , i.e. the DFT is the z-transform considered on the
unit circle O1. In general, the region of convergence of the z-transform may not contain this circle.

The following properties can be derived directly from the definition of the transform.
1. If z0 ∈ ROC(X), then z ∈ ROC(X) for any point such that |z| = |z0|. Indeed

|X(z)| ≤
∞∑

n=−∞

|x(n)z−n| =
∞∑

n=−∞

|x(n)z−n
0 | <∞.

2. If z1 6= z2 ∈ ROC(X), then z ∈ ROC(X) for any point such that |z1| ≤ |z| ≤ |z2| (we assume
that |z1| ≤ |z2|. In other words, ROC of the z-transform consists of circles of different radii.

The z-transform can be derived as the response y(n) of the LTI system with h(n) impulse response
to a complex exponential discrete-time signal x(n) = Azn:

x(n) = Azn → y(n) =
∞∑

k=−∞

h(k)x(n− k) =
∞∑

k=−∞

Azn−kh(k)

= Azn
∞∑

k=−∞

h(k)z−k = x(n)H(z).

Thus, the transfer function of the LTI system is the z-transform of the impulse response. This
relation yields also the property of convolution

x(n) ∗ h(n)→ X(z)H(z), z ∈ ROC(X) ∩ROC(H). (110)

Example 1: Let sequence
x(n) 6= 0, n ∈ [N1, N2],
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where N1 < N2 integer numbers. Then,

X(z) =
∞∑

n=−∞

x(n)z−n =
N2∑

n=N1

x(n)z−n = z−N1

N2−N1∑

n=0

x(n)z−n

which is defined for all z except may be z = 0.

Example 2: Let sequence x(n) = u0(n). Then, the z-transform

X(z) =
∞∑

n=−∞

x(n)z−n = x(0)z0 = 1, for all z.

If sequence is defined as x(n) = u0(n− n0), where n0 is an integer, then the z-transform

X(z) =
∞∑

n=−∞

x(n)z−n = x(n0)z
−n0 = z−n0 , for all z 6= 0.

Example 3: Let sequence be

x(n) = u(n) =

{

1, n ≥ 0,

0, n < 0.

Then, the z-transform

X(z) =
∞∑

n−0

x(n)z−n

= 1 + z−1 + z−2 + ... + z−n + ... =
1

1− z−1

which converges at all points z such that |z| > 1. The point z = 1 is a special point of X(z).
Example 4: Given a real ω, consider the complex exponential sequence

x(n) = ejωnu(n) =

{

ejωn, n = 0, 1, 2, ...,
0, n < 0.

The z-transform of this sequence is

X(z) =
∞∑

n=0

ejωnz−n =
∞∑

n=0

(

ejωz−1
)n

=
1

1− ejωz−1

and converges at points z such that

|ejωz−1| = |z−1| < 1.

Example 5: Consider the sequence

x(n) = anu(n) =

{

an, n = 0, 1, 2, ...,
0, n = −1,−2, ...,

for a given positive number a.

The z-transform of x(n) is calculated as
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X(z) =
∞∑

n=0

x(n)z−n =
∞∑

n=0

anz−n =
∞∑

n=0

(

az−1
)n

=
1

1− az−1

and the series converges at points z such that

|az−1| < 1 ⇒ |z| > a.

Example 6: Consider the discrete-time signal

x(n) =

[

2

(
2

3

)n

−

(
1

4

)n]

u(n).

The z-transform is calculated as follows

X(z) = 2
∞∑

n=0

(
2

3
z−1

)n

−
∞∑

n=0

(
1

4
z−1

)n

X(z) = 2
1

1− 2
3z−1

||z|> 2

3

−
1

1− 1
4z−1

||z|> 1

4

for all z such that |z| > 2/3.

A. Inverse formula

In the case of the discrete Fourier transform (when z = ejω), the inverse formula

x(n) =
1

2π

π∫

−π

X(ejω)ejωn dω =
1

2π

π∫

−π

X(ejω)ejωne−jω 1

j
dejω

=
1

2πj

π∫

−π

X(ejω)ejω(n−1)dejω =
1

2πj

ejπ
∫

e−jπ

X(z)z(n−1)dz =
1

2πj

∮

O1

X(z)zn−1dz

where the last integral is taken over the unit circle O1.
For z-transform, the inverse formula is similar,

x(n) =
1

2πj

∮

C
X(z)zn−1dz

where C is any contour that embraces the original point (0, 0), for example the circle Or of radius
r > 0.

B. Properties of z-transform

1. (Linearity)
If

x1(n)→ X1(z), x2(n)→ X2(z)

then

x1(n) + kx2(n)→ X1(z) + kX2(z)
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for any constant k.

2. (Delay)
x(n) → x(n− n0)

↓ z ↓ z
X(z) → X(z)z−n0

for any integer n0.

3. (Time-reversal)
x(n) → x(−n)
↓ z ↓ z

X(z) → X(z−1), z−1 ∈ ROC(X)

for instance if ROC(X(z)) = {z; |z| > 2} then ROC(X(z−1)) = {z; |z| < 1/2}.
Example 7: The following diagram holds for a given real number a > 0:

1

1− az−1
︸ ︷︷ ︸

q

=
z

z − a
= −

a−1z

1 − a−1z
︸ ︷︷ ︸

q

↓ z−1 ↓ ↓ z−1

anu(n) ← x(n) → −anu(−n− 1)

⇓ ⇓

{z; |z| > a} ← ROC → {z; |z| < a}

Example 8: Consider the signal

x(n) = 2nu(n) + 5nu(−n).

The z-transform for this signal is defined as follows

X(z) =
1

1− 2z−1
||z|>2 −

1

1− 1
5z
||z|<5

for all z such that 2 < |z| < 5.
Application (Difference equation)

y(n) + a1y(n− 1) + a2y(n− 2) = x(n) + b1x(n− 1)
↓ z ↓ z ↓ z ↓ z ↓ z

Y (z) + a1Y (z)z−1 + a2Y (z)z−2 = X(z) + b1X(z)z−1

Therefore
Y (z)[1 + a1z

−1 + a2z
−2] = X(z)[1 + b1z

−1]

and we obtain

Y (z) =
1 + b1z

−1

1 + a1z−1 + a2z−2
X(z). (Y (z) = H(z)X(z)?)

The equation holds only for z lying in the intersection of ROCs of two z-transforms.
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4. (Convolution)

y(n) = x(n) ∗ h(n)
↓ z ↓ z ↓ ↓ z

Y (z) = X(z) · H(z)

, if ROCX ∩ROCH 6= ∅.

Example 9: For given two numbers a 6= b, we consider two sequences

x(n) = anu(n) =

{

an, n = 0, 1, 2, ...,
0, n = −1,−2, ...,

h(n) = bnu(n) =

{

bn, n = 0, 1, 2, ...,

0, n = −1,−2, ...,

and the linear convolution

y(n) =
∞∑

m=−∞

h(m)x(n−m) =
n∑

m=0

bman−m.

