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PREFACE

These notes were used in my lectures during the teaching the undergraduate-level class of EE 3523 signals
and systems in the Department of Electrical Engineering at the University of Texas at San Antonio.
These lectures are based on the material of many text-books and my notes, and among the books I should

mention the following books (as it mentioned in the syllabus):

Signals, Systems, and Transforms, (3rd Ed., 2003), by Charles L. Philips, John
M. Parr, and Eve A. Riskin, Chapters 7, 8, 10-13.

1. Signals and Systems: Analysis using Transform methods and MATLAB (2nd
Ed., 2004) by M.J. Roberts.

2. Fundamentals of Signals and Systems: with MATLAB Ezamples (2000) by

Text:

Edward Kamen and Bonnie Heck.

3. Signals and Systems, (2nd Ed., 2002) by Simon Haykin and Barry Van Veen.

I decided to post these briefs because of many requests from our students, specially the students who took
my class EE-3423: Signals and Systems I. I hope these lectures will be useful for the graduate students as
well, to remember many important concepts from signals and systems and use them in other DSP classes.
It is not a final version of the lectures, it should be improved, and I will work on the text later and will

add many problem-examples. If you have comments, please let me know (email: amgrigoryan@utsa.edu).
I hope these briefs will help students to understand better many basic topics in S&S.

Thank you.

Art Grigoryan
December 2, 2010.
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I. Characteristics of continuous-time systems .................................... EE-3523

We first consider the RC circuit that is defined by the following differential equation of the 1st
order

du(t) 1
C —v(t) =0. 1
o) (1)
The solution of this equation is
v(t) = voe_R_tC, vo = v(0)

where 7 = RC is the time constant for this exponentially decaying function. The voltage across
the capacitor decays exponentially with time at a rate determined by the time constant.

Let us consider the case when the time constant is 1s. Our goal is to determine the voltage across
the capacitor y(t) = v(t) from the following input voltage

x(t) = e Mu(t) — u(t — 3)]. (2)

The impulse response of the RC system is h(t) = e~tu(t), therefore

o0 3|t
y(t) = () xh(t) = / 2(T)h(t — 7)dr = /6—47'6—(t—7—)d7_
e )
= /e—(t+37—)d7_ _ e_t/e_sTdT _ e_t_—36_37 |8|t
0 0
and finally
0, t<0
1 - p—
yty={ 3¢ U=e) te03 o
1

ge_t(l —e?), t>3.

Ezample 1: For a given input z(t) and impulse function h(t) of the LTT system, let us determine
the response of the system,
xz(t) = 2u(t—1)—2u(t—3)
h(t) = wu(t+1)—2u(t—1)+u(t—3).
We recall here the following properties of the convolution
u(t —to) xu(t) = (t—to)u(t—to)
u(t —[t1 +to]) xu(t) = wu(t—t1)*u(t—t2)
for ant tg, t1, and t5. Therefore, the following calculations hold
y(t) = [u(t—1)—=2u(t—3)]*[u(t+1) —2u(t — 1)+ u(t — 3)]
= 2tu(t) —4(t — 2)u(t —2) + 2(t — 4)u(t — 4)
—2(t —2)u(t — 2) + 4(t — 4d)u(t —4) — 2(t — 6)u(t — 6)
= 2tu(t) —6(t —2)u(t —2) +6(t —4)u(t —4) — 2(t — 6)u(t — 6)
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Thus
0, t<O0
2t, t €10,2]
y(t) = 12 —4t, te[2,4] (4)
2t — 12, te€l4,6]
0, t > 6.

.1 Impulse response

We consider the concept of linear time-invariant system in the continuous-time case. The con-
tinuous function (continuous-time signal) f(t) can be written as

“+o0o
£(t) = /5(t—s)f(s)ds, t € (—o00, +00). (5)

Therefore, the response of the linear time-invariant system L[f] at point ¢ can be written by
formal calculations as

+00 +o0o
(LI (@) = L[ / 6<t—s>f<s>ds] — [ Lot~ s)f(s))ds
+oo—oo —00
= [ 1) Tt - s)ds

“+oo
= [ =) @p)s)) ds (6)

The function h(s) = L[d](s) is called the impulse response function of the system L, which is the
output (response) of the system when the impulse delta function z(t) = §(¢) is input,

/ h(t — $)5(s)ds = h(t — 0) = A(f). (7)

.2 Step response

We define the unit step function u(t) as follows

1, t>0
u(t) =4 1/2, t=0 (8)
0, t<o0.

The response of the system on the input which is the unit step function u(t) is called a step
response

x(t) = u(t) — s(t) = y(t).
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Ezample 2: Consider the step response of the RC circuit described by the differential equation
of order one. The impulse response function of the RC circuit is

h(t) = Ee_ﬁu(t). (9)
Then
s(t) = h(t)xut) = / %e RCu(T)u(t — 7)dr

t>0

1 0, t<0
N “(t)/_ce redr = (1-e7e), t>0.

The step response as the impulse response function describes uniquely the LTI system. Moreover,
a simple relation exists between these two functions. Indeed, defining for positive T" the functions

ur(t) ={ Lo, Iz
7+3, te[-T/2,T)/2]
we can see that
dup(t)
dt
Assuming up(t) — u(t) [for that we need define u(0) = 1/2], we have

—46(t), T —0.

t

=), — ult) = / 5(7)dr

t
ds(t
s(t) = (o) sutt) = [ Ay~ n(p) = 20 (10)
For instance, the impulse response function of the RC circuit can be calculated as
_ds(t)_ oty _1_4
h(t) = p = (1 — € RC) 'I,L(t) = ﬁe RCu(t),

.3 LTI systems

We now write the linear time-invariant system L as
o
y(t) = / h(r)a(t — r)dr. (11)
—00

Equation 11 is the linear convolution of the input signal, z(¢), with the function h(t)

y(t) = (h*x)(t) = h(t) « x(t) = x(t) * h(t).
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The response of the LTI system to a complex exponential input is the same exponential input
with modified amplitude. Indeed, consider the exponential function with parameter s, z(t) =
xs(t) = exp(st). The output signal for this system is defined as follows

+00 +oo
y(t) = /h(T)es(t_T)dT:eSt / h(T)e*"dr

= e H(s) = x4(t)H(s)

where H (s) is the transfer function of the system. The exponential input is modified by the amount
H(s) at the output of the linear system.

It directly follows from the above equation, that if an input is composed by linear combination
of two sinusoidal signals, then the output is also the linear combination of two such signals

x(t) = kizs, (t) + kows, (1) (12)
y(t) = kiH(s1)ws, () + koH (s2)2s, (1) (13)

We can see that only amplitudes of inputs signals are changed, when they pass the linear system.
In general, for a linear combination of exponential inputs, the response of the system is defined
as

x(t) = Z cpett — y(t) = Z ciH (sg)e "
Ezample 3: Consider the system tkhat is described as '
z(t) = y(t) = z(t —5) + x(t +2)
Then, the response on the exponential signal is defined as
zo(t) = et — 5t75) | os(t42) — gst(o=5s | o25)
and the corresponding frequency response is
H(s) = e 5 4 ¢, (14)
There is a simple relation between the impulse and frequency response functions
h(t) x x(t) = H(s)x(t).
We have
h(t) =d(t —5)+0(t+2)
and using the convolution operation, we obtain
et — et w5t —5)+ et x(t+2) = 5D x §5(t) + 52 % 5(1)
_ en(t=5) 4 ga(t42) _ gst[e=5s | 025 — F(g)(t).
We now consider the sinusoidal signal z(¢) = cos(2t). Then, the following holds

z(t) = %[eﬂt _|_e—j2t] —y(t) = %[H@j)eﬂt_i_ H(—2j)e_j2t]

— ReH(2j)¢’* = Re [(e‘mj + e4j) ejzt} = cos(2t — 10) + cos(2t + 4)
cos(2t) — cos(2t — 10) + cos(2t + 4).
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In general, for a complex exponential signal x,(t) = e/“!, the output signal for the LTI system
is defined as follows

+00 +o0
y(t) = [ W) ar = e [ (e dr = 6 H () = 2D H () (15)

where H (w) is the Fourier transform of h(¢). The amplitude of the input sinusoid of frequency w is
only changed by the amount H (w) at the output of the system.

Because of linearity of the system, for any real inputs x(¢) and z2(t), the response of a linear
combination of inputs is the linear combination of their outputs. Therefore

z1(t) +j- w(t) = a(t) = et
1L | L | L
yi(t) +j- ye(t) = y(t) = H(w)e!™o! = |H(wg)|ed (@ott0)
and
cos(wot) = z1(t) = Rez(t) — y1(t) = Rey(t) = Re H (wp)e’ 0t

—  Re[|H (wo)|e’"]e*" — | H (wp)|Re e/“ot+0)
= |H(wo)| cos(wot + )

where 6 = 0(wg) = arg H(wy) is the phase of the frequency response.
Thus, for a given frequency wy,

cos(wot) — |H(wp)|cos(wot +0), H = (|H|,0) (16)
sin(wot) — |H(wo)| sin(wot + 0).

Applying this property for Example 3 when the transfer response defined in (14), we first assume
that

H(s) = [Hi(s) = 7] + [Ha(s) = ¢
and, then, applying (16) for wy = 2, we obtain
cos(2t) — [|e‘j5'2| cos(2t + (—5) - 2)} + [|ej2'2| cos(2t + 2 - 2)}

= cos(2t — 10) + cos(2t + 4)
= [2cos(7)] cos(2t — 3) = |H(2)|cos(2t + 6).

Figure 1 shows the input and response of the system.

In the complex case of parameter s = jw, the frequency response H (w) of a LTI system is defined
as follows

“+0o0
z(t) = et — y(t) = e/ / h(T)e “Tdr = H(w)e/*?

“+0o0o
H(w) = / h(r)e 97 dr. (17)
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input signal output signal
2 T T 2 T T

YO=y, O+,

x(t)=cos(2t)

15+ i

Fig. 1. (a) Input signal z(t) = cos(2t). (b) Response of the system on the signal.

Absolute value of frequency response is called the magnitude response and the phase of the frequency
response is called the phase response.
Ezample 4: Consider the system with the following impulse response function

h(t) = = [6(t— 1)+ 6(t) + 6(t +1)].

N =

The frequency response of the system is calculated as follows
1
H@) = 5 [ 18r—1+5()+8(+ e dr

1 » » 1
— Z[emiw jw| — =
= 3 [e +1+e } 2+cos(w).

The impulse response is the periodic, symmetric (even) function and the frequency response is real
function, and argH (w) = 0 for w € [—27/3, 27 /3], and argH (w) = +7 for |w| € (27/3, 7).
If we consider the impulse response

h(t) = 5 [0(t = 1) +6()]

N —
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then the frequency response

1 . 1 cw cw cw s w w
— 2 [p—iw — oI5 [ed% LIS ] — oIS ud
H(w)—2[e —|—1}—2e 2[62—1—6 2]—6 2008(2).
Therefore, |H(w)| = | cos(w/2)| and arg H (w) = w/2 or w/2 — 7, depending on the sign of cos(w/2).

Ezample 5: Consider the RC circuit with the impulse response

1 ¢
Then
“+0o0o 1 1 “+o0o
H(W) = / EB_I;_CG_thdt: m / 6_[jw+R1_C]tdt
0 0
1
RC  jw+ 7 jw+ g5 J(RC)w+1

and magnitude and phase frequency responses are

[H(w)| =

arg H(w) = —tan '[RCw].

Figure 2 shows the magnitude and phase responses of the RC circuit, for the cases when RC =1
and RC = 4.
Ezample 6 (Integrator) Consider a causal system H which is described as

¢
H:z(t) —y(t) = / z(T)dr, te (—o0,+00).
—0oQ
H is linear time invariant system, since for a given ¢y, we have the following

t t—to

H:z(t—ty) — /:E(T—t(])dT: / z(7)dr" = y(t — o).

—0o0

The impulse response function of the system is h(t) = u(t) (if t # 0).
If z(t) = Ce/*, w # 0, then the response of the system on x(t) at point ¢ # 0 is defined as

t t
(1) = / Cel“Tdr = C / deim . -
jw

1 1 . 1
== C,—GJWt = ,—CGJWt = —ZE(t)
Jw Jw Jw
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magnitude response phase response

Fig. 2. (a) Magnitude frequency responses. (b) Phase responses of the system.

So, we can see that response function H(w) = 1/(jw) (but not the Fourier transform of the u(t)
function). Therefore, the response of the system to the linear combination of exponential signals
is defined as
z(t) = 1?1 4 coed?t — y(t) = ,iclejwlt + ,chejwzt
Jw1 Jw2
and in the general case

1 . 1 .
y(t) = chle”““t + chze”wzt + mlc16(wr) + c2d(w2)].
1 2

Ezample 7 (Time invariance) In many practical applications, a real physical system (circuit)
can be modeled as a LTI system under a specific conditions. We can consider as an example, the
simple resistor network consisting of two resistors that vary with time. The resistors are connected
cascade-wise, and the voltage across the second resistor can be defined as

. ra(t)
y(t) = RO +T2(t)$(t)

where x(t)is an applied voltage.
This network can be considered to be a LTT system x(t) — y(t) only if

rl(t)
T’g(t)

= cons.
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.4 n-order LTI systems
We now consider a general nth-order linear system H : xz(t) — y(¢) that is described by the

n-order linear differential equation with constant coefficients,

aoy(t) + a1y () + agyP (1) + ... + any™ (1)

= bQZE(t) + blib(l)(t) + b2$(2)(t) +...+ meE(m) (t) (18)

with coefficients ay and by, (k=0:n,1=0:m). y®) and () denote respectively the derivatives
d*y(t)/dtk and d'x(t)/dt'. We consider the exponential input function with amplitude X,

z(t) = Xe', te (—oo0,+00)

and output in the form

where H (s) is a function of s.
Since
2O = sla(t) = e, 1=0:m
and

y () = H(s)a® (1) = H(s)s"2(t) = sy (1)

for k=0,...,n, we can write Eq. 18 as
[ap + a15 4+ azs® 4 ...+ a,s"]y(t) = [bo + b1s + bas® + ... + bys™]x(t) (19)

And finally
bo + b15 + bas? + ...+ by s™
y(t) = 5 ——a(t). (20)
ag+ a1s+ a8+ ...+ aps
Therefore the nth-order linear system H : x(t) — y(t), that has been defined by the n-order linear
differential equation with constant coefficients, is described by the transform function

H(s) = bo + b1s + bas® + ...+ by s™ (21)
ap+ais+ass? + ...+ a,s”

when inputs are exponential functions.
The following formula for computing the response function of the system by the impulse function:

“+o00

H(s) = /G_STh(T)dT. (22)

—0o0

Thus, the linear convolution system can be represented by two ways:

(t)

—y x(t) « h(t) (integral representation)
z(t) — y(t)

t
H(s) z(t) (polynomial representation).
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.5 Impulse response of the RC circuit

dy(t) | 1
—— + —=y(t) = x(t 2
C=r + y(t) = 2(t) (23)
where we denote y(t) = v(t) and x(t) = i(¢). The impulse response of the RC system is
h(t) = %e—ﬁ—cu(t) (24)

1. (Laplace transform) The transfer function is

1 & 1
=—C — S ht) = Ee_ﬁu(t).

H(s) =
(s) C’s—l—% s—l—cl—R

2. (Integrator) By multiplying both sides of (23) by exp(t/RC), we obtain

t t e 1 1
eﬁdi/ii)—i—eﬁﬁy(t) = Eeﬁiﬂ(t)
dr ¢t 1 &
E[eHCy(t)} = EeRC:E(t)
So
; L1
erCy(t) = / Eeﬁ:E(T)dT:
oo 1 t—T1
y(t) = / 6e_(Rc)u(t—7‘):13(7‘)(17/7':h(7§)>x<:n(t).

3. (Delta function) The impulse response is the output of the system when the input is 6(¢)

w(t) = 6(t) — y(t) = h(t).
We show that A(t) in (24) is the solution of

Indeed, for any continuous at point ¢ = 0 function f(t), the following calculations hold

o0

/ _c%t) + %h(t)] Ft)dt

[ lelmy s i) .,
| +Eae—ﬁ—mg)

/ 0[%e—£—cdz—§t>] F(t)dt = / [e=eo(0)] £(t)at

(e}

_ / (e~ £(1)] 8(t)dt = £(0).

—0o0
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I1. State-variable description for continuous LTI systems ....................... EE-3523

In this section, we consider state-variable description (SVD) of a LTI system, namely a model
which is specified in terms of a set of variables that describe the internal state of the system. We
derive such model in terms of matrix equations that correspond to a system of coupled first order
differential equations. That system will also describe the state of the system to the current input
and output. A state can be defined as a minimal number of signals that represent the system’s
memory of the past.

We consider a LTI system, L : v(t) — y(t), that is described by a differential equation of order
n. The following notations are used for SVD of the system

x(t) = : , () = : ) (25)
Zn(t) T (t)

The components x(t) are called state variables of the systems. The n-dimensional vector function
x(t) is called a state trajectory (or state response) of the system. The component of the second
vector are derivatives of xy(t), i.e. @5 (t) = z.(t), k = 1 : n. The input of the system will be denoted
by wv(t).

The general state equations of the SISO system with state x(t), relative to the input v(t) and
output y(t) at time ¢, can be written as

y(t) = G(z(t),0(t), 1) (27)

where F' and G are functions to be found. These equations define the state model of the system.
This is a time-domain model with two parts connected in cascade form as shown in Fig. 3.

State Model

G(x(D),v(0),t)
— S —
V(o) y(©

Fx(0),v(0.0)

state response

Fig. 3. Structure of the state model of a LTT system.

The first equation describes the state response x(t) resulting from application of an input signal
v(t). The second equation describes the response of the system with the given state and input.
We focus only on the simple form of the above equations, namely linear form

i(t) = A(t)z(t) + Blt)v(t) (28)
y(t) = C(t)z(t) + D(t)w(t). (29)
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Ezample 1: Consider the system with the differential equation of order one

§() + 3y() = 40(2).
Introducing the variable z(t) = y(t), this equation can be written as the following system
x(t) = —=3x(t) + 4v(t)
y(t) = =().
In this case A(t) = =3, B(t) =4, C(t) = 1, and D(t) = 0.
Ezample 2: Consider the system with the differential equation of order 2
G(t) = 29(t) + 3y(t) = 4v(?).
Introducing the variable
x1(t) =y(t), @2(t) = 21(t)

the above differential equation can be written as the following system

:ﬁl(t) = :Eg(t)
:ﬁg(t) = —3:E1(7f) + 2:E2(t) + 4’[)(7f)
y(t) = z1(t).

The first two equations define the state response z(t) of the system, and the last equation describes
the system response y(t). In the terms of matrix

o @@ | ] 0 1] @()
() = [:t;(t)]_[—3 2] [:pi(t)

o = [1o][ 28]

0

+ 4]1)(75)

In this case
A(t):[_g ;] B(t)z[i], cw=[10]. D=0

Thus, the following substitution have been done for the given differential equation

gty =22 gt) 3 yt) = 4ot
! !
za(t) zi(t) — @1(t) = 2(t)
! ! !
:ﬁg(t) —2- :L'g(t) +3- :El(t) = 4’[)(7f)

It should be noted that the state-variables for the state-model of the system can be defined in
different way. In other words, there is no unique state-variable description of the system. For
instance, consider the following state-model

gy =20 gt) 43 ylt) = 4ot
! !
z1(t) zo(t) — Zo(t) = z1(t)
! ! !
:ﬁl(t) —2- :El(t) +3- :L'g(t) = 4’[)(7f)
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Then, in the matrix form the state-model can be written as

. i(t) | |2 -3 x1(t)
1) = l:t;(t)]_ll O]lzni(t)

yt) = |0 1][:”1(’5)]

:Eg(t)

_|_

4
. ] o(t)

One can note the change in matrices

an-| 33 ]=11 5] =] =] cw-[ro)=[o]

by rules ay r — a2—n2—k, by — ba—k, and ¢, — ca_y, respectively.
Ezample 3: Consider the RLC circuit that is described by the differential equation of order 2

di(t)

L
dt

FRI() 4 ut) = wit)
ve(t) = % / i()dr

where v;(t) is the input voltage and v.(t) is the capacitor voltage (output).
The substitutions are the following for this system

6 . —
L= T Z(f) + Ucft) = u()
za(t) zi(t) — i (t) = Gaa(t)
! !
L:ﬁg(t) +R- :Eg(t) + :El(t) = ’L)i(t)

Thus, we write the above system of equations as

1

ii(t) = 5!132(75) (30)
Baft) = —aalt) — man(t) + Tuilt)

where z1(t) = v.(t) and za(t) = i(t). In the matrix form the above equations can be written as

. l T
B(t) = [28 ] = l _g & ] [:U;Eg - g ]vi(t) (31)
yit) = [0 1] [28 ] (32)

State response (rule):
In the general case of the differential equation of order n

Ly(ana Ap—1, ..., A1, (I(])(t) = Lv(bm bn—17 ) b17 bO)(t)
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1. Use the
coefficients
of dif. eq. part

Ly( 1 ,an_l ,an_z,“

L{la ,a .
y

n-1""n-2

5

a)=L(b b b

vin’ n=1""n-2

A,ao)

2. Change the signs

of the coefficients

x'n(t):—a X (t)—alxz(t)—a2x3(t)—...—a“_]xn(t)+v(t),

01

Fig. 4. Diagram of realization of the system with state variables.

where (we assume a,, = 1)

yx'n(l)

Ix'n(r)dr

[0

Ixn(r)dr

Y "n-1

X, 0=X (0

x0=X,0

Ix J(vdt

X 2(1):)(’ ,©

Y

[ %0

Ly(l, Ap—1y -9 A1, a(])
Lv(bnabn—lv "'ablab(]) =

y™ 4 an_qy

the following substitutions can be performed

y(l):bnx'n(t)+bn_

(n—1)

1

x“(l)+bn_

1. Use the
coefficients

of dif. eq. part

L (b.b

y(

b

b,

v n-1""n-2"""T0

2

X 1(t)+...+b o 1(t)

+ ...+ aly/ + apy
bpo™ + by 0™ £ by + boo

y(n) _|_an_1. y(n_l) _|_an_2. y(n_z) _|_ _|_ as- y(z) _|_a1. y/ _|_a0 Y 'U(t)
! ! ! ! !
Tn Tn—1 x3 €2 x
! ! ! ! ! !
Tn(t) dan—1- zp(t) “Fap—2+ xp-_1(t) +...4+az wz3(t) +ar- x2(t) Hapr  x1(t) v(t)

Therefore, we have the following system of equations for state variables

[z1() = y(2)]

:ﬁl(t) = :Eg(t)
:ﬁg(t) = :Eg(t)
t3(t) = z4(2)
na(t) = Tni (1)
:En_l(t = :En(t)
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In the matrix form, the state-variable description of the system is defined by

0 1 0
0 1 0
z(t) = 0o .. x(t)+ | ... |v(t) (33)
0 1 0
—ag —a1 —ag —Anp—-1 1
and
z1(t)
z2(t)
y(t) = [ bo —aobp b1 —aiby, by —agby, ... bpo1—an—1by } z3(t) | + bno(t)
Ty (t)

Note that another state model is described by the state-variables defined as follows:

v dan_1- Yy tan_e- vy 4+ as y@ +a- Y +ag- y v(t)
! ! ! ! !
x1 Z2 Tn—2 Tn—1 Tn
! ! ! ! ! !
1(t) tan-1- w1(t)  Fap2- @) 4. tax wpa(t) tarr wpa(t) tao za(t) v(t).

Therefore, we have the following system of equations for new state variables

:ﬁl(t) = —an_lznl(t) — an_glEg(t) — an_glEg(t) — . — alznn_l(t) — a(]:En(t) + ’U(t)
:ﬁg(t) = :El(t)
:ﬁg(t) = :Eg(t)

if'n—2'(‘t) = Tn-3 (t)
:tn_l(t) = :En_g(t)
in(t) = Tp_1(t) [zn(t) = y(t)]-

In the matrix form, the corresponding state-variable description of the system is defined by

—QAp—1 —Aap—92 ... —a1 —ago 1
1 0 0
#(t) = 0 . 2(t) + | o | 0(t) (34)
1 0 0
1 0 0
and
z1(t)
:L'g(t)
y(t) = [ bp—1—an—1 by —an_2b, .. bi—aib, by —agb, } :Eg(t) + bn’U(t).

"L'f'z‘(‘t)
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Ezample 4: Consider the LTI system described by the differential equation of order two
Ly(1,3,2) = Ly(5,4).

The order of equation is 2, therefore the state variable consists of two components, and we will use
the matrix (2 x 2) for A. The SVD model for this system is defined by

#(t) = l _ag _ai ] o) + (1) ]v(t) _ l _g _é ] 2(t) + (1) ]v(t)
and (b = 0)
[y B z1(t) _ z1(t)
y(t) [ bo — agbs b1 — a1bs } :Eg(t) —I—bg’U(t) [ 4 5 } :Eg(t) .

Ezample 5: Consider the diagram of realization, which is given in Fig. 5. The diagram describes
a LTI system described by the differential equation of order two

y@ () = 3y/(t) — 2y(t) — /(1) + do(t). (35)

v(®) X0

x,(0)

[

x,(®)

yPO-3y O+2y()=—v"(D+4v(0)

Fig. 5. Diagram of realization of the system.

The state-model is defined as follows

o [l e e
y(t) = [4 1] 28 . (37)

Ezample 6: We now consider the system described by differential equation
y@ (1) = 3y (t) — 2y(t) + 20D () — ' () + 4v(2). (38)

The state-response is the same as in (36), one need to change only the formula for response of the

y(t) =] 4-2-2 —1+3-2H$1(t> ] =|o0 5}[‘"”1(’5) ] = 5as(t).

system

:Eg(t) :Eg(t)
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In this case we can simplify the state-model as

a)=]-2 3] [331(75) ] — 2w (t) + 3 (b),

:Eg(t)

y(1)

5:172(75).

17
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ITI. Discrete-time representation of differential equations ...................... EE-3523

In this section, we describe the method of discretization (in time)
t = nT, y(t) —y(n) =ynT), =(t)—z(n)=(nT)

of a differential equation with constant coefficients. The goal is to obtain the approximation of the
differential equation in the form of the difference equation. The time sampling T is assumed to be
small for correct approximation.