Using the results of Example 6, we obtain the following diagram for z-transform:

y(n) = x(n) ∗ h(n)
↓ z ↓ z ↓ ↓ z

Y (z) =
1

1− az−1
·

1

1− bz−1

Therefore

Y (z) = A
1

1− az−1
+ B

1

1 − bz−1
, |z| > max(|a|, |b|)

where A = −a/(b− a) and B = b/(b− a).

Example 10: Using results of Example 5, we obtain

Y (z) = A
1

1− az−1
+ B

1

1− bz−1

↑ z ↑ z ↑ ↑ z
y(n) = Ax(n) + Bh(n)

and the direct formula for the linear convolution can be derived as following

y(n) = x(n) ∗ h(n) = Ax(n) + Bh(n)

= Aanu(n) + Bbnu(n) = [Aan + Bbn]u(n) =
bn+1 − an+1

b− a
u(n).

5. (Multiplication)

x1(n) x2(n) y(n) = x1(n) · x2(n)

↓ z ↓ z ↓ z

X1(z) X2(z) Y (z) = 1
2πj

∮

C

X1(v)X2(
z

v
)v−1dv
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which, in particular case for the discrete Fourier transform takes the form

Y (ejω) =
1

2π

π∫

−π

X1(e
jθ)X2(e

j(ω−θ))dθ.

C. Single-sided Z-transform

Let x(n) be a sequence defined for all integers n = 0,±1,±2, ... . The transform

x(n)
z
−→ X(z) =

∞∑

n=0

x(n)z−n , z ∈ ROC(X) ⊆ C2,

is called a single-sided z-transform of x(n).

This is the linear transform with the following property.

6. (Delay)
x(n) → x(n− 1)

↓ z ↓ z
X(z) → X(z)z−1 + x(−1)

Indeed

x(n− 1) →
∞∑

n=0

x(n− 1)z−n =
∞∑

n=−1

x(n)z−(n+1)

= x(−1) +
∞∑

n=0

x(n)z−n−1 = x(−1) + z−1
∞∑

n=0

x(n)z−n

Similarly, in the case for the second delay, we obtain

x(n) → x(n− 2)
↓ z ↓ z

X(z) → X(z)z−2 + x(−2) + x(−1)z−1

Application (Difference equation with initial condition)

Given a coefficient a, we consider the difference equation with condition y(−1) = A :

y(n) + ay(n− 1) = x(n)

↓ z ↓ z ↓ z
Y (z) + a

[

Y (z)z−1 + y(−1)
]

= X(z)

Therefore,

Y (z)[1 + az−1] + aA = X(z) ⇒ Y (z) =
X(z)− aA

1 + az−1
. (111)

For example, if
x(n) = ejωnu1(n),

then we can substitute in (111)

X(z) =
1

1− ejωz−1
, |z| > 1.

Taking, the inverse z-transform of Y (z), we can determine the response y(n).
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D. Digital filters

The general expression for transfer function of the digital filter is

H(z) =
Y (z)

X(z)

where X(z) and Y (z) are z-transforms of the input x(n) and output y(n) sequences.
The relation between input and output is described by the difference equation of order N,

y(n) + a1y(n− 1) + a2y(n− 2) + ... + aNy(n−N ) = x(n) + b1x(n− 1) + ... + bNx(n−N )

which has the following form in terms of z-transform,

Y (z)[1 + a1z
−1 + a2z

−2 + ... + aNz−N ] = X(z)[1 + b1z
−1 + ... + bNz−N ]

Therefore, transfer function of the digital filter is

H(z) =
Y (z)

X(z)
=

1 + b1z
−1 + b2z

−2 + . . . + bNz−N

1 + a1z−1 + a2z−2 + . . . + aNz−N
=

N∑

k=0

bkz
−k

1 +
N∑

m=1

amz−m

(a0 = 1)

This formula can be written as

H(z) =
Y (z)

X(z)
= H1(z)H2(z) =

W (z)

X(z)

Y (z)

W (z)

H1(z) =
1

1 +
N∑

m=1

amz−m

, H2(z) =
N∑

k=0

bkz
−k (b0 = 1)

H1(z) =
W (z)

X(z)
⇒ w(n) + a1w(n− 1) + a2w(n− 2) + ... + aNw(n−N ) = x(n)

H2(z) =
Y (z)

W (z)
⇒ y(n) = w(n) + b1w(n− 1) + b2w(n− 2) + ... + bNw(n−N )

Example 11: We now derive the difference equation of a LTI system that has the following transfer
function

H(z) =
Y (z)

X(z)
=

z − 1
2

z2 − z + 2
9

= z−1 1− 1
2z−1

1− z−1 + 2
9z−2

.

For the causal system, the transfer function can be written as

H(z) = z−1

[

A

1− 1
3z−1

+
B

1− 2
3z−1

]
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where A = 1/2 and B = 1/2. The impulse response for the sum in the square brackets is defined as

[

A

(
1

3

)n

+ B

(
2

3

)n]

u(n)→ h(n) =

[

A

(
1

3

)n−1

+ B

(
2

3

)n−1
]

u(n − 1).

We also have

Y (z)

[

1− z−1 +
2

9
z−2

]

= X(z)

[

z−1 −
1

2
z−2

]

and in the time domain

y(n)− y(n− 1) +
2

9
y(n− 2) = x(n− 1)−

1

2
x(n− 2). (112)

The block diagram of realization for this system is given in Fig. 23.

State variable model The LTI discrete system can be described by the following model with

two state-variables:

x1(n + 1) = x2(n)

x2(n + 1) = −
2

9
x1(n) + x2(n) + x(n)

or in the matrix form as

[

x1(n + 1)

x2(n + 1)

]

=





0 1

−
2

9
1





[

x1(n)

x2(n)

]

+

[

0

1

]

x(n).

The relation of the state-variables with the output is described by

y(n) = −
1

2
x1(n) + x2(n) =

[

−
1

2
1

][

x1(n)

x2(n)

]

+

[

0

0

]

x(n).