A. The 1st order differential equation

We first consider the differential equation of order 1
y(8) + ay(t) = b (t) (39)
which results in the following evaluation at point ¢t = nT’
o (Himr) + ay(n) = ba(n), n e Z. (40)

By definition of the derivative, we obtain the approximation

/ o y(T+A) —y(nT)  y(nT+T)—y(nT)
(o) = i PG WL,
Therefore Eq. 40 can be approximated as

y(nT +T) —y(nT)

V0D | ayn) = bat)
y(n+ 1)~ y(n) +aTy(n) = bTx(n)
yin+1) = yn)[1l—al]+ bTx(n) (41)
yn) = yn—1)[1—al]+bTx(n—1). (42)

Let us assume that the initial condition for this equation to be y(0) and let z(¢) = 0 for all n. Then,
y(1) = (1 =aT)y(0) +bTx(0) = (1 — aT)y(0)
y(2) = (1—aT)y(1)+bTx(1) = (1 —aT)?*y(0), ...

and the solution is
y(n) = (1—aT)"y(0), n>0. (43)

The exact solution of (39) is
ye(t) = e~y (0)u(t) (44)

whose approximation is

ye(n) = ge(tli=nr) = e~ Ty(0)u(n) = (=) " y(0)u(n). (45)
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For small T, the solution in (43) can thus be considered as the accurate approximation of the
solution (45). Indeed, according to Taylor’s expansion (series) of the exponential function, we have

(aT _ (aT)?

n
51 TR (=1
~ 1—aT, when T" < € > 0.

(aT)"

n!

e = 1 —alT +

+ ...

Ezample 1: Consider the RC circuit with the input-output differential equation

dy(t) 1 dy(t) 1 1
2 —yt) = a(t) = 2 ——y(t) = =a(t
oy Ly = () — Py L) = 2t
where z(t) is the current applied to the circuit, y(¢) is the voltage across the capacitor. In this
case, @ = 1/RC and b = 1/C, and the solution in (42) is

y(n) = (1 — %) y(n—1)+ gzn(n —1)=Ay(n—1)+ Bz(n —1) (46)
where T T
A=1-—o, Bz (47)

Ezample 2: Consider the RC circuit with parameters C' = 1F, R = 1€), and sampling period
T = 0.2s. The difference equation 46 takes the form

y(n) = %y(n —-1)+ é:ﬂ(n —1).

If the initial conditions are conditions y(0) = 0 and x(0) = 1, then response of the system to the
input z(t) = 1, t > 0, is calculated by the simple recursion as

1

1) = =

y(1) z

41 1

2) = .- 4=

(3) = 42 1,41 1

Y& = 52575 575

(n) gn—1 1+ +42 1+4 1+1

n) = Sl SIS o T -t alo

4 515 52575 5 5
Therefore

47’L
y(n):1—<g>, n=12,....

Figure 6 shows the solution of this difference equation for n = 1 : 40. The curve of the exact
solution

ye(t) = (1 — e 7 u(t) (48)

is also shown.
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1 (SASASAS, \CACACACACACACAT)

= T 0%
y(n)=y(nT) 502

y(t=[1-¢"*Yic

3 4 5 6 7 8 9 10

Fig. 6. Approximation of the solution for the RC=1 circuit when the sampling time is 0.2s.

B. 2nd order equation

We now consider the differential equation of order 2
y"(t) + a1y (t) + aoy(t) = b1'(t) + box(t) (49)
which results in the following evaluation at point ¢t = nT’
y" (tl=nt) + @19/ (tli=n1) + aoy(n) = b12’(tli=nr)(n) + box(n), 1€ Z. (50)

The approximation of the second derivative will be calculated as follows

y’(t + A) o y’(t) y(t+A+T12—y(t+A) o y(t—i—TjZ—y(t)

" T s .
Y (tli=nt) = ilirf0 A = ilir}o :ll“li% A
_ i [YOETHT) g+ T)  y(E+T) —y(t)
T-0 T2 T2
y(nT +2T) = 2y(nT +T) + y(nT) _ y(n+2) —2y(n+1)+y(n)

~ —
~ ==

T2 T2
Therefore Eq. 49 can be approximated as
y(n+2) —2y(n+1) +y() ynt+1)—y(n) z(n+1) — x(n)
T2 ! T T
yn+2)—2—aiTly(n+1) +[1 —a1T + agT4y(n) = bTz(n+1)— [by — byT|Tz(n)

+apy(n) = b + box(n)
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yn+2) = 2-—aTlyn+1)—[1—a1T + agT?y(n) + byTz(n + 1) — [by — boT|Tz(n)
yn) = 2—aTly(n—1) —[1 —a1T + agTHy(n — 2) + b1 Tx(n — 1) — [by — boT|Tx(n — 2).

We obtain thus the difference equation of order two
y(n) = Ajy(n — 1) + Asy(n — 2) + Byz(n — 1) + Box(n — 2) (51)
where
Ay =2—a1T, Ay=—-(1—a1T+ ayT?), By =0T, By=—(b—byT)T. (52)

We assume that two initial conditions are given, y'(0) and y(0). For difference equation the first
initial condition takes the form

and therefore
y(1) = Ty'(0) + y(0). (53)

Ezample 3: Consider the RLC circuit with the input-output differential equation

di(t)

LE 4 Rit) + %/_;i(f)df — (1)

which we write in the form

dzy(t) ’ 1 /
L — =
VD 4Ry (0)+ Gyt =)
or 21
d-y(t) R, 1 1,
J(t _ ——
LD 1 240+ —5y(t) = 72(0) (54
We denote R ) )
alzfv aozﬁa 51257 bo = 0.
and according to (52) obtain the following approximation of the differential equation
R R 1 1 1
=2-ZT|yn—1)— |1 - =T + —T1? —2)+ = D - —2).
o) = [2= F2 = 1) = [1- 74 o7 yln =2+ 700 - 1) - LTa(n - 2)

In the case, R =2, L = C =1, we obtain

yn) = 20 -T)yn—1)— (1 -T)*y(n—2)+ Tx(n —1) — Tx(n — 2)
= (1-D)2y(n—-1) - (1 -T)y(n = 2)]+Tlx(n - 1) —z(n - 2)]
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C. MATLAB source code

The program shown below can be used for calculating the response of the LTI causal system
defined by

N M
y(n) = ary(n—k)+ > bpz(n —m) (55)
k=1 m=0
where we assume M < N. In the code, the matrix form of this equation is used
y(n—N) z(n — M)
y(n—N —1) x(n—M —1)
y(n) =lan,an—1,...,a2,a1] | ... + [bar, bar—1y oy b2, 01] | ... + box(n).
y(n—2) z(n —2)
y(n— 1) 2(n—1)

One can see that each new value of y(n) is calculated from the N previous values y(n—1),y(n —
2),...,y(n— N) and M previous input values x(n — 1), z(n — 2), ..., z(n — M) plus the input z(n).
This is an Nth-order recursion.

% Call: recur.m

% Calculate response of the system x(t)-> y(t)
% L_y(1,a)=L_x(b)

% a=(al,a2,...,an) and b=(b1,b2,...,bn)

%  with initial conditions x0 and yO.

function y=recur(a,b,t,x,x0,y0)
n=length(t);
N=length(a);
M=length(b);
x=[x0 x];
y=[y0 zeros(1,n)];
a_reverse=a(N:-1:1);
b_reverse=b(M:-1:1);
for k=N+1:N+n

y(k)=-a_reversexy(k-N:k-1)’ + b_reverse*x(k-N:k-1-N+M) ’;

end;
y=y (N+1:N+n) ;

h a=[-3/2 1]; b=[0 0 2];
b yo=[2 11;

% x0=[0 0];

%

% t=0:20;

% n=length(t);

% x=ones(1,n);

% y=recur(a,b,t,x,x0,y0);
%

% figure;

% plot(t,y,’r--7); % plot the response

% stem(t,y,’b’); % plot the response as a stem plot
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IV. Discrete-Time Fourier Transform .......... ... . ... . .. . . . . . . 0 i i ... EFE-3523

In this section,we consider the concept of the discrete-time Fourier transform (DTFT). For a

given sequence z(n), n = 0,+1,+2, ..., the pair of the discrete-time Fourier transforms is defined
by
X () = Z x(n)e " we (—m,m), (49)
n=—oo
1 7 o
z(n) = 2—/X(ej“’)ej“m dw, neZ. (50)
i

We assume here, that the infinite series in (49) converges (uniformly), in order to the inverse
Fourier transform (50) to be defined. The discrete-time Fourier transform of a sequence x(n) exists
if, for example, the sequence is absolute summable, i.e. the following (sufficient) condition holds

o

Z |z(n)| < oo.

n=-—oo

It is clear, that the DTFT for a finite length sequence z(n) exists.
We should note that the DTFT X (e/%) is a periodic function on the unit circle and

o o

X(ejw+2k7r) _ Z :E(n)e—j(w—l—ﬂmr)n: Z :E(n)e—jume—ﬂkmr
n=—oo n=—oo
[e.e]
= Y z(n)e " =X(Y), k=0,+1,+2,....
n=-—oo

The frequencies w and w+2k7 are indistinguishable. Therefore, in the inverse formula of the DTFT,
we need define only integral over the interval (—m, 7) (or any other interval of length 27). Therefore,
we consider that "hight frequencies” are those that close to the boundary of the interval, +7, (and
odd multiple of ), "low frequencies” are those that close to the original 0 (and even multiple of
).

The DTFT is the complex transformation. Writing components of the DTFT in the form

X (e) = X ()]

we call | X (e/*)| to be the amplitude function and ¥(w) to be the phase function of the DTFT.
Ezxample 1: If the sequence x(n) = 27 "u(n), then the DTFT exists and the following holds

X = — L 1 12w
1—-2"lejw 1 —-2-leg-jw 1 -2~ letiw
B 1-271e 1 -2"'cosw+ jsinw)
14471 —cosw 14+4-1 —cosw
1—-2"1cosw . —27lsinw

14471 — cos(w) +Jl—|—4—1 — cosw’
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15

0.6
0.4
1 X ) 0.2 argX(d?)
0
0.5 -0.2
-0.4
0 -2 0 2 ® -2 0 2 ®
(@ (b)
25 1
2 Re[X(é“’)] 05 |m[x(ejw)]
1.5 0
1 -0.5
0.5 -1
-2 0 2 " -2 0 2 ©
(©) (d)

Fig. 7. (a) Amplitude spectrum of the sequence z(n) = 27 "u(n), (b) phase of the spectrum, (c) real part
and (d) imaginary part of the DTFT.

The DTFT characteristics of x(n) are (see Fig. 7)

X ()2 1+471 —cosw 51
2
(I1+471 — cosw)

Y(w) = argX(e/*) = —arctan (281&> . (52)

— COSw

Ezample 2: We calculate the DTFTs of the following sequences

n

z1(n) = u(n), x2(n) = a"u(n), z3(n) = a"u(n — 1)

where a is a real number. Then, the first DTFT

[e.e] [e.e]
X () =7 = Z zi(n)e = Z e dwn (53)
n=—oo n=0

cannot be defined directly, since the series does not converge (u(n) is not absolute summable). The
next DTFT

X (ej“’) = i T (n)e_j“’" = i aleTIwn = i (ae‘jw)n -t
2 - 4 2 & L 1 —qe v
n=-—oo n=0 n=0

if only |ae™7“| = |a| < 1. So, the DTFT of z5(n) exists for |a| < 1.
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Similarly, we obtain the following calculations for the third DTFT

o

o0
Xg(ej“’) = Z :Eg(n)e_j“m:z:a"e_jw"
n=1

n=-—oo

 l—ae ¥ ew —aq

B > i\ ae™Iv __a
= nz::l(ae J ) - (54)

if |a] < 1 (otherwise, the DTFT cannot be defined).

A. Properties of the discrete-time Fourier transform

F:x(n) — X(e/*).

2. (Time reversal transformation)

3. (Time shift)
z(n) —  z(n—ng)
L F L F
X (&) — edwno X (elw)

4. (Rotation) o) ' )
z(n —  eI¥z(n
LF L F
X(el¥) — X(ellwwo))

5. (Derwative of the DTFT)
L F L F
X(e) — jX(e)] .
Indeed
X'(e¥) = [i :E(n)e_j“m] = f: —jnx(n)e Iwn

= —j _i [na(n)] e 7" = —j Flnal.
6. (Convolution)

| F | F LF

X(e®) Y(e) — X(eI)Y(el?)
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7. (Convolution in frequency domain)

z(n)  yn) — z(n) - y(n)
VFoLF LF

. . 1 .
X() V() = o / X (@)Y () dr

8. (Parseval’s equality) The energy of the signal can be expressed in the frequency domain as
o

lelP= 3 JotP = 5= [ 1X(ei)Par = [|X| (55)

n=—oo

For any two sequences z(n) and y(n) with the discrete-time Fourier transforms X (e/*) and Y (e/%),
the distance between signals in the time domain coincides with the distance in the frequency domain

o

le—ylP= > lz(n) —yn)P* = % / X (e7) =Y () Pdr = ||X = Y|

n=—oo
Therefore, if two sequences have the same DTFT, they are equal.