⊕ ⊕ -

?

z−1

?

z−1

? �
�
�
�
��
�
�
�
��

%
%

%
%%

B
B

B
B
BBM −1/2

y(n)x(n)

−2/9
@

@
@

@@
-

B
B

B
BB

s

s

s

x1(n)

x2(n)

x2(n + 1)

Fig. 23. Diagram of realization of the system (form II).
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E. The Laplace, Fourier and z-transforms

The z-transform is the discrete-time counter-part of the Laplace transform and a generalization
of the Fourier transform of a sampled signal. Like Laplace transform, the z-transform allows for

representing a linear and time invariant system in terms of the locations of the poles and zeros of
the system transfer function in the complex z-plane. The roots of the transfer function, i.e. poles

and zeros, describe the behavior of the system.
The common for the Laplace, Fourier, and z-transform is the use of the complex exponential

functions as the basis functions of these transforms

z = ep = eσ+jω = eσejω = rejω ⇒ zn = rn(ejω)n. (113)

For continuous-time right-sided signal x(t), the Laplace transform is defined as

X(p) =

∞∫

0

x(t)e−ptdt, p = σ + jω. (114)

By sampling the continuous-time signal x(t)→ x(nT ) with sampling period assumed to be T = 1s,

the Laplace transform becomes

X(p) =

∞∫

0

x(t)e−ptdt→
∞∑

n=0

x(nT )e−pnT ∆T =
∞∑

n=0

x(n) (ep)−n = X(ep)

Substituting the variable ep with variable z, we obtain the single-sided z-transform

X(ep)→ X(z) =
∞∑

n=0

x(n)z−n.

The z-transform of the sampled (discrete-time) signal can be written as (see (113))

X(z) =
∞∑

n=0

x(n)z−n =
∞∑

n=0

x(n)r−n(ejω)−n =
∞∑

n=0

x(n)(ejω)−n = X(ejω)

when r = 1. Thus, the z-transform becomes the discrete Fourier transform when z is considered to

be on the unit circle, |z| = 1.
The Fourier transform of a time-continuous right-sided signal x(t) is a linear combination of

complex exponentials ejωt, where ω is a frequency (real variable)

X(ω) =

∞∫

0

x(t)e−jωtdt

and the Laplace transform (114) can be considered as a generalization of the Fourier transform
when p = jω and the vertical jω-axis of imaginary numbers belongs to the region of convergence

of the Laplace transform.
We consider a few more examples for the bilateral z-transform

X(z) =
∞∑

n=−∞

x(n)z−n, z ∈ ROC(X).
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1.

x(n) = u0(n + 7) + u0(n− 7).

Then

X(z) =
∞∑

n=−∞

x(n)z−n = z7 + z−7 → X(ejω) = ej7ω + e−j7ω = 2 cos(7ω).

2.

x(n) =

{

αn, n ≥ 0
βn, n < 0

= αnu(n) + βnu(−n − 1), (0 < α < β).

Then

X(z) =
∞∑

n=−∞

x(n)z−n = Z[αnu(n)] + Z[βnu(−n− 1)]

=

[
1

1− αz−1

]

−

[

β−1z

1− β−1z

]

for z such that |z| > α and |z| < β. Thus ROC(X) = {z; α < |z| < β}.
3.

We now consider the z-transform of the discrete-time signal x(n) multiplied by n, i.e. y(n) =
nx(n).

Y (z) =
∞∑

n=−∞

y(n)z−n =
∞∑

n=−∞

nx(n)z−n =
∞∑

n=−∞

x(n)(z−n)′(−z)

= −z

(
∞∑

n=−∞

x(n)z−n

)′

= −zX ′(z).

For instance, if x(n) = 3nu(n), then

y(n) = nx(n) = n3nu(n)
z
−→ −z

(
1

1− 3z−1

)′

||z|>3 =
3z−1

(1− 3z−1)2
||z|>3.

E.1 Initial and final value theorems

Consider the right-sided discrete-time signal x(n) and its single-sided z-transform.
1. When z approaches to infinity, we obtain

lim
z→∞

X(z) = lim
z→∞

[
∞∑

n=0

x(n)z−n = x(0) + z−1 ·
∞∑

n=1

x(n)z−n

]

= x(0).

2. When z approaches to 1, we can do the following calculations

Z[x(n + 1)]− Z[x(n)] = lim
N→∞

N∑

n=0

[x(n + 1)− x(n)]z−n

z [X(z)− x(0)]−X(z) = lim
N→∞

N∑

n=0

[x(n + 1)− x(n)]z−n
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and when z → 1, we obtain

lim
z→1

(z − 1)X(z)− x(0) = lim
N→∞

N−1∑

n=0

[x(n + 1)− x(n)] = lim
N→∞

[x(N )− x(0)] = lim
N→∞

x(N )− x(0)

Thus
lim
z→1

(z − 1)X(z) = lim
n→∞

x(n), (if lim
n→∞

x(n) ∃).

Example 12: As we know limn→∞ sin(nω0) does not exist, but for the z-transform of this signal

x(n) = sin(nω0)
z
−→ X(z) =

z−1 sin(ω0)

1− 2z−1 cos(ω0) + z−2

we obtain

lim
z→1

(z − 1)X(z) = lim
z→1

(z − 1)
z sin(ω0)

1− 2z cos(ω0) + z2
= 0.

E.2 Inverse systems

For a linear time invariant system with impulse response h(n), the inverse system is defined by

the impulse response h1(n) such that

[x(n) ∗ h(n)] ∗ h1(n) = x(n) ⇒ h(n) ∗ h1(n) = u0(n).

This relation is expressed in terms of the z-transforms as

H(z)H1(z) = 1, z ∈ ROC(H) ∩ ROC(H1).

Thus the inverse system is defined by the transfer function

H1(z) =
1

H(z)
, z ∈ ROC(H) ∩ {z; H(z) 6= 0}. (115)

If the system is causal, the impulse response is right-sided and the transfer function H(z) is
defined by the single-sided z-transform. If the poles of the system are inside the unit circle, then

the system is stable. Consider as an example the transfer function

H(z) =
(z − 1

2)

(z − 1
4 )(z − 1

3)

According to (115), the poles 1/4 and 1/3 of H(z) becomes zeros of H1(z), and zero 1/2 of H(z)

becomes pole of H1(z). Indeed, we have

H1(z) =
1

H(z)
=

(z − 1
4)(z − 1

3 )

(z − 1
2 )

= (z −
1

3
) +

1

4

(z − 1
3 )

(z − 1
2 )

= (z −
1

3
) +

1

4
+

1

24

1

z − 1
2

= z −
1

12
+

1

12

1
2z−1

1− 1
2z−1

.

If the system is stable, is the inverse system stable, too? If yes, poles of H1(z) being zeros of
H(z) should be inside the unit circle. Thus, the poles and zeros of a stable and causal system are

inside the unit circle.
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Example 13: Consider a causal system described by the difference equation

y(n)−
1

2
y(n− 1) = x(n).

Then

H(z) =
1

1− 1
2z−1

||z|>1/2 → h(n) =

(
1

2

)n

u(n).

For the inverse system, we have the following

H1(z) =
1

H(z)
= 1−

1

2
z−1 z−1

−→ h(n) = u0(n)−
1

2
u0(n− 1).

Example 14: Consider the following difference equation described a LTI causal system

y(n) +
1

4
y(n− 1)−

1

8
y(n− 2) = −2x(n) +

5

4
x(n− 1).

In terms of z-transform, this equation has the form

Y (z)

[

1 +
1

4
z−1 −

1

8
z−2

]

= X(z)

[

−2 +
5

4
z−1

]

.

The transfer function (or filter) is

H(z) =
Y (z)

X(z)
= −2

1− 5
8z−1

(

1 + 1
2z−1

)(

1− 1
4z−1

)

= A
1

1 + 1
2z−1

||z|>1/2 + B
1

1− 1
4z−1

||z|>1/4

where A and B are constants. Therefore, the system impulse response equals

h(n) = A

(

−
1

2

)n

u(n) + B

(
1

4

)n

u(n)

(the system is stable and causal).

We now consider the inverse system which has the following transfer function

H1(z) =
1

H(z)
= −

1

2

(

1 + 1
2z−1

)(

1− 1
4z−1

)

1− 5
8z−1

which can be written as

H1(z) = −
1

2

[

−
2

5
+

1

5
z−1 +

7
5

1− 5
8z−1

]

.

Therefore, the impulse response for the inverse system is

h1(n) =
1

5

[

u0(n)−
1

10
u0(n− 1)−

7

10

(
5

8

)n

u(n)

]

(the inverse system is stable and causal).
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F. The z-transform in examples

Example 1:

xn = x(n) =







1 n = −1
2 n = 0

−1 n = 1
1 n = 2

0 otherwise

X(z) = z + 2− z−1 + z−2

X(ejω) = ejω + 2− e−jω + e−2jω

z-transform exists for all z 6= 0.

Example 2: For a real number a > 0, the following diagram holds

x(n) = anu(n) → y(n) = −anu(−n − 1)
↓ z ↓ z

X(z) =
1

1− az−1
→ Y (z) =

1

1− az−1

ROC = {z; |z| > a} ROC = {z; |z| < a}

The sequences have the formula for z-transforms but different regions of convergence.

Example 3:

y(n) = −u(−n − 1) + (
1

2
)nu(n)

↓ z ↓ z ↓ z

Y (z) =
1

1− z−1

1

1− 2−1z−1

ROC = {z;
1

2
< |z| < 1} ROC = {z; |z| < 1} ∩ ROC = {z; |z| >

1

2
}

anx(n) (a 6= 0)
↓ z

X( z
a)

Example 4: Find the ROC associated with the z-transform of each of the following signal:

x(n) = (
1

2
)nu(n) + (

1

4
)nu(n)

ROC = {z; |z| >
1

2
} ∩ {z; |z| >

1

4
} = {z; |z| >

1

2
}

x(n) = (
1

2
)nu(n) + (

1

4
)nu(−n)

ROC = {z; |z| >
1

2
} ∩ {z; |z| <

1

4
} = ∅
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x(n) = (
1

4
)nu(n) + (

1

2
)nu(−n)

ROC = {z; |z| >
1

4
} ∩ {z; |z| <

1

2
} = {z;

1

4
< |z| <

1

2
}

x(n) = (
1

2
)nu(−n) + (

1

4
)nu(−n)

ROC = {z; |z| <
1

2
} ∩ {z; |z| <

1

4
} = {z; |z| <

1

4
}

Example 5: In the ring 1 < |z| < 2, consider the function

X(z) =
1− z−1 + z−2

(1−
1

2
z−1)(1− 2z−1)(1− z−1)

.

The following representation holds

X(z) =
A

1−
1

2
z−1

+
B

1− 2z−1
+

C

1− z−1

where

A = X(z)(1−
1

2
z−1)|z=1/2

B = X(z)(1− 2z−1)|z=2

C = X(z)(1− z−1)|z=1

Therefore

X(z) =
A

1− 1
2z−1

+
B

1− 2z−1
+

C

1− z−1

↑ z ↑ z ↑ z ↑ z

x(n) = A(
1

2
)nu(n) + −B2nu(−n− 1) + −Cu(n)

{z; 1 < |z| < 2} = {z; |z| > 1/2} ∩ {z; |z| < 2} ∩ {z; |z| > 1}
Example 6:

X(z) =
z3 − 9z2 − 6z + 4

2z2 − 2z − 4
, |z| < 2.

The following representation holds for this function

X(z) =
1

2

[z3 − z2 − 2z]− 8z2 − 2z + 4

z2 − z − 2

=
1

2

[

z − 4
2z2 + z − 1

z2 − z − 2

]

=
1

2

[

z − 4
[2z2 − 2z − 4] + 3z + 3

z2 − z − 2

]

=
1

2

[

z − 8− 12
z + 1

z2 − z − 2

]

=
1

2

[

z − 8− 12
z + 1

(z + 1)(z − 2)

]

=
1

2

[

z − 8−
12

z − 2

]

=
1

2

[

z − 8 +
6

1− 2−1z

]
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Therefore

X(z) =
1

2
z − 4 +

3

1− 2−1z
↑ z ↑ z ↑ z ↑ z

x(n) =
1

2
u0(n + 1) − 4u0(n) + 3 · 2nu(−n)

{z; 1 < |z| < 2} ⊂ {∀z} ∩ {∀z} ∩ {z; |z| < 2}
Example 7:

X(z) =
2 + z−1

1−
1

2
z−1

, |z| >
1

2
.

We have the following

X(z) = 2
1 + 1

2z−1

1− 1
2z−1

= 2
−1 + 1

2z−1 + 2

1− 1
2z−1

= 2

[

−1 +
2

1− 1
2z−1

]

= −2 +
4

1− 1
2z−1

and

X(z) = −2 −
4

1− 1
2z−1

↑ z ↑ z ↑ z

x(n) = −2u0(n) + 4 · (
1

2
)nu(n)

{z; |z| > 1
2} = {∀z} ∩ {z; |z| > 1

2}
Example 8:

y(n) = cos(ω0n)x(n), a > 0.

2y(n) = [ejω0n = an]x(n) + ane−jω0nu(n)

↓ z ↓ z ↓ z

2Y (z) = X

(
z

ejω0

)

+ X

(
z

e−jω0

)

Therefore

Y (z) =
1

2

[

X
(

e−jω0z
)

+ X
(

ejω0z
)]

.

Consider for example a > 0 and the sequence

x(n) = an cos(ω0n)u(n), a > 0.

y(n) = cos(ω0n)[anu(n)]

↓ z ↓ z

Y (z) =
1

2

[
1

1− ae−jω0z−1
+

1

1− aejω0z−1

]

{z; |z| > a} {z; |z| > a}

Y (z) =
1− z−1a cos(ω0)

1− 2a cos(ω0)z−1 + a2z−2
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XI. The z-transform . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . EE-3523

The z-transform can be considered as a generation of the discrete Fourier transform (DFT). The
z-transform is to the DFT what the Laplace transform is to the Fourier transform. The z-transform
is used for analysis of discrete-time signals and systems. For many discrete signals x(n) the DFT
cannot be defined, but the z-transform with many similar properties takes place.