B. Frequency response of the system
In the discrete case of the sequences

z(n), m=0,£1,£2,...

we consider the linear system with impulse characteristics h(n) that is described as

H:z(n) —y(n) =xz(n)*xh(n) = Z h(m)x(n —m) = Z x(m)h(n —m).

m=—0oQ m=—0oQ

Given w, let an input x(n) be the exponential sequence
z(n) =" = (9) n=0,41,42,....
Then, the corresponding output of the system is
y(n) = Z h(m)ej“’("_m) = eIvm Z h(m)e ™4™ = " H (e!*) = x(n)H (')
m=—0o0 m=—0o0
where we denote by
H(e™)= Y h(m)e™ ™™ = %" h(m)(e*)™"
m=—o0 m=—0o0

the frequency characteristics of the system H (or, the discrete-time Fourier transform of h(t)).
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Writing components of the DTFT in the polar form
H(e™) = [H ()]

we call |H (e’*)| to be the amplitude response function and ¥(w) to be the phase response function
of the system H.
The inverse formula holds

1 7 o
h(m) = 7 / H(e*)e!™ dw.

We recall that the discrete-time Fourier transform of a sequence h(n) exists if the sequence is
absolute summable. And in this case, we call the system H to be stable. But, not for any absolute
square integrable sequence h(n), the DTFT can be defined. It means that the condition

o

> Ih(n)? < oo

n=-—oo

is not sufficient for the DTFT existence. As an example, we consider the following function in the
frequency domain '
H(e'*) = rect(w), w e (—m,m).

The inverse Fourier transform for this function take values of the sinc sequence

T 1/2
1 . 1 | 1
h(n) = — / H(e%)e!*" dw = — / el“" dw = —sinc (E> .
2T 2T / 2T 2
- ~1/2

The sequence h(n) is not absolute summable, but the sums of finite number of terms

. N .
Hy(e?¥) = Z h(m)e 7¥™
m=—N

converges to the function H (ej“’) as N — oo in the sense
o0
/ |Hy () — H(e’)|? dw — 0, as N — oo.
—00

Figure 8 shows the approximations of the discrete-time Fourier transform H(e’“) by finite series
H7(ejw), Hll(ejw), Hgl(ejw), and Hl(](](ejw).
Ezample 3: Let the impulse characteristics function be the following exponential sequence

h(n):anul(n):{ a', n=0,1,2,...

0, n=-1,-2,...

for a given number a, 0 < |a] < 1.
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0.2 0.2
o) LN 0
-3 -2 -1 o 2 3 -3 -2 -1 [§) 1 2 3
(& N=7 (b) N=11
1.2 1+0.0914 1.2
1 1
0.8 0.8
2
50.6 0.6
<
£
0.4 0.4
0.2 0.2
o] o
-3 -2 -1 o 1 2 3 -3 -2 -1 o) 1 2 3
(c) N=21 (d) N=100

Fig. 8. Approximation by N =7,11,21, and 100.

Then, the frequency characteristics is

o o e}
1

jw —jwm _ m_—jwm __ —jw _
(e h(m = ae = (ae ) =
Z Z Z 1 — qge—Iw
m=0 m=0

and the absolute response function is defined as

1 1 1
1—ae3* 1—qe* 1—2acosw+ a2’

[H(e7)]? =

The phase response function ¢(w) can be calculated as follows:

1 1 —acos(w) b —asin(w)
1 —ae % 1—2acos(w)+ a2 1" 2a cos(w) + a?

H(e™) =

o(w) = arg (H(e*)) = — tan~2 (%) .
So, .
h(n) = a™uy(n) — H(e'¥) = Fpp——t

For this system, the output is defined as follows:

:Zamzn(n—m) = z(n) +ax(n—1) +a®z(n —2) +a®z(n —3) + ...
alz(n — 1) +az(n — 2) + a®z(n — 3) + ...]

+ay(n—1)

+ax(n — 1)+ a’y(n — 2)

= rn

(n)
(n) +
= z(n)
(n)

= xrn
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H(9 >
x(n) y(n)
L
1

Fig. 9. The diagram of realization of system H.

A

which represents the deference equation with the diagram of realization of Fig. 9.
Ezample 4: Consider the simplest case when the impulse response is the unit impulse

1, n=0
0, n#0.

Then, H(e/*) = 1, and ' ' '
e — e xug(n) =14
In the general case

z(n) *x up(n) = ZJE(’I’L — k)uo(k) = z(n).

k

If the impulse response h(n) = ug(n — ng), then the shift by ny will yield the transfer response
to be equal

H (/) = edwmo .1,
Ezample 5: Consider the following impulse response and input

h(n) = a"u(n), x(n) = b"u(n)

where |a| < 1 and |b|] < 1. The convolution y(n) of these two sequences is calculated in the spectral
domain as follows

; 1
Jwy — _
h(n) — H(e?) Ty
; 1
Jwy —
z(n) — X(¥) = T boi
1 1

G0 FT (o0 — ,

z(n)xh(n) — X(¥)H(¥) T aeo 1 pe—is
A i B

1—ae v 1 —be v

where A =a/(a—0b) and B =0b/(b— a), if a # b. Therefore

Y(ed?) =

y(n) = Ah(n) + Bz(n).

In the b = a case, the discrete-time Fourier transform is

V() = [*]z

1—ae v



EE-3523, SIGNALS & SYSTEMS II, ART GRIGORYAN 29

Note that

[ : ]2 N [ : ]/ ( 1 )
1—ae v 1 —aew —jae™I®
1 A
g J [7] . _eju}
therefore, the following table holds

1 2 1 ! 1 |
- - N 2 Jw-1
[1—&6—1‘”] - [1—&6—1‘”] - J [1—&6—1‘”] e a

TF TF TF
y(n) : nla"u(n)] — (n+1) [an"'lu(n + 1)}

Q|

Thus,
1 1
y(n) = E(n +1)a"Mu(n+1) = E(n + Dz(n+1)
and we can note that y(—1) = 0 and y(0) = a.

B.1 Linear Filter

Consider a causal LTI system that is described by a difference equation of order NV

N M
y(n) + Z ary(n — k) = Z bx(n —m) (M < N). (56)
k=1 m=0

According to the property of the convolution, we obtain

Y (e@)

H(e™) = X (e39)

and from (56)

N M
Y (e?9) + Z arY (e/)e ke = Z b X (e79) eI
k=1 m=0

M
5" b
m=0

~ .
1+ Z ape Ih
k=1

H(e) =

Ezample 6: Consider the difference equation of the first order

y(n) —ay(n — 1) = 2x(n).

Then 5
H(e) = T oo & 2a"u(n).
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Ezample 7: Consider a LTI system L defined by the following difference equation of order two

5 1
y(n) — 2y(n = 1)+ Ty(n —2) = a(n). (57
Then
» 3 3
H(e*) = . — =
R I Ev=r v
or A B
H(e¥) = : .
Sl g v i
where A = —2 and B = 3. Therefore, the impulse response of the system is
1\" 1\"
) =2 () utn)+3(3) utw). (58)

Let us rewrite difference equation 57 for the impulse response as

h(n) — %h(n —-1)+ %h(n —2) = 3up(n)

h(n) — %h(n - %h(n 1)+ %h(n 9= [h(n) - %h(n - 1)] - % [h(n Sy %h(n 9

Therefore, defining the signal
1
w(n) = h(n) — gh(n -1) (59)

we obtain the following difference equation in (57)
1
w(n) — Ew(n — 1) = 3up(n). (60)

Thus, the system represents the cascade connection of two systems L = Lq o Lo, which are described
respectively by difference equations

1
i+ a(n) —y(),  y(n) - 3y(n—1) = 2(n)
1
Ly + a(n) —y(n),  y(n)—gyn—1)=3z(n).
In other words, the system L works as
x(t) = [Lo] = w(n) — [L1] — y(n). (61)
But the system L; has impulse response hi(n) = 37"u(n), and the system Lo has impulse response
ha(n) = 27"u(n).
The cascade connection of two systems L = L1 o Ly can be represented as the parallel connection

L=LioLy=AL1+ BLy=—6L1+ 9Ly
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which yields the impulse response for the system L to be equal as shown (58).
Ezample 8: Consider now the response y(n) of a LTI system L to input z(n) = b"u(n), a < 1.
In the frequency domain, we have

1

V() = H(e)X () = H(e¥) - t——5

where H (e/*) is the frequency response of L. If the system L is defined by a difference equation of

order N, then the system can be represented as cascade-wise (or parallel) connection of N simple

system Ly, with frequency responses Hy(e/*) and impulse responses hy(n) = afu(n), k =1: N.
Then we can write

Ag B

N N
Y(e) =Y o T T e = 2 AHk(E?) + BX ()
i L make™ I =bem i

where Ay and B are constants. Therefore, the response of the system can be written as
N N
y(n) = Z Aghi(n) + Bz(n) = Z Agaiu(n) + Bb"u(n).
k=1 k=1

For example, consider the LTI system of Example 7, for which the frequency response is

. 3
jwy —
H(e™) 1— %e—j‘*’ - %e—jz‘*"

Let the input discrete-time signal be

Then
3 1
] TR
A B C
1—le v * 1— fei2 * 1— teiw

Y(e¥) = H(e™)X () =

where A = —24, B = 18, and C = —9. The impulse response therefore equals

h(n) = —24 (%)nu(n) +18 (%)nu(n) -9 (i)nu(n)

As in Eq. 57, the impulse response is composed as a linear combination of exponential sequences
with bases 1/3, 1/2, and 1/4. We recall here, that the input signal z(n) can be considered as the
impulse response of system L3, and the system L as parallel connection of three systems.
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V. Sampling Theorem ........ .. .. EE-3523

I. Digital signal processing provides an alternative method for processing the analog signals. To
perform processing digitally, there is a need for an interface between the analog signal and digital
processor. This interface is called an analog-to-digital (A-D) converter. The output of A-D is a
digital signal to be processed in the digital processor.

E—— A /D DSP s
X() x(nT) y(n)

Fig. 10. Diagram of digital signal processing.

We consider the sampling process, where the analog signal (t) (or continuous-time signal) is mea-
sured periodically every T seconds, as x(nT'). T is the sampling time, or period, and time is counted
at points multiple to 7', i.e. t =0,7,27,3T,..., (t = nT, n=0,... ), or t =0, £7T, 2T, +3T, ... .

The following problems are considered:

1. How does the sampling effect on the Fourier spectrum of the original signal?

2. What is the maximal value of sampling interval T'?

3. Is it possible to reconstruct the original continuous-time signal x(¢) from its sampled version,
by interpolating between the samples z(nT).

We consider an absolute (or square) integrable function x(¢) defined on the real line R for which
the Fourier transform exists

“+0o0o
X(w) = (Foa)(w) = / 2(B)e 9 dt, W € (—o0, +00). (70)

—0o0

The inverse Fourier transform is described as

“+0o0o
z(t) = % / X(w)e'*t dw, t e (—o0,+00). (71)

A.
Let T be an interval of sampling the function x(¢), that results in the sequence

x(t) —>‘ Analog/Digital Converter ‘ — x(nT)

r(nT) = 2(t)y=pr, n=0,£1,£2,....
We take the pair of the discrete-time Fourier transforms for the sampled signal z(t)

Xy = i x(nT)eIenT (period is 27 /T) (72)

n=-—oo

x(nT) = X (e7T)edwnT gy, (73)

T
2

|
Nl g
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We consider the relation between the spectrum of the sequence z(n1") with the Fourier transform
of the continuous-time function z(¢). For that, in (71), the integral on the line (—o0, +00) will be
calculated by sum of integrals on segments of length 27 /T, i.e. ..., [-37/T, —7/T), [-w/T,w/T),
[7/T,37/T),.... We use the fact that 27 /7T is the period for both the DFT X (e/“T) and basis
functions e/n7,

It follows directly from (71), that

[e.e]
1 .
(O jp=nr = %/X(W)ejwanw
—00
| o T+2mp
= 5 Z / X (w)e?nT duw

T
T 1 & 2 .
- - E: X “n jonT .
277/[T (w—l—mT>]e dw

From (73), we therefore obtain the following expression for the DFT

X = %mioX(“’*m%ﬁ) (74)
C wed 3 ()

m==£1,+2,...

It means that the periodic spectral function X (e/“) consists of infinite number of spectral compo-
nents of the original spectra X (w). Namely, the DFT itself represents the scaled original Fourier
transform plus an infinite number of the shifted versions (copies, or replicas) of the Fourier trans-
forms. The shifts are by periods m(27/T), m = +£1,£2,....

The sampling process generates high frequency components and every frequency component of
the original signal is periodically replicated! over entire frequency axis with period

fs == (sampling rate (frequency))

in units of samples per second.

B. Let us assume that the signal has bounded spectrum, i.e. X (w) = 0 for all |w| > €, and
7w /T > § for a positive number €. In this case, for all integers m # 0, we have

2T
X — =0.
(w +m T ) ’
(=92,Q)

1The periodicity is in term of Hz and means that X (e’*T) = X (e?2™f7T) is periodic when shifting f — f + fs.
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This means that if a frequency w € (=, Q), then X (w + m%“) = 0 and the replicas of X (w) do
not overlap (see Fig. 11(a)).

2TT=6
0.5 T
041 X(& e
(&) 2nT
o3sppA AN AN .
0.21 X(0)/T ‘ ‘ 7
T \ \
0.1F | | *
| |
y ! Y

(b)

Fig. 11. (a) Effect of sampling when «/T > €, and (b) effect of sampling when 7/T < Q.

Then, we can state that the Fourier transform of the continuous-time signal can be defined from
the discrete Fourier transform of the sampled signal as

FX (@) = X(@T), or X () = TX () (75)

for all frequencies |w| < Q.
And opposite, if period of sampling T such that /7 < Q, then at least two additional terms

X (w+ 2T—7r) and X (w — 2%) will contribute to form the spectrum of the sampled signal in the
interval [—Q, Q] as shown in Fig. 11(b), and the Fourier transform X (w) in the interval [—, Q]

cannot be defined as '
X (w) =TX (), wel-9Q,9]

from the spectrum of the sampled signal. The reason is the small sampling rate fs (or, not small
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sampling time 7'), which results in the overlapping (aliasing) condition

77

= < .

T
To determine the Fourier transform of the function x(t), the period of sampling should be taken as
a period T3 which provides the condition

T < and < T

and, therefore 177 < T.

C. From the first example of Fig. 11 (part a), one can see that it is possible to reconstruct the
original spectrum from the continuous-discrete Fourier transform, taking

; 77
X(w) =TX (4T, lw| < T > Q (76)
since X (w) = 0 when w lies outside the interval (—7 /T, w/T). From the second example, we observe
that one can never reconstruct the original spectrum from X (e/“T). Namely, the original Fourier
transform can be reconstructed partially (reconstruction for low frequencies).
It should be noted that the sampling condition in terms of frequencies in Hz is derived as follows
L fs Q

>0 o =I5 20
= TR

NIl

(see illustration of this condition in Figure 12). In other words, the sampling rate fs > 2fj.

A
Nyquist interval

Q TWT=TT, "
sampling
| |

w=2T1f (rad/sec)

Nyquist frequency

f,=Q/2m 1/(2T)=f /2 f(Hz)

sampling

Fig. 12. Condition of the proper sampling the signal bounded by §2.

D. The following statement holds.
Theorem 1: Let x(t) be a function with the bounded spectrum, i.e.

X(w) =0, lw| > Q (77)

and let such value Q > 0 exists. Then z(t) can be described uniquely by its samples taken at
discrete time with the sampling interval

s
T< —
Ws
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for a frequency ws such that Q < w, < 7 /T.
This statement has been proved first by Kotelnikov [V.A. Kotelnikov, Theory of potential noise
stability, Moscow, Nauka, 1956] but is often called Uttekker and Shannon’s sampling theorem.
Example 1: Consider the signal x(t) that is bounded in the spectral domain of 50 - 10%rad/sec.
Then, Q = 25 - 10%rad/sec. Let us assume that 7' = 10~%sec. Checking the condition

T
Wperiod/2 = 75 = 3.14 10* > Q

we see that T can be considered as a good sampling period.
If we take T = 1.5 - 10~ %sec, then after checking the condition

Wneriod/2 = % = 3.14/1.5-10% ~ 2.28 - 10* < Q

we can state that such T cannot be used for sampling a signal with bounded spectrum of 50 -
103rad/sec. We need reduce by AT the sampling period for signal reconstruction. The minimum
change in sampling time is defined as

™ ™ ™
AT=T—-==15-100*- ———— =107%(1.5 - —) = 2.4336 - 10 °sec.
Q 2.5-10% (15=5%) vee

In terms of hertz, the spectrum is bounded by the frequency

Q  25-10°
_ 2 25-10 Hz = 3.9789 - 10°Hz
2 2

fo

the sampling rate f, therefore should be greater or equal 2f, = 7.9578 - 103Hz.

Owing to the Kotelnikov theorem (given bellow), each function with the bounded spectrum can
be restored from its discrete values chosen in the defined way. So, the one-dimensional signal x(¢),
that is given in the finite interval [0, L] and satisfies the condition of spectrum to be band limited:
X (w) =0 for all |w| > Q, can be represented one-to-one by the discrete sequence of its values

{zp, =2x(nT), n=0:(N-1)} (78)

taken with a sampling interval T' < 7/Q = 1/(2f3) such that N = L/T is an integer. The restoration
of the assumed continuous-time function from its discrete values (78) is described by the expansion
formula of the function:

N-1

x(t) = Z Tpsinc{Q(t —nT)}, te€]0,L] (79)

n=0
by the basis functions
sin{Q(t —nT)}

Q(t —nT)

that are the shifted by nT" and time-scaled by € versions of sinc(t) functions

sinc{Q(t —nT)} =

sinc(t) — sinc(Qt) — sinc(QU(t — nl)).

Thus, a ”signal” with the bounded spectrum (77) is defined completely by the finite number of
its values at points situated uniformity on the segment [0, L].
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sum of three sinc functions
9 T

Fig. 13. Elements of the decomposition of the reconstructed signal by basis sinc(t) functions.

To proof the statement of the Kotelnikov theorem in (79) uses the condition of not aliasing

X(w)=TX(T) |w|<Q< % (81)
Eq. 79 in the general case has the form
K9]
z(t) = — Z x(nT)sinc [Q(t — nT)]
& nez
— S e(T)sinc[Qt —nT)]  (if = =0).
nez T

E. In the real word, the signals are not bound limited. They are limited in time but not in
frequency domain.
Ezxample 2: Consider the rectangle function on the interval [—Tj, To]

t
x(t) = rect (ﬁ) =u(t+Ty) — u(t — Ty) — 2Ty sinc(wTp).
0

In the particular Ty = 1/2 case, we obtain rect(t) R sinc(w/2). Note that sinc(w) is the function
that is not limited neither absolute integrable.
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D. We consider a continuous-in-time signal that itself represents a step-function with values of
the sampled sequence

Z(t) = z(nT), te Ay =T -T/2,nT+T/2], neZ (82)

The function Z(¢) can be represented as the infinite sum of the pulse signals

z(t) = Z x(nT)rect (% - n) .

nez

Each function r(t) = rect (% —n) represents the performance of the following time-transforma-
tions ¢t :— t/T and t — t — nT of the rect(t) function. Therefore, the Fourier transform is defined
by these transformation as it shown in the diagram:

rect(t) — z(t) = rect (%) — z(t —nT) = rect (% - n)

LF | F | F | F - | F
sinc (%) — Z(w) = Tsinc (%) —  Z(w)e nT = Tsinc (%) e~ dwnT

Therefore, the Fourier transform of the function Z(¢) is calculated as

X(w) = nZZ:E(nT)Tsinc (%) o—JwnT
- Z z(nT)e 7T . | Tsinc (%)] = TX(T)sinc (%) '

nez

On the other hand, if (nT') is the sampled signal x(¢) with the sampling period T', then according
to (74)
jwT 1 2T
X(ej ):—X(W)—Ff Z X w—l—m? .
m==£1,+2,...
Therefore

X(w) = TX(e)sine (%)

= X (w)sinc (%) +

Z X (w —I—m%T)] stne (%) .

m#0

and we can see that in general
Even in the case when z(t) has a spectrum bounded by © < x/T, the following holds for
w e (—Q,0)

() = X (w)sine (%) £ X(w)  (if w£0)

which shows the error of the digital-to-analog convertor.
F. (Periodic sampling step function)
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We consider the mathematical representation of the sampling

w(t) = wy(t) = (t) - 5(t) = { A

when the continuous-time signal is transformed into a continuous-time signal with values of the
original signal at points nT. The modulated signal s(¢) is periodic impulse function with period T

s(t) = {...,0(t+2T),6(t+T),5(t),5(t—T),8(t—2T),..}

Z (t—nT) = % Z emInwst

nez nez

where ws = 27 /T is the sampling frequency.
In the Fourier domain, we following diagram holds for the function s(t)

s(t) = — Z e Inwst

neZ
LF L F
Sw) = = Z 26 (w — nwy)
neZ

Next, because of the property of the convolution in the frequency domain, we obtain the following

xs(t) = x(t) - s(t)
| F = | F

Xs(w) = %/_O;X(w—T)S(T)dT

and
1 o
Xs(w) = %/_ X(w—Tl 227757'—7%)3](17'— Z/ X(w—7)0(T — nws )dT
nez nez
1
= —ZX —’I’st —? Z X —’I’st
nGZ neZ\{O}

We can see again that the Fourier transform of the function z(t) consists of periodic copies (withe
period ws) of the scaled Fourier transform of the original signal z(t). If the Fourier transform of
x(t) is bound limited, X (w) = 0 for w ¢ (—Q,Q), then these copies do not overlap if ws > 2Q. In
this case, we have

X(w)=TX(w), Ywe (-Q,9).
In other words, the "lowpass” filter

th

: -1
Yip(w) = { T, 3 |w] < weut z sinc(weut)

0, otherwise — ()=

with a cutoff frequency weut = Weutof s from the interval (€, ws/2) can be used to recover the Fourier
transform

X(w) = Yip(w) Xs(w)-
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A
2.5+ —
X () = (e 1oy
X(w+2T1¢YT) X(ww—271¢YT)
2 -
1.5 —
Y (w)
1+ r—————fF—F—-Fr-=-=- | —
| |
| |
0.5 | | —
| |
—ordT 2tuT
° I I
e —a —2 —O o o 2 4 w 6

Fig. 14. Fourier transform calculation by the lowpass filter Y (w).

In the case when wy < 2Q (or T > 7/Q), the Fourier transform of the signal z(¢) cannot be
recovered from the Fourier transform of the signal z(t), because of overlapping of copies X (w—nws).
Thus, X (w) # T Xs(w), or X(w) # Yp(w)Xs(w) for any lowpass filter.

Consider now the pulse train sampling of x()

xp(t) = Z x(nT)o(t —nT)

nez

that is continuous-time function with non zero values at points ¢ = nT. In many cases of z(t), the
bandwidth of the function exceeds 27 /T and it still may possible to recover the continuous signal
from the samples x(nT'). For instance, if z(t) is a piece -wise linear function, then by the impulse
response
1—|t|/T, if[t|<T
ha(t) = ’ .
a(t) { 0, otherwise

the linear interpolation can be performed to reconstruct z(t). In this case, in the reconstructed
continuous-time signal x,(t) * ha(t) the samples z(nT') are connected with straight lines.
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VI. Fourier transform of periodic signals ........... .. ... ... ... ... EE-3523

We recall here the relation between the Fourier transform and Fourier series of a periodic signal
x(t) with period T

o0
x(t) = Z cpelot (wo = 2m/T)
n=—oo
where the coefficients of the series are defined as

1 (T :
¢ = _/ :L,(t)e—ynwotdt’ n=0,+1,+£2, ....
T Jo

According to properties of the Fourier transform, we obtain

z(t) = i cpelol
¥a T (83)
X(w) = Z cn2m0(w — nwo)

Thus the Fourier transform of the periodic signal is the set of uniformly spaced delta-impulses (the
space interval equals to the fundamental frequency wy).

Ezample 1: Consider x(t) = 2 cos(wpt). This periodic signal has only one frequency and that is
the fundamental frequency wg. The coefficients of the Fourier series

1, n=1
cn =4 1, n=-—1
0, otherwise.

Therefore

z(t) — X(w)=c1 276(w— lwp) + c—1 - 276 (w + 1wy)
X(w) = 27[0(w—wo)+ d(w + wp)]

as shown in Fig. 15. The signal x(¢) is bounded in spectrum by frequency wy, = wy.

X(w)

2n

Fig. 15. Fourier transform of z(t).

Consider now the signal composed by sinusoidal signals with two frequencies

1
x(t) = 2 cos(wpt) — 3 cos(2wot)
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The fundamental frequency of the signal equals wg and coefficients of the Fourier series are defined
as
1, n=41
cn=2 —1/4, n=42
0, otherwise.

Then
X(w)=r¢c1-2m0(w—wp) + c—1 - 2w (w + wp) + c2 - 270 (w — 2wq) + c—2 - 270 (w + 2wp)
X(w)=27[0(w—wp) + d(w+ wp)] — g [0(w — 2wp) + 0(w + 2wp)] -

The spectrum of the signal z(t) is bounded by frequency wy, = 2wy. Figure 16 shows the Fourier
transform of this signal.

X(@)
2n
-2 ‘ ‘ ‘ ‘ 2w w >
Ol —u)o (JL)O l 0
-2

Fig. 16. Fourier transform of z(t).

Consider another signals composed by two sinusoidal signals with frequencies 1/2 and 1/3 re-

spectively
1 1 1
x(t) = 2cos (575) — 5 cos (§t> .

The fundamental frequency of the signal equals wy = 1/6,since

1 1 1
x(t) = 2 cos (2 : —t) — —CoS (3 : —t)
6 2 6

The coefficients of the Fourier series are defined by

1,  n=42
Cn = _1/4, n =43
0, otherwise.
Then
1 1 1 1
X(w) = 62'27T5(w—2'6)+C_2'27T5(w—|—2'6)—1—63'271'5(&)—3'6)—1—6_3'271'5(00—1—3'6)
1 1 1 1
= co-2m0(w— g) +c_9-2m0(w+ g) + e 2m0(w — 5) +c_3-2m0(w+ 5)

X(w) =27 5(w—%)—|—5(w+%)] —%[5@—%)—1—5@—1—%) :

The signal has a bounded spectrum by frequency wp, = 1/2.
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A. Discrete to continuous-time signal transformation

The first time when we face with relation between the discrete and continuous Fourier transforms
is the case when a discrete-time signal x(n) is represented as a continuous signal

zc(t) = Z x(n)d(t —nT)
and T is a given number. The following diagram holds in this case
z(n) = wz(t) = Z x(n)d(t —nT)
LF LF T
X(ejw) — Xc(w) — Z :E(n)e—jan - (e—ij)n

Thus , .
2(n) — X(e/),  x(t) = Xe(w) = X (7)

which means that the Fourier transform of the continuous-time version of the signal is the discrete
Fourier transform after the frequency transformation w — wT.