Let x(n) be a sequence defined (may be) for all integers n = 0,±1,±2, .... The z-transform is
defined by

x(n) z−→ X(z) =
∞∑

n=−∞
x(n)z−n , z ∈ C2, (109)

where z is a complex number for which X(z) exists. In other words, the concept of the z-transform
refers to as the formula (109) with region of convergence (ROC) of X(z). We recall that the formula
for DFT is defined by

X(ejω) =
∞∑

n=−∞
x(n)e−jωn =

∞∑

n=−∞
x(n)

(
ejω
)−n

, ω ∈ (−π, π),

and one can see a similarity when substituting ejω by z. The DFT is defined on points z = ejω

lying on the unit circle. X(ejω) = X(z)|z=ejω , i.e. the DFT is the z-transform considered on the
unit circle O1. In general, the region of convergence of the z-transform may not contain this circle.

The following properties can be derived directly from the definition of the transform.
1. If z0 ∈ ROC(X), then z ∈ ROC(X) for any point such that |z| = |z0|. Indeed

|X(z)| ≤
∞∑

n=−∞
|x(n)z−n| =

∞∑

n=−∞
|x(n)z−n

0 | <∞.

2. If z1 6= z2 ∈ ROC(X), then z ∈ ROC(X) for any point such that |z1| ≤ |z| ≤ |z2| (we assume
that |z1| ≤ |z2|. In other words, ROC of the z-transform consists of circles of different radii.

The z-transform can be derived as the response y(n) of the LTI system with h(n) impulse response
to a complex exponential discrete-time signal x(n) = Azn:

x(n) = Azn → y(n) =
∞∑

k=−∞
h(k)x(n− k) =

∞∑

k=−∞
Azn−kh(k)

= Azn
∞∑

k=−∞
h(k)z−k = x(n)H(z).

Thus, the transfer function of the LTI system is the z-transform of the impulse response. This
relation yields also the property of convolution

x(n) ∗ h(n)→ X(z)H(z), z ∈ ROC(X)∩ROC(H). (110)

Example 1: Let sequence
x(n) 6= 0, n ∈ [N1, N2],
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where N1 < N2 integer numbers. Then,

X(z) =
∞∑

n=−∞
x(n)z−n =

N2∑

n=N1

x(n)z−n = z−N1

N2−N1∑

n=0

x(n)z−n

which is defined for all z except may be z = 0.

Example 2: Let sequence x(n) = u0(n). Then, the z-transform

X(z) =
∞∑

n=−∞
x(n)z−n = x(0)z0 = 1, for all z.

If sequence is defined as x(n) = u0(n− n0), where n0 is an integer, then the z-transform

X(z) =
∞∑

n=−∞
x(n)z−n = x(n0)z−n0 = z−n0 , for all z 6= 0.

Example 3: Let sequence be

x(n) = u(n) =

{
1, n ≥ 0,

0, n < 0.

Then, the z-transform

X(z) =
∞∑

n−0

x(n)z−n

= 1 + z−1 + z−2 + ... + z−n + ... =
1

1− z−1

which converges at all points z such that |z| > 1. The point z = 1 is a special point of X(z).
Example 4: Given a real ω, consider the complex exponential sequence

x(n) = ejωnu(n) =

{
ejωn, n = 0, 1, 2, ...,
0, n < 0.

The z-transform of this sequence is

X(z) =
∞∑

n=0

ejωnz−n =
∞∑

n=0

(
ejωz−1

)n
=

1
1− ejωz−1

and converges at points z such that

|ejωz−1| = |z−1| < 1.

Example 5: Consider the sequence

x(n) = anu(n) =

{
an, n = 0, 1, 2, ...,
0, n = −1,−2, ...,

for a given positive number a.

The z-transform of x(n) is calculated as
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X(z) =
∞∑

n=0

x(n)z−n =
∞∑

n=0

anz−n =
∞∑

n=0

(
az−1

)n
=

1
1− az−1

and the series converges at points z such that

|az−1| < 1 ⇒ |z| > a.

Example 6: Consider the discrete-time signal

x(n) =
[
2
(

2
3

)n

−
(

1
4

)n]
u(n).

The z-transform is calculated as follows

X(z) = 2
∞∑

n=0

(
2
3
z−1

)n

−
∞∑

n=0

(
1
4
z−1

)n

X(z) = 2
1

1− 2
3z−1

||z|> 2
3
− 1

1− 1
4z−1

||z|> 1
4

for all z such that |z| > 2/3.

A. Inverse formula

In the case of the discrete Fourier transform (when z = ejω), the inverse formula

x(n) =
1
2π

π∫

−π

X(ejω)ejωn dω =
1
2π

π∫

−π

X(ejω)ejωne−jω 1
j
dejω

=
1

2πj

π∫

−π

X(ejω)ejω(n−1)dejω =
1

2πj

ejπ∫

e−jπ

X(z)z(n−1)dz =
1

2πj

∮

O1

X(z)zn−1dz

where the last integral is taken over the unit circle O1.
For z-transform, the inverse formula is similar,

x(n) =
1

2πj

∮

C
X(z)zn−1dz

where C is any contour that embraces the original point (0, 0), for example the circle Or of radius
r > 0.

B. Properties of z-transform

1. (Linearity)
If

x1(n)→ X1(z), x2(n)→ X2(z)

then
x1(n) + kx2(n)→ X1(z) + kX2(z)
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for any constant k.

2. (Delay)
x(n) → x(n− n0)
↓ z ↓ z

X(z) → X(z)z−n0

for any integer n0.

3. (Time-reversal)
x(n) → x(−n)
↓ z ↓ z

X(z) → X(z−1), z−1 ∈ ROC(X)

for instance if ROC(X(z)) = {z; |z| > 2} then ROC(X(z−1)) = {z; |z| < 1/2}.
Example 7: The following diagram holds for a given real number a > 0:

1
1− az−1

︸ ︷︷ ︸
q

=
z

z − a
= − a−1z

1 − a−1z︸ ︷︷ ︸
q

↓ z−1 ↓ ↓ z−1

anu(n) ← x(n) → −anu(−n− 1)
⇓ ⇓

{z; |z| > a} ← ROC → {z; |z| < a}

Example 8: Consider the signal

x(n) = 2nu(n) + 5nu(−n).

The z-transform for this signal is defined as follows

X(z) =
1

1− 2z−1
||z|>2 −

1
1− 1

5z
||z|<5

for all z such that 2 < |z| < 5.
Application (Difference equation)

y(n) + a1y(n− 1) + a2y(n− 2) = x(n) + b1x(n− 1)
↓ z ↓ z ↓ z ↓ z ↓ z

Y (z) + a1Y (z)z−1 + a2Y (z)z−2 = X(z) + b1X(z)z−1

Therefore
Y (z)[1 + a1z

−1 + a2z
−2] = X(z)[1 + b1z

−1]

and we obtain

Y (z) =
1 + b1z

−1

1 + a1z−1 + a2z−2
X(z). (Y (z) = H(z)X(z)?)