X (e’*) is a periodic function with period Py = 27, and X (w) is a periodic function with period
P.=2n/T

2
Xc(w):Xc(w—I—k%), —%<w<%, k=041, ...

Note that X (e/“T) is the Fourier transform of the continuous signal, not ”sampled signal”
X (eTy = z(nT)
and we are not considering the sampled signal in this example.

B. Sampling Theorem

Consider a proof of the sampling theorem, which is similar to the considered above case when
the discrete-time signal is represented by the continuous-time signal. For the sampling process with
sampling period T’

z(t) = x(nT), n=0,%£1,..

we consider the continuous-time representation

zc(t) = Z x(nT)o(t —nT) = z(t) Z d(t —nT) =xz(t) - p(t)

n

where the impulse train

p(t) = 3 6(t — nT)

n

is a periodic function (period is T').
According to the property of convolution (and duality), the following is valid

1
N
2

e(t) = x(t) - p(t) X(w)* P(w) = Xe(w)
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Thus

C. Examples of sampling

1. Consider the sinusoidal signal z(t) = cos(7/3t), which Fourier transform equals
1 T m
X(w) = 27> [6(w— 2y + 8w+ D).
(@) =2m [0 =) + 5w+ T)

The spectrum of this signal is bounded by frequency w, = /3, i.e.
X(w)=0, if |w| > ws.

Let T > 0 be a sampling period. Then according to relation of the Fourier transforms of the
sampled and continuous signals

X)) = Xe(w) = %;X (“’ _”2%>

_ %zw[a([a}—g] —n?)”([‘”*%} _”2%”

n

or

X (T = X, (w) = % zn: [5 (w - % - nws> +0 (w + % - nws>] (84)

where the sampling frequency (rate) ws = 27/T.

We now analyze which value of T' = 1/2s, T = 2s, T = 3s, and T = 6s can be used for
proper sampling procedure. For that we will chose such values of T" for which the condition of not
overlapping 7 /T > wp holds. We have the following four inequalities

T ors T_T T T_T

_— = _— = — — = — = W, _— = — wWh.

T 7T Wh, T 2 Wh, T 3 by T 6 b

Therefore, values of time sampling equal 0.5s, 2s, and 3s can be used for sampling the signal z(¢).
2. Consider the input signal to be z(t) = 5sinc(5nt), for which the Fourier transform is bounded

by wp = b7. Indeed, the following table of calculations holds

rect(t) —  grect() sinc(t) —  Bsinc(5nt)
I F v / | F va (85)
sinc(y) —  sinc(w) nrect(y) — ﬂ%rect(zf"?)

Thus X (w) = rect(1g-), X (w) = 0 if [w| > 57, and wp, = 57.
Consider the following candidates for time sampling T' = 1s, T' = 0.25s, and T = 0.1s. We again
chose such values of T' for which the condition of not overlapping 7/T > 57 holds. We have the

following

7 s s
T T < 5, T T < 5, T Om > 57

Thus, T'= 0.1s can be considered for good time sampling of the signal 5sinc(57t).
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D. DTFT of Periodic Sequences'
Let N be a period of a sequence x(n), and let xg(n) be the following part of z(n) of one period

zo(n) = { :g(n), n=0:(N-1) (36)

, otherwise.

The sequence x(n) can be written as (ug(n) = d[n])

z(n) = Z zo(n —kN) = Z uo(n —kN) xzo(n) = zo(n) * Z ug(n — kN). (87)

keZz keZ keZ

As we know the train of discrete impulses corresponds in the frequency domain to the train of
delta functions

p(n) = Zuo(n —kN) — wy Z d(w — kwp)
k

keZ
where wy = 27 /N. Therefore, the DTFT of the sequence z(n) can be expressed as follows

z(n) = xo(n)* Z ug(n — kN) — Xo(e') - [wo Z O(w — kwo)]

keZ kez
X(e™) = wy Y Xo(e#)d(w — kwo) = wo Y Xo(e™ )5 (w — kuwp).
keZ keZ
Thus 9 92
Jwy _ < JkZE _ T
X(e) =% ngo(e N )6 (w k:N>. (88)

The DTFT is a periodic function with period 27, and the inverse DTFT can be calculated as
follows

2T
1 ) .
z(n) = %/X(ej“’)ejm"dw
0
1 27r2 5
= —/—w Xo(ejk%)é (w — k‘—w> eI dw
2770 N ez
1 7 P
= N > /Xo(ej’sz)eWé( —k%) dw (89)
keZ
1 N_lX ( Jk%r) Jmu| 1 N_lX ( yk%) jnk%r
= = ole e g2 = o= o(e e .
N k=0 T N k=0
Thus
1= k2T ink2T
z(n) = N > Xo(eF W)™V, n=0,£1,42, ... (90)
k=0

The limits of summation in (90) equal to 0 and N — 1, since frequency-points k27 /N lie outside
the interval of integration [0, 27) in (89), when k£ < 0 and k£ > N.

! Addition to §12.3 of the text book.
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VII. Discrete linear convolutions ............... . . . . . . . . . . i .. EE-3523

A. Array method

Consider the case when two discrete-time signals to be convolved are of finite length, for instance

{z(n)} ={...,0,2(=3),2(-2),z(—1),2(0),2(1), z(2), ..., 2(100), 0, ...}
{h(n)} ={...,0,h(—1),h(0), (1), h(2), h(3), h(4),...,h(9),0,...}.

Then to calculate the convolution we compose the following table

x(—3) z(—2) z(—1) x(0) z(1) x(2)
h(—1) h(0) h(1) h(2) h(3) h(4)
(=3)h(=1)  x(=2)h(=1) x(=1h(=1) 2(0)h(=1) z(1)h(-1) =z(2)h(-1)
l 2(=3)h(0)  2(=2)h(0)  z(=1)h(0) xz(0)n(0)  x(1)h(0)
+ z(=3)h(1)  z(=2)h(1) =z(-1)h(1) =z(0)h(1)
l + (=3)h(2) =(=2)h(2) xz(-1)h(2)
l + z(=3)h(3) x(=2)h(3)
(n=-3-1) ! + x(—3)h(4)
! +
!
yin=-4)  y(=3) y(=2) y(=1) y(0) y(1)

x(n) 1 3 2 4 7 5 3 4
1

h(n) | —2 2 1 -1 -2| 1] 3
—2 -6 -4 -8 —14 -10
|1 3 2 4 7
+ 2 4 8
I+ 1 3 2
!+ -1 =3
I+ =2
! +

L+
L+
|

Thus
y:{_27_5alala _4,2, 3 ,...}7 (y(—3) :—2)
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a ‘ b
a+c ?l—*d b+d
l -d —C ;
T oY ___ -
0

Fig. 16. Interval of definition of the 1-D linear convolution.

B. Circular convolution

For two given discrete-time signals f(n) and h(n), the linear convolution is defined as

g(n) = (f xh)(n) =Y h(n—m)f(m) (90)

m

In the case, when f(n) is defined in the finite interval [a, b] and the signal h(n) is defined in the
interval [c, d], where a, b, ¢, d € Z, the linear convolution g(n) is defined in the interval [a + ¢, b+ d].
Thus, the length of the linear convolution is calculated as

length(f«h) = (b+d)—(a+c)+1
b—a+1)+(d—c+1)—1
= length(f) + length(h) — 1.

Figure 16 illustrate this property. In particular case, when the length of the signals f(n) and h(n)
are equal, the convolution yields the signal of length 2length(f) — 1.

We now consider another concept of the linear operation, that operates over signals of equal

length N and yields the signal of the same length. The periodic convolution of two discrete-time
signals f(n) and h(n) is defined as

N-1 N-1
y(n) = (f@h)(n)= Y h(n—m)f(m)= Y h([n —m] mod N)f(m) (91)

where argument n — m is considered modulo N.

This linear operation is also called the circular convolution, because of the simple method of
calculations by using two concentric circles. For that, N values of the signal f are spaced equally
around the outer circle in counter clock-wise direction. Then, IV values of the signal h are spaced
equally around the inner circle in clock-wise direction. On each stage of the linear convolution
calculation, the values on the inner circle are rotated counter clock-wise through the angle 27w /N
and the sum of products of the corresponding values of (inside) two circles is calculated. As an
example, Figure 17(a) shows the data of two sequences of length six placed inside the sectors of
two circles. The calculation on this figure corresponds to the calculation y(0). Figure 17(b) shows
the calculation of the linear circular convolution y(1), for what the data of the first circle have been
rotated clockwise by 60°.
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Step 1 Step 2:

(a) 1-D DCC (step 1) (b) 1-D DCC (step 2)
Fig. 17. Method of calculation of the 1-D discrete circular convolution of length 6.

C. DCC and DLC

There is the simple relation between the circular convolution and linear convolution, that yields
a signal of length M = Ny + Ny — 1,where N1 = length(f) and Ny = length(h). One can calculate
M values of the linear convolution g(n) by means of the circular convolution. For that the signals
f(n) and h(n) are extended to the same length, by zero-padding

{fn)} — {f(n)} ={£(0), fF(1), £(2),.... f(N1—1),0,0,0,...,0}
No—1times
{h(n)} — {l_z(n)}:{h(O),h(l),h(Q),...,h(Ng—1),0,0,0,...,0}.

N;—1times

The circular convolution of the two zero-padding sequences results in the M values of the linear
convolution. That is

gn) = (fxh)(n) = (f@h)(n), n=0:(M—1). (92)

Step 1

Fig. 18. Method of calculation of the 1-D discrete linear convolution by the circular convolution.
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VIII. Discrete-time Fourier transform of periodic signals ....................... EE-3523

Consider a periodic sequence (discrete-time signal) z(n) = x(n + N) with fundamental period
N > 0. Let Z(n) be one period of the signal

)
—_
\.O
1=
5
—~
=
8
—
=
8
=
|
=
1=
<

Using the discrete unit impulse ug(n),! we can write

Z(n) = (O)uo( ) +z(Dug(n —1) + z(2uo(n —2) + ... + (N — Dug(n — N + 1)
—1
= Z ’LL(] n — )

The periodic signal

z={.,{Zn);n=0:(N-1}{Z(n);n=0: (N -1} {Z(n);n=0: (N —-1)},...}

can be written as
o0 o0

z(n) = Z Z(n —kN)=2Z(n) * Z uo(n — kN).

k=—00 k=—c0

The Fourier transform of the periodic signal z(n)

z(n) = Z(n) * i up(n—kN) | n N
k=—o00
L F VFo LF ! ! (94)
X(e¥) = X(e¥) - Z O(w — k‘— woowy = %T
k——oo

We use here the fact that the discrete-time train signal ¢(n) = Y, ug(n — kN) can be represented
as the continuous-time train signal ¢(t) = >, 6(t — kN). And as we know from Section VI(A), the
Fourier transform of the train signal coincides with the discrete Fourier transform of the discrete-
time train signal, i.e. T'(w) = T(e/)

o

t(n) = Z ug(n — kN) =27 = T(e/*) = T(w)
k=—o00

tt) = Z 5(t —kN) = = T(w =5 Z 5(w—k‘—>
k=—o00 k——oo

Thus, we obtain from (94) that

X(e¥) = Z X(e/%)8 (w—k—) =

Lug(n) = 1if n = 0, and uo(n) = 0 if n # 0.
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The discrete Fourier transform X (ej ZWW) is the periodic sequence relative k and the period is IV

) N-1 o
X (ey ﬂk) = Z Z(n)e I Nhn,

k=0

This discrete transform is called in general the N-point discrete Fourier transform (DFT)
Xy = Z:Ene i5hn Z:Eank k=0:(N-1) (95)

where W = e™/ ~. The inverse N-point discrete Fourier transform is defined as

N-1
Z Xped Mhn = Z XyWkno p=0:(N-1).

The pair of N-point discrete Fourier transforms are implemented in MATLAB by fast algorithms
as functions fft and ifft. The N-point discrete Fourier transform is defined by cosine and sine
waveforms of N frequencies w = 27n/N uniformly spaced on the unit circle.

Ezample 1: Consider the following periodic sequence

r=1{.,1,2,3,4,1,2,3,4,1,2,3,4,...}

for which N =4 and x(0) = 1. Then one period of the sequence is * = {1, 2, 3,4} and its 4-point
DFT is calculated as follows

3
X, = Z e W™ = 2gWO 4 2y W 4 oW 4 2sW3 k=0:3
k=0
= 14 2W% 4 3W2k a3k
= 1+ 2e~1 %k + 3e~1 T2k + 4o 3k
= 1+2(—5)F +3(=1)F +4()"

Therefore
Xo = 14243+4=10 (power of signal)
X, = 1-2j-3+4j=-2+2j
Xo = 1-2+3—-4=—
X3 = 1+42j-3—-4j=-2-2j=X,.

The main application of the N-point discrete Fourier transform in linear filtering, namely when
calculating the circular convolution of two discrete-time signals of finite length NV,
N-1
Yn = 3 Thhn—k moa N — Yy = Xy Hp, k=0:(N-1). (96)
k=0
And because the linear convolution can be reduced to the circular convolution, the method of the
N-point DFT can be used for fast calculating the linear convolution.
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Fig. 20. (a) Signal z(t). (b) Correlogram of signals x(t) and y; (¢). (c) Signals y1 (¢) and y2(t). (d) Correlogram
of signals z(t) and y(¢).

A. Correlation operations

There are tools to measure if two signals are ”similar,” dependent, or/and correlated with each
other.

A.1 Correlogram

One can use the correlogram which is the plot of one signal versus another. In the ideal case
when the signals are the same, the correlogram is the straight line. In general, if correlogram tends
to a straight line then two signals are said to be highly correlated. The closer the correlogram to a
straight line, the more correlated the signals are (but not always).

Ezample 2: Consider the signal

x(t) = 2 cos(wpt) + 0.1 sin(wit — 0.25) = 2y1(t) + 0.1ya2(t)

where wy = 2 and w; = 100wy. Figure 20 shows the signal x(¢) in part (a) along with signals y; (¢)
and y2(t) in part (c), and the correlograms of signal x(t) with these functions in parts b and d.
The correlogram in part b shows that the signals x(¢) and y; (¢) are highly correlated.

Ezample 3: Consider the following cosinusoidal signals
x(t) = cos(wot),  y(t) = sin(wit — V)

where the phase of the second signal ¥ = 7/4 and ¥ = 7/2. Figure 21 shows the signal z(t) in part
(a) along with signal y(¢) with two phases in part (c), and the correlograms of signal x(t) with
this function in part b. One can see form the correlogram that the principle axis of the ellipse is
directed in plane by the angle equal to the phase of the signal y(T).

A.2 Correlation function

The correlogram is a good tool for visualization, but not for precise mathematical way of ex-
pressing the relation between two signals. Such mathematical tool exists and well-known as the
correlation function.
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Fig. 21. (a) Signal z(t). (b) Signals y(¢) with phase w/4 and 7 /2. (¢) Correlograms of signals x(t) with y(t).

The correlation function shows if the signals have similarity or they are correlated, and shows
how the signals are correlated in a given position, and how they correlated when one signal is
shifted. We consider the correlation function as a main measure for similarity of signals.

There are two operations (or definitions) of correlation that are defined on the two ”different”
signals or the same signal

N-1 N-1
Roy(n) = roy(n) = 3wt Ra(n) = ra(n) = 3wyt (97)
k=0 k=0

which in the case of continuous-time signals have respectively the forms

Ruy(t) = ray(t) = / eyt +m)dr,  Ra(t) = ra(t) = / 2(T)z(t + 7)dr. (98)

(We here consider only the real signals or functions).
The operation of correlation of signals can be also effectively calculated by the N-point DFT.
Indeed, we recall that the operation of the linear convolution

o

(zxy)(t) = / x(T)y(t — 7)dr, t € (—00,00).

—0o0

For the linear convolution, one of the signals is flipped in time and then a shift of the signal is
performed. There is no need in time-inverting for the correlation. Therefore, we can write the
correlation by using the convolution operation as

Ryy(t) = x(—t) * y(t), R.y(n) = xz(—n) x y(n).

We also recall that for the frequency domain the following holds X (w) « x(t) — z(—t) — X(w).
Therefore R;y(t) = Ryy(w) = X(w)Y (w).
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XI. The z-transforin ... ....... ... EE-3523

The z-transform can be considered as a generation of the discrete Fourier transform (DFT). The
z-transform is to the DFT what the Laplace transform is to the Fourier transform. The z-transform
is used for analysis of discrete-time signals and systems. For many discrete signals z(n), the DFT
cannot be defined, but the z-transform with many similar properties takes place.

Let x2(n) be a sequence defined (may be) for all integers n = 0, +1, £2, .... The z-transform is
defined by

z(n) = X(2) = Z z(n)z™™, zeC? (109)
where z is a complex number for which X (z) exists. In other words, the concept of the z-transform
refers to as the formula (109) with region of convergence (ROC) of X (z). We recall that the formula
for DFT is defined by

e e} (e}

X(e¥) = Z z(n)e v = Z x(n) (ej“’)_n, w € (—m,m),

n=-—oo n=-—oo

and one can see a similarity when substituting e/ by z. The DFT is defined on points z = e/
lying on the unit circle. X (e/) = X (2)|2=¢iw, i-e. the DFT is the z-transform considered on the
unit circle O;. In general, the region of convergence of the z-transform may not contain this circle.
The following properties can be derived directly from the definition of the transform.
1. If zp € ROC(X), then z € ROC(X) for any point such that |z| = |zg|. Indeed

e} e e

XEIS Y ez = Y Ja(n)z"| < oc.

n=—oo n=—oo

2. If 21 # 29 € ROC(X), then z € ROC(X) for any point such that |z1| < |z| < |22] (we assume
that |z1] < |22|. In other words, ROC of the z-transform consists of circles of different radii.

The z-transform can be derived as the response y(n) of the LTI system with h(n) impulse response
to a complex exponential discrete-time signal z(n) = Az™:

z(n) = A" —yn) = Z h(k)x(n —k) = Z A" Fh(k)

k=—00 k=—c0

= A" i h(k‘)z_kzzn(n)w.

k=—o00

Thus, the transfer function of the LTI system is the z-transform of the impulse response. This
relation yields also the property of convolution

x(n)*h(n) - X(2)H(z), z¢€ ROC(X)NROC(H). (110)

Ezample 1: Let sequence
x(n) #0, n € [Ny, Nol,



EE-3523, SIGNALS & SYSTEMS II, ART GRIGORYAN 73

where N1 < Ny integer numbers. Then,

0o Ny Na—N1
X(z) = Z z(n)z™" = Z z(n)z " =M Z x(n)z™"
n=—o0 n=N, n=0

which is defined for all z except may be z = 0.
Ezample 2: Let sequence z(n) = ug(n). Then, the z-transform

X(z) = Z z(n)z™" = 2(0)z" =1, for all 2.
If sequence is defined as z(n) = ug(n — ng), where ng is an integer, then the z-transform
X(z) = Z x(n)z™" =x(ng)z” " = 27", for all z #0.

n=—oo
Ezample 3: Let sequence be

Then, the z-transform

[e.e]
X(z) = Z:E(n)z_"
n—0 1
= 14z 4224 2= 1

which converges at all points z such that |z| > 1. The point z = 1 is a special point of X (z).
Ezample 4: Given a real w, consider the complex exponential sequence

z(n) = e/*"u(n) =

edon. n=0,1,2,...,
0, n < 0.

The z-transform of this sequence is

. e . " 1
X(z) = nz:%ej“mz_" = nz:;) (e”“’z_ ) = a1
and converges at points z such that
le271 = |27 < 1.

Ezample 5: Consider the sequence

n J—
2(n) = d"u(n) :{ a", n=0,1,2,..,

0, n=-1,-2,..

for a given positive number a.
The z-transform of z(n) is calculated as
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(o] o o n 1
X(z) = Z r(n)z™" = Z a"z " = Z (az_l) =—
n=0 n=0 n=0 l—az

and the series converges at points z such that

laz7l <1 = |z] >a.
Ezample 6: Consider the discrete-time signal

=B ) ()

The z-transform is calculated as follows

n=0 n
1 1
X(z) = 1 2z_1||z|>% 1 %z_1||z|>i

for all z such that |z| > 2/3.

A. Inverse formula

In the case of the discrete Fourier transform (when z = /), the inverse formula

1 T o 1 " S 1
:E(’I’L) = %/X(GJW)ejwndw: %/X(GJW)ejume—jwjdeyw
™ ejTr
1 o , 1 1
= - X (79 edw(n=1) geiw — / X ()2 Dy — 7{ X (2)2" g
27Tj/ (e’)e e 27 (2)z z 2mj b (2)z 5
e .

where the last integral is taken over the unit circle O;.
For z-transform, the inverse formula is similar,

x(n) = % %CX(z)z"_ldz

where C' is any contour that embraces the original point (0, 0), for example the circle O, of radius
r > 0.

B. Properties of z-transform
1. (Linearity)
If
z1(n) — Xi(z), x2(n) — Xa(2)
then
x1(n) + kza(n) — X1(2) + kX2(2)
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for any constant k.

2. (Delay)

z(n) — z(n—ngp)

1z 1z
X(z) — X(z)z7™
for any integer nyg.
3. (Time-reversal)
1z 1z
X(z) — X(zYH, 2z'eROC(X)

for instance if ROC(X (2)) = {z; |z| > 2} then ROC(X (z71)) = {2; |2| < 1/2}.
Ezxample 7: The following diagram holds for a given real number a > 0:

B z a2
1—az! z—a 1—a'z
=~ ——
q q
Lzt ! Lzt
a™u(n) — z(n) — —a"u(-n-1)
Y Y

{z;|2| >a} <~ ROC — {z;|z|<a}

Ezample 8: Consider the signal
z(n) = 2"u(n) + 5"u(—n).
The z-transform for this signal is defined as follows

1 1

X(2) = oy — ——
(2) == 5,1 l121>2 = %z||z|<5

for all z such that 2 < |z] < 5.
Application (Difference equation)

y(n) + ayln—1) + ay(n-2) = z(n) + bz(n—1)
1z 1z z 1z lz
Y(2) + a1Y(2)z7! + aY(2)272 = X(2) + biX(2)z7!

Therefore
Y(2) 14 a1zt + agz72] = X(2)[1 4 b1271]

and we obtain
B 14+bizt
14 aizl 4 agz?

The equation holds only for z lying in the intersection of ROCs of two z-transforms.

Y(2)

X(z). (Y(2)=H(2)X(2)?)

75
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4. (Convolution)

y(n) = a(n) * hin)
1z lz | 1z, if ROCx NROCH # 0.
Y(2) = X(2) - H(z)

Ezample 9: For given two numbers a # b, we consider two sequences

a®, n=0,1,2 ..,
0, n=-1,-2,...

9

. B, n=0,1,2,..,
hin) =b “(”):{ 0, n=-—1,-2 .

9

and the linear convolution

n

y(n) = Z h(m)x(n —m) = Z bMa ™,

m=—o0 m=0

Using the results of Example 6, we obtain the following diagram for z-transform:

yin) = =z(n) x  h(n)
1z llz ! llz
Y(2) = :
(2) 1—az"! 1—bz"1
Therefore 1 1
Y(z) :Al—az—l +B1—bz—1’ |z| > max(|al, |b])

where A = —a/(b—a) and B=10/(b— a).

Ezample 10: Using results of Example 5, we obtain

1 1
Y = Al e Bl — bzt
Tz Tz T Tz
ym) = Astn)  +  Bhn)

and the direct formula for the linear convolution can be derived as following

y(n) = a(n)*h(n) = Az(n) + Bh(n)
prtl _ gntl
= Aa"u(n) + Bb"u(n) = [Aa" + Bb"Ju(n) = ————

5. (Multiplication)

r1(n) T2(n) y(n) = z1(n) - 2(n)

lz |z lz
Xi(z)  Xa(z) V()= ok 7{ X1 (0) X 2o o
C

76
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which, in particular case for the discrete Fourier transform takes the form

™

: 1 : :
V() = 5 / X1(e7) X (/9 0.

C. Single-sided Z-transform
Let z(n) be a sequence defined for all integers n = 0, £1,+2, ... . The transform

z(n) =5 X(2) = Z z(n)z™™, z¢€ ROC(X)C C?,
n=0
is called a single-sided z-transform of x(n).
This is the linear transform with the following property.

6. (Delay)
z(n) — z(n—1)
1z lz
X(z) — X))z '+az(-1)
Indeed
x(n—1) i (n—1)z"= i :E(n)z—(nﬂ)
n=0 n=-—1
— )+ Z 2l = g(—1) 427t i x(n)z™"
n=0

Similarly, in the case for the second delay, we obtain

z(n) — x(n—2)
|z 1z
X(z) - X(2)z72+z(-2)+z(-1)7"

Application (Difference equation with initial condition)
Given a coefficient a, we consider the difference equation with condition y(—1) = A:

y(n) + ay(n —1) = xz(n)
|z |z 1z
Y(2) + alY(2)z7t+y(-1)] = X(2)
Therefore,
Y(2)[1+az Y +aAd=X(z) = Y(z)= %. (111)

For example, if

then we can substitute in (111)

1

X&) = g

|z > 1.

Taking, the inverse z-transform of Y(z), we can determine the response y(n).
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D. Digital filters

The general expression for transfer function of the digital filter is

Y (2)

HE=%0)

where X (z) and Y (2) are z-transforms of the input z(n) and output y(n) sequences.
The relation between input and output is described by the difference equation of order N

y(n) +ay(n —1) +agy(n —2) + ... + ayy(n — N) = z(n) + byz(n — 1) + ... + byz(n — N)

which has the following form in terms of z-transform,

Y(2)[1+arz +az?+ . +anz V] = X(2)[14+ b1zt + ...+ by V]

Therefore, transfer function of the digital filter is

V(z) 14biztdbez2 4. by 2 b
z z z o z
H(Z) = — 1 — 2 — N _N — _N (ao = 1)
X(z) 14az7t4+az72+...4+anz
1+ Z amz ™
m=1
This formula can be written as
Y(z) W(z) Y(2)
(Z) X(Z) 1(Z) Q(Z) X(Z) W(Z)
1 N
Hl(z) = s = Z bkz 0 — 1)
k=0

- N
1+ Z amz ™
m=1

w
Hi(z) = X((j)) =  w(n)+awn—1)+awn—2)+..+aywin—N)=z(n)
Y(z)
Hy(z) = W) =  y(n)=wn)+bwn—1)+bwn—2)+..+byw(n— N)
Ezample 11: We now derive the difference equation of a LTI system that has the following transfer
function . e
H(z):Y(z)— z—3 4 l-32

- =z .
X(z) 22-2+2 1— 771+ 2272

For the causal system, the transfer function can be written as

A B

H(z)=z"" +
(2) 1—2271  1-—2z71
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where A =1/2 and B = 1/2. The impulse response for the sum in the square brackets is defined as

(2 8 3 o= s 3) 48 2) o

We also have

and in the time domain
2 1
y(n) —y(n—1)+ §y(n—2) =z(n—1)— §:E(n—2). (112)

The block diagram of realization for this system is given in Fig. 23.