The equation holds only for z lying in the intersection of ROCs of two z-transforms.
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4. (Convolution)

y(n) = x(n) ∗ h(n)
↓ z ↓ z ↓ ↓ z

Y (z) = X(z) · H(z)

Example 9: For given two numbers a 6= b, we consider two sequences

x(n) = anu(n) =

{
an, n = 0, 1, 2, ...,
0, n = −1,−2, ...,

h(n) = bnu(n) =

{
bn, n = 0, 1, 2, ...,

0, n = −1,−2, ...,

and the linear convolution

y(n) =
∞∑

m=−∞
h(m)x(n−m) =

n∑

m=0

bman−m.

Using the results of Example 6, we obtain the following diagram for z-transform:

y(n) = x(n) ∗ h(n)
↓ z ↓ z ↓ ↓ z

Y (z) =
1

1− az−1
· 1

1− bz−1

Therefore
Y (z) = A

1
1− az−1

+ B
1

1 − bz−1
, |z| > max(|a|, |b|)

where A = −a/(b− a) and B = b/(b− a).

Example 10: Using results of Example 5, we obtain

Y (z) = A
1

1− az−1
+ B

1
1− bz−1

↑ z ↑ z ↑ ↑ z
y(n) = Ax(n) + Bh(n)

and the direct formula for the linear convolution can be derived as following

y(n) = x(n) ∗ h(n) = Ax(n) + Bh(n)

= Aanu1(n) + Bbnu1(n) = [Aan + Bbn]u1(n) =
bn+1 − an+1

b− a
u1(n).

5. (Multiplication)

x1(n) x2(n) y(n) = x1(n) · x2(n)
↓ z ↓ z ↓ z

X1(z) X2(z) Y (z) = 1
2πj

∮

C

X1(v)X2(
z

v
)v−1dv
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which, in particular case for the discrete Fourier transform takes the form

Y (ejω) =
1
2π

π∫

−π

X1(ejθ)X2(ej(ω−θ))dθ.

I. Single-sided Z-transform

Let x(n) be a sequence defined for all integers n = 0,±1,±2, ... . The transform

x(n) z−→ X(z) =
∞∑

n=0

x(n)z−n , z ∈ ROC(X) ⊆ C2,

is called a single-sided z-transform of x(n).
This is the linear transform with the following property.

6. (Delay)
x(n) → x(n− 1)
↓ z ↓ z

X(z) → X(z)z−1 + x(−1)
Indeed

x(n− 1) →
∞∑

n=0

x(n− 1)z−n =
∞∑

n=−1

x(n)z−(n+1)

= x(−1) +
∞∑

n=0

x(n)z−n−1 = x(−1) + z−1
∞∑

n=0

x(n)z−n

Similarly, in the case for the second delay, we obtain

x(n) → x(n− 2)
↓ z ↓ z

X(z) → X(z)z−2 + x(−2) + x(−1)z−1

Application (Difference equation with initial condition)
Given a coefficient a, we consider the difference equation with condition y(−1) = A :

y(n) + ay(n− 1) = x(n)
↓ z ↓ z ↓ z

Y (z) + a
[
Y (z)z−1 + y(−1)

]
= X(z)

Therefore,

Y (z)[1 + az−1] + aA = X(z) ⇒ Y (z) =
X(z)− aA

1 + az−1
. (111)

For example, if
x(n) = ejωnu1(n),

then we can substitute in (111)

X(z) =
1

1− ejωz−1
, |z| > 1.

Taking, the inverse z-transform of Y (z), we can determine the response y(n).
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A. Digital filters

The general expression for transfer function of the digital filter is

H(z) =
Y (z)
X(z)

where X(z) and Y (z) are z-transforms of the input x(n) and output y(n) sequences.
The relation between input and output is described by the difference equation of order N,

y(n) + a1y(n− 1) + a2y(n− 2) + ... + aNy(n−N) = x(n) + b1x(n− 1) + ... + bNx(n−N)

which has the following form in terms of z-transform,

Y (z)[1 + a1z
−1 + a2z

−2 + ... + aNz−N ] = X(z)[1 + b1z
−1 + ... + bNz−N ]

Therefore, transfer function of the digital filter is

H(z) =
Y (z)
X(z)

=
1 + b1z

−1 + b2z
−2 + . . . + bNz−N

1 + a1z−1 + a2z−2 + . . . + aNz−N
=

N∑

k=0

bkz
−k

1 +
N∑

m=1

amz−m

(a0 = 1)

This formula can be written as

H(z) =
Y (z)
X(z)

= H1(z)H2(z) =
W (z)
X(z)

Y (z)
W (z)

H1(z) =
1

1 +
N∑

m=1

amz−m

, H2(z) =
N∑

k=0

bkz
−k (b0 = 1)

H1(z) =
W (z)
X(z)

⇒ w(n) + a1w(n− 1) + a2w(n− 2) + ... + aNw(n−N) = x(n)

H2(z) =
Y (z)
W (z)

⇒ y(n) = w(n) + b1w(n− 1) + b2w(n− 2) + ... + bNw(n−N)

Example 11: We now derive the difference equation of a LTI system that has the following transfer
function

H(z) =
Y (z)
X(z)

=
z − 1

2

z2 − z + 2
9

= z−1 1− 1
2z−1

1− z−1 + 2
9z−2

.

For the causal system, the transfer function can be written as

H(z) = z−1

[
A

1− 1
3z−1

+
B

1− 2
3z−1

]
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where A = 1/2 and B = 1/2. The impulse response for the sum in the square brackets is defined as

[
A

(
1
3

)n

+ B

(
2
3

)n]
u(n)→ h(n) =

[
A

(
1
3

)n−1

+ B

(
2
3

)n−1
]

u(n − 1).

We also have
Y (z)

[
1− z−1 +

2
9
z−2

]
= X(z)

[
z−1 − 1

2
z−2

]

and in the time domain

y(n)− y(n− 1) +
2
9
y(n− 2) = x(n− 1)− 1

2
x(n− 2). (112)

The block diagram of realization for this system is given in Fig. 23.
State variable model The LTI discrete system can be described by the following model with

two state-variables:

x1(n + 1) = x2(n)

x2(n + 1) = −2
9
x1(n) + x2(n) + x(n)

or in the matrix form as
[

x1(n + 1)
x2(n + 1)

]
=




0 1

−2
9

1



[

x1(n)
x2(n)

]
+

[
0
1

]
x(n).

The relation of the state-variables with the output is described by

y(n) = −1
2
x1(n) + x2(n) =

[
−1

2
1
][

x1(n)
x2(n)

]
+

[
0
0

]
x(n).

⊕ ⊕ -

?

z−1

?

z−1

? �
�
�
�
��
�
�
�
��

%
%

%
%%

B
B

B
B
BBM −1/2

y(n)x(n)

−2/9
@

@
@

@@
-

B
B

B
BB

s
s

sx1(n)

x2(n)

x2(n + 1)

Fig. 23. Diagram of realization of the system (form II).
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B. The Laplace, Fourier and z-transforms

The z-transform is the discrete-time counter-part of the Laplace transform and a generalization
of the Fourier transform of a sampled signal. Like Laplace transform the z-transform allows to
represent a system in terms of the locations of the poles and zeros of the system transfer function
in the complex z-plane. The roots of the transfer function, i.e. poles and zeros, describe the
behavior of the system.

The common for the Laplace, Fourier, and z-transform is the use of the complex exponential
functions as the basis functions of these transforms

z = ep = eσ+jω = eσejω = rejω ⇒ zn = rn(ejω)n. (113)

For continuous-time right-sided signal x(t), the Laplace transform is defined as

X(p) =
∞∫

0

x(t)e−ptdt, p = σ + jω. (114)

By sampling the continuous-time signal x(t)→ x(nT ) with sampling period assumed to be T = 1s,

the Laplace transform becomes

X(p) =
∞∫

0

x(t)e−ptdt→
∞∑

n=0

x(nT )e−pnT ∆T =
∞∑

n=0

x(n) (ep)−n = X(ep)

Substituting the variable ep with variable z, we obtain the single-sided z-transform

X(ep)→ X(z) =
∞∑

n=0

x(n)z−n.

The z-transform of the sampled (discrete-time) signal can be written as (see (113))

X(z) =
∞∑

n=0

x(n)z−n =
∞∑

n=0

x(n)r−n(ejω)−n =
∞∑

n=0

x(n)(ejω)−n = X(ejω)

when r = 1. Thus, the z-transform becomes the discrete Fourier transform when z is considered to
be on the unit circle, |z| = 1.

The Fourier transform of a time-continuous right-sided signal x(t) is a linear combination of
complex exponentials ejωt, where ω is a frequency (real variable)

X(ω) =
∞∫

0

x(t)e−jωtdt

and the Laplace transform (114) can be considered as a generalization of the Fourier transform
when p = jω and the vertical jω-axis of imaginary numbers belongs to the region of convergence
of the Laplace transform.

We consider a few more examples for the bilateral z-transform

X(z) =
∞∑

n=−∞
x(n)z−n, z ∈ ROC(X).
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1.
x(n) = u0(n + 7) + u0(n− 7).

Then

X(z) =
∞∑

n=−∞
x(n)z−n = z7 + z−7 → X(ejω) = ej7ω + e−j7ω = 2 cos(7ω).

2.

x(n) =

{
αn, n ≥ 0
βn, n < 0

= αnu(n) + βnu(−n − 1), (0 < α < β).

Then

X(z) =
∞∑

n=−∞
x(n)z−n = Z[αnu(n)] + Z[βnu(−n− 1)]

=
[

1
1− αz−1

]
−
[

β−1z

1− β−1z

]

for z such that |z| > α and |z| < β. Thus ROC(X) = {z; α < |z| < β}.
3.
We now consider the z-transform of the discrete-time signal x(n) multiplied by n, i.e. y(n) =

nx(n).

Y (z) =
∞∑

n=−∞
y(n)z−n =

∞∑

n=−∞
nx(n)z−n =

∞∑

n=−∞
x(n)(z−n)′(−z)

= −z

( ∞∑

n=−∞
x(n)z−n

)′

= −zX ′(z).

For instance, if x(n) = 3nu(n), then

y(n) = nx(n) = n3nu(n) z−→ −z

(
1

1− 3z−1

)′
||z|>3 =

3z−1

(1− 3z−1)2
||z|>3.

B.1 Initial and final value theorems

Consider the right-sided discrete-time signal x(n) and its z-transform.
1. When z approaches to infinity, we obtain

lim
z→∞

X(z) = lim
z→∞

[ ∞∑

n=0

x(n)z−n = x(0) + z−1 ·
∞∑

n=1

x(n)z−n

]
= x(0).

2. When z approaches to 1, we can do the following calculations

Z[x(n + 1)]− Z[x(n)] = lim
N→∞

N∑

n=0

[x(n + 1)− x(n)]z−n

z [X(z)− x(0)]−X(z) = lim
N→∞

N∑

n=0

[x(n + 1)− x(n)]z−n
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and when z → 1, we obtain

lim
z→1

(z − 1)X(z)− x(0) = lim
N→∞

N−1∑

n=0

[x(n + 1)− x(n)] = lim
N→∞

[x(N)− x(0)] = lim
N→∞

x(N)− x(0)

Thus
lim
z→1

(z − 1)X(z) = lim
n→∞

x(n), (if lim
n→∞

x(n) ∃).

Example 12: As we know limn→∞ sin(nω0) does not exist, but for the z-transform of this signal

x(n) = sin(nω0)
z−→ X(z) =

z−1 sin(ω0)
1− 2z−1 cos(ω0) + z−2

we obtain
lim
z→1

(z − 1)X(z) = lim
z→1

(z − 1)
z sin(ω0)

1− 2z cos(ω0) + z2
= 0.

B.2 Inverse systems

For a linear time invariant system with impulse response h(n), the inverse system is defined by
the impulse response h1(n) such that

[x(n) ∗ h(n)] ∗ h1(n) = x(n) ⇒ h(n) ∗ h1(n) = u0(n).

This relation is expressed in terms of the z-transforms as

H(z)H1(z) = 1, z ∈ ROC(H)∩ ROC(H1).

Thus the inverse system is defined by the transfer function

H1(z) =
1

H(z)
, z ∈ ROC(H) ∩ {z; H(z) 6= 0}. (115)

If the system is causal, the impulse response is right-sided and the transfer function H(z) is
defined by the single-sided z-transform. If the poles of the system are inside the unit circle, then
the system is stable. Consider as an example the transfer function

H(z) =
(z − 1

2)
(z − 1

4)(z − 1
3)

According to (115), the poles 1/4 and 1/3 of H(z) becomes zeros of H1(z), and zero 1/2 of H(z)
becomes pole of H1(z). Indeed, we have

H1(z) =
1

H(z)
=

(z − 1
4)(z − 1

3)
(z − 1

2)
= (z − 1

3
) +

1
4

(z − 1
3)

(z − 1
2)

= (z − 1
3
) +

1
4

+
1
24

1
z − 1

2

= z − 1
12

+
1
12

1
2z−1

1− 1
2z−1

.

If the system is stable, is the inverse system stable, too? If yes, poles of H1(z) being zeros of
H(z) should be inside the unit circle. Thus, the poles and zeros of a stable and causal system are
inside the unit circle.
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Example 13: Consider a causal system described by the difference equation

y(n)− 1
2
y(n− 1) = x(n).

Then
H(z) =

1
1− 1

2z−1
||z|>1/2 → h(n) =

(
1
2

)n

u(n).

For the inverse system, we have the following

H1(z) =
1

H(z)
= 1− 1

2
z−1 z−1

−→ h(n) = u0(n)− 1
2
u0(n− 1).

Example 14: Consider the following difference equation described a LTI causal system

y(n) +
1
4
y(n− 1)− 1

8
y(n− 2) = −2x(n) +

5
4
x(n− 1).

In terms of z-transform, this equation has the form

Y (z)
[
1 +

1
4
z−1 − 1

8
z−2

]
= X(z)

[
−2 +

5
4
z−1

]
.

The transfer function (or filter) is

H(z) =
Y (z)
X(z)

= −2
1− 5

8z−1

(
1 + 1

2z−1
)(

1− 1
4z−1

)

= A
1

1 + 1
2z−1

||z|>1/2 + B
1

1− 1
4z−1

||z|>1/4

where A and B are constants. Therefore, the system impulse response equals

h(n) = A

(
−1

2

)n

u(n) + B

(
1
4

)n

u(n)

(the system is stable and causal).
We now consider the inverse system which has the following transfer function

H1(z) =
1

H(z)
= −1

2

(
1 + 1

2z−1
)(

1− 1
4z−1

)

1− 5
8z−1

which can be written as

H1(z) = −1
2

[
−2

5
+

1
5
z−1 +

7
5

1− 5
8z−1

]
.

Therefore, the impulse response for the inverse system is

h1(n) =
1
5

[
u0(n)− 1

10
u0(n− 1)− 7

10

(
5
8

)n

u(n)
]

(the inverse system is stable and causal).
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C. The z-transform in examples
Example 1:

xn = x(n) =





1 n = −1
2 n = 0
−1 n = 1

1 n = 2
0 otherwise

X(z) = z + 2− z−1 + z−2

X(ejω) = ejω + 2− e−jω + e−2jω

z-transform exists for all z 6= 0.

Example 2: For a real number a > 0, the following diagram holds

x(n) = anu(n) → y(n) = −anu(−n − 1)
↓ z ↓ z

X(z) =
1

1− az−1
→ Y (z) =

1
1− az−1

ROC = {z; |z| > a} ROC = {z; |z| < a}

The sequences have the formula for z-transforms but different regions of convergence.

Example 3:

y(n) = −u(−n − 1) + (
1
2
)nu(n)

↓ z ↓ z ↓ z

Y (z) =
1

1− z−1

1
1− 2−1z−1

ROC = {z;
1
2

< |z| < 1} ROC = {z; |z| < 1} ∩ ROC = {z; |z| > 1
2
}

anx(n) (a 6= 0)
↓ z

X( z
a)

Example 4: Find the ROC associated with the z-transform of each of the following signal:

x(n) = (
1
2
)nu(n) + (

1
4
)nu(n)

ROC = {z; |z| > 1
2
} ∩ {z; |z| > 1

4
} = {z; |z| > 1

2
}

x(n) = (
1
2
)nu(n) + (

1
4
)nu(−n)

ROC = {z; |z| > 1
2
} ∩ {z; |z| < 1

4
} = ∅
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x(n) = (
1
4
)nu(n) + (

1
2
)nu(−n)

ROC = {z; |z| > 1
4
} ∩ {z; |z| < 1

2
} = {z;

1
4

< |z| < 1
2
}

x(n) = (
1
2
)nu(−n) + (

1
4
)nu(−n)

ROC = {z; |z| < 1
2
} ∩ {z; |z| < 1

4
} = {z; |z| < 1

4
}

Example 5: In the ring 1 < |z| < 2, consider the function

X(z) =
1− z−1 + z−2

(1− 1
2
z−1)(1− 2z−1)(1− z−1)

.

The following representation holds

X(z) =
A

1− 1
2
z−1

+
B

1− 2z−1
+

C

1− z−1

where

A = X(z)(1− 1
2
z−1)|z=1/2

B = X(z)(1− 2z−1)|z=2

C = X(z)(1− z−1)|z=1

Therefore

X(z) =
A

1− 1
2z−1

+
B

1− 2z−1
+

C

1− z−1

↑ z ↑ z ↑ z ↑ z

x(n) = A(
1
2
)nu(n) + −B2nu(−n− 1) + −Cu(n)

{z; 1 < |z| < 2} = {z; |z| > 1/2} ∩ {z; |z| < 2} ∩ {z; |z| > 1}
Example 6:

X(z) =
z3 − 9z2 − 6z + 4

2z2 − 2z − 4
, |z| < 2.

The following representation holds for this function

X(z) =
1
2

[z3 − z2 − 2z]− 8z2 − 2z + 4
z2 − z − 2

=
1
2

[
z − 4

2z2 + z − 1
z2 − z − 2

]
=

1
2

[
z − 4

[2z2 − 2z − 4] + 3z + 3
z2 − z − 2

]

=
1
2

[
z − 8− 12

z + 1
z2 − z − 2

]
=

1
2

[
z − 8− 12

z + 1
(z + 1)(z − 2)

]

=
1
2

[
z − 8− 12

z − 2

]
=

1
2

[
z − 8 +

6
1− 2−1z

]
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Therefore
X(z) =

1
2
z − 4 +

3
1− 2−1z

↑ z ↑ z ↑ z ↑ z

x(n) =
1
2
u0(n + 1) − 4u0(n) + 3 · 2nu(−n)

{z; 1 < |z| < 2} ⊂ {∀z} ∩ {∀z} ∩ {z; |z| < 2}
Example 7:

X(z) =
2 + z−1

1− 1
2
z−1

, |z| > 1
2
.

We have the following

X(z) = 2
1 + 1

2z−1

1− 1
2z−1

= 2
−1 + 1

2z−1 + 2
1− 1

2z−1

= 2

[
−1 +

2
1− 1

2z−1

]
= −2 +

4
1− 1

2z−1

and
X(z) = −2 − 4

1− 1
2z−1

↑ z ↑ z ↑ z

x(n) = −2u0(n) + 4 · (1
2
)nu(n)

{z; |z| > 1
2} = {∀z} ∩ {z; |z| > 1

2}
Example 8:

y(n) = cos(ω0n)x(n), a > 0.

2y(n) = [ejω0n = an]x(n) + ane−jω0nu(n)
↓ z ↓ z ↓ z

2Y (z) = X

(
z

ejω0

)
+ X

(
z

e−jω0

)

Therefore
Y (z) =

1
2

[
X
(
e−jω0z

)
+ X

(
ejω0z

)]
.

Consider for example a > 0 and the sequence

x(n) = an cos(ω0n)u(n), a > 0.

y(n) = cos(ω0n)[anu(n)]
↓ z ↓ z

Y (z) =
1
2

[
1

1− ae−jω0z−1
+

1
1− aejω0z−1

]

{z; |z| > a} {z; |z| > a}

Y (z) =
1− z−1a cos(ω0)

1− 2a cos(ω0)z−1 + a2z−2
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