State variable model The LTI discrete system can be described by the following model with
two state-variables:

r1(n+1) = z2(n)
ra(n+1) = —gml(n) + z2(n) + x(n)
or in the matrix form as
zi(n+1) | 0 1 x1(n) 0
l:ng(n—l—l) - { —g 1 ]l z2(n) s ]Zﬂ(n)

The relation of the state-variables with the output is described by

y(n) = —%:El(n) + z2(n) = [ —% 1 H ZEZ; ] + [ 8 ]:E(n)

—~2/9 L2\ N —1/2

Fig. 23. Diagram of realization of the system (form II).
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E. The Laplace, Fourier and z-transforms

The z-transform is the discrete-time counter-part of the Laplace transform and a generalization
of the Fourier transform of a sampled signal. Like Laplace transform, the z-transform allows for
representing a linear and time invariant system in terms of the locations of the poles and zeros of
the system transfer function in the complex z-plane. The roots of the transfer function, i.e. poles
and zeros, describe the behavior of the system.

The common for the Laplace, Fourier, and z-transform is the use of the complex exponential
functions as the basis functions of these transforms

z=el =TT = 76l = pel¥ = 21 = " (eI¥), (113)

For continuous-time right-sided signal x(¢), the Laplace transform is defined as

oo
X(p) = / 2(D)ePdt,  p=o+jw. (114)
0
By sampling the continuous-time signal z(t) — z(nT") with sampling period assumed to be T' = 1s,
the Laplace transform becomes

X(p) = /:E(t)e_ptdt — Z :E(nT)e_pnTAT = Z x(n) ()™ = X (eP)
0 n=0 n=0

Substituting the variable e with variable z, we obtain the single-sided z-transform

e}

X(eP) = X(z) = Z x(n)z™".

n=0

The z-transform of the sampled (discrete-time) signal can be written as (see (113))

X(2)= Y a(n)" =) a(m)r ()" = a(n) (€)™ = X(¥)
n=0 n=0 n=0

when r = 1. Thus, the z-transform becomes the discrete Fourier transform when z is considered to
be on the unit circle, |z| = 1.

The Fourier transform of a time-continuous right-sided signal z(t) is a linear combination of
complex exponentials e/“!, where w is a frequency (real variable)

o

X(w) = / 2(t)e T dt
0
and the Laplace transform (114) can be considered as a generalization of the Fourier transform
when p = jw and the vertical jw-axis of imaginary numbers belongs to the region of convergence

of the Laplace transform.
We consider a few more examples for the bilateral z-transform

X(z)= Z x(n)z™", z € ROC(X).
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1.
z(n) =uo(n+7) + uo(n — 7).
Then -
X(z)= Z x(n)z " =2" 4277 = X(e/Y) = ™ + eI = 2 cos(Tw).
2. )
x(n) = { P i 8 = a"u(n) + fu(-n—1),  (0<a<p).
Then
XE) = Y wlwz = Zamu(w)] + 25 u(—n— 1)

- [1 —clxz—l] B llf_ﬁl—zlz]

for z such that |z| > a and |z| < f. Thus ROC(X) = {z; a < |z| < 5}.
3.

We now consider the z-transform of the discrete-time signal z(n) multiplied by n, i.e. y(n) =

Y(2) = > ym)"

I
S
8
—~
G

I
3

I

8
—~
)
—~

t\zl
\_§
/r\
N

n=—oo n=—oo n=—o00
00 /
= —z ( Z :E(?’L)Z_n> = —2X'(2).
n=—oo
For instance, if (n) = 3"u(n), then
1 ! 3271

E.1 Initial and final value theorems

Consider the right-sided discrete-time signal x(n) and its single-sided z-transform.
1. When z approaches to infinity, we obtain

Jim X(z) = Jim [Z z(n)z™" =z(0) + 271 - Z :E(n)z_"] = z(0).
n=1

n=0

2. When z approaches to 1, we can do the following calculations

N
Zr(n+1)] = Zz(n)] = lim > [w(n+1) —a(n)]e™"
n=0
N
2[X ()~ a(0)] - X(2) = Jim Y feln+ 1) — a(n))s"
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and when z — 1, we obtain

N-1
lim(z —1)X(2) —z(0) = lim Z [z(n+1) —z(n)] = lim [z(N)—z(0)] = lim z(N)—z(0)

z—1 N —oo N—oo N—oo
n=0

Thus
lim(z — 1)X(2) = lim z(n), (if lim z(n) 3).

z—1 n—0o0 n—oo
Ezample 12: As we know lim,,_,, sin(nwg) does not exist, but for the z-transform of this signal

| 271 sin(wp)
#(n) = sin(nwo) = X(2) = 35 o oV T

we obtain

. . zsin(wp)
lim(z — 1)X (z) = lim(2 — 1 N
213}(7: )X (2) 213}(7: )1 — 2z cos(wp) + 22 ’

E.2 Inverse systems

For a linear time invariant system with impulse response h(n), the inverse system is defined by
the impulse response hi(n) such that

[x(n) * h(n)] * hi(n) =x(n) = h(n)*hi(n) =up(n).
This relation is expressed in terms of the z-transforms as
H(z)Hi(z) =1, z¢€ ROC(H)N ROC(H;).

Thus the inverse system is defined by the transfer function

Hy(z) = z € ROC(H)N{z; H(z) # 0}. (115)

1
H(z)’
If the system is causal, the impulse response is right-sided and the transfer function H(z) is

defined by the single-sided z-transform. If the poles of the system are inside the unit circle, then
the system is stable. Consider as an example the transfer function

(:-3)
(z=DE-3)
According to (115), the poles 1/4 and 1/3 of H(z) becomes zeros of Hi(z), and zero 1/2 of H(z)
becomes pole of Hy(z). Indeed, we have

H(z)=

M) = L _G=de-y)_ 1 1G5
' H(z) (z— 1) 374z 1)
O SNSRI 5271
B T R Y S S TR DR ey

If the system is stable, is the inverse system stable, too? If yes, poles of Hj(z) being zeros of
H (z) should be inside the unit circle. Thus, the poles and zeros of a stable and causal system are
inside the unit circle.
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Ezample 13: Consider a causal system described by the difference equation

y(n) — 5y(n —1) = a(n).

Then

HE) = ol = b0 = (5) u,

For the inverse system, we have the following

Hi(z) = % =1- %z_l Z h(n) = up(n) — %uo(n —1).

Ezample 14: Consider the following difference equation described a LTI causal system

y(n) + y(n—1) = y(n—2) = ~2u(n) + Sa(n - 1).

In terms of z-transform, this equation has the form

1 1
Y(z) |1+ Zz_l - gz_z}

X(z) [—2 + Zz_l] .

The transfer function (or filter) i

=
N
SN—
~
—~
N
S~—
OOICﬂ

O R
1
1+ %z—1||2|>1/2 +BT||Z|>1/4

where A and B are constants. Therefore, the system impulse response equals

hn) = A (—%)nu(n) +B G)nu(n)

(the system is stable and causal).

We now consider the inverse system which has the following transfer function

BRI (R [

H(z) 2 1— 21
which can be written as
M= L] 2 1, I
z —_— —_— —
! 2|1 55 1- 3521

Therefore, the impulse response for the inverse system is

hin) = 2 [uo(n) - %Ouo(n oL (§>nu(n)]

(the inverse system is stable and causal)
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F. The z-transform in examples

Ezample 1:
1 n=-—1
2 n =
Tp=z(n) =4 —1 n=
1 n =

0 otherwise
X(z) = z+42—214 272
X(e¥) = &Y 42—V pem

z-transform exists for all z # 0.

Ezample 2: For a real number a > 0, the following diagram holds

z(n) = a™u(n) — y(n) =—a"u(—n —1)
1z |z
1 1
Y=g~ Y=o
ROC = {z; |z| > a} ROC = {z; |z| < a}

The sequences have the formula for z-transforms but different regions of convergence.

Ezample 3:
y(n) = —’LL(—’I’L - 1) + (%)nu(n) a":n(n) ((1 ?é 0)
L2 L L L
Y(2) = =1 19 1,1 X(%)

1 1
ROC = {z; 5 < lz| <1} ROC ={z; |2| <1} N ROC ={z; |z| > 5}
Ezample 4: Find the ROC associated with the z-transform of each of the following signal:

1 1
2

1 1 1
ROC = {3 s> k0 {e ol > 1} = {5 2] > 5}

wn) = (3)"uln)+ ()"u(-n)

1 1
ROC = {z |z|>§}ﬂ{z; |Z|<Z}:®
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1 1

wn) = ()"u(n)+ () u(-n)
ROC = {z |l > 1301z 2l < g} = {5 1 <|el < )
w(n) = (3)"u(-n)+ (7)"u(-n)
ROC = (s |l <50 {5 lol < 7} = {3 1ol < 1)

Ezample 5: In the ring 1 < |z| < 2, consider the function
1—z14 272

(1-— %z_l)(l — 2271 (1 - z_l)'

X(z)=

The following representation holds

A B C
X(2) =
(2) 1L M R p—
— =z
where
1 _
A = X(»)(1- 573 1)|z:1/2
B = X(5)0 -2
C = X(x)(1-:Yy
Therefore
A B C
X = - - - -
(2) 1-— %z—l * 1—2271 * 1—271
Tz Tz Tz Tz
1
z(n) = A(E)"u(n) + —-B2"u(-n—-1) + —Cu(n)
{z;1< 2| <2} = {2 |z >1/2} N {z; |2 <2} N {z; |2|>1}
Ezample 6:

22 —922—62+4
o 222-22—4

The following representation holds for this function

X(2) |z| < 2.

[23 — 22 —22] — 822 — 22+ 4
22— 2-2
2z2—|—z—1] 1

X(z) =

4[2z2—2z—4]—|—3z—|-3

22—z -2

z+1 1 z+1
- | =Clz-8-12—="—
z2—z—2] 2["’ (z—l—l)(z—2)]

4 12]_1[ o, ]
“ -—2] 2|° 1-2-1,

z—4

2

z —

22—z -2

z—8—12

N~ NI~ N~ N~
1
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Therefore 1 3
X — - _ 4 _ 2
(2) 2° L
Tz Tz Tz Tz
1
x(n) = Euo(n +1) — 4dug(n) + 3-2"u(—n)
{z;1< 2| <2} C {Vz} N vz} n {z |2| <2}
Ezample 7:
2+ 271 1
X() =2 > >
1—-52_
We have the following
1+5270 14327142
X(z) = 2 + %z_l B + 21z _1—1-
1—-§Z 1 52
4
= 2|-1+ =2+
_ %Z—I] 1— %Z‘l
and
X = 2 1
Tz Tz Tz
1
) = ~2uoln) + 4-(5)"u(n)
{zlzl>3} = {¥z2} 0 {zlz>3)
Ezample 8:
y(n) = cos(won)z(n), a > 0.
2y(n) = [e/*0" =a™x(n) + a"e Iy (n)
lz |z lz
z z
QY(z) - X (ejwo> + X (e—jw())
Therefore

1 ) .
_ = —jwo Jjwo
Y(z) = 5 [X (e z) +X (e z)} .
Consider for example a > 0 and the sequence

xz(n) = a" cos(won)u(n), a > 0.

yn) = cos(won)[a™u(n)]
lz lz
1 1 1
Y(z) 2 [1—qgedwoz=1 " 1 geiwoy—1
{z12[ > a} {z [z > a}
¥ (2) 1 — 27 a cos(wp)

T 1-2a cos(wp)z~! +a

2,-2
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XI. The z-transforin ... ........ .. EFE-3523

The z-transform can be considered as a generation of the discrete Fourier transform (DFT). The
z-transform is to the DFT what the Laplace transform is to the Fourier transform. The z-transform
is used for analysis of discrete-time signals and systems. For many discrete signals x(n) the DFT
cannot be defined, but the z-transform with many similar properties takes place.

Let xz(n) be a sequence defined (may be) for all integers n = 0, +1, £2,.... The z-transform is
defined by

z(n) = X(2) = Z z(n)z™™, zeC? (109)
where z is a complex number for which X (z) exists. In other words, the concept of the z-transform
refers to as the formula (109) with region of convergence (ROC) of X (z). We recall that the formula
for DFT is defined by

o o

X(e¥) = Z z(n)e v = Z x(n) (ej“’)_n, w € (—m,m),

n=—oo n=-—oo

and one can see a similarity when substituting e/ by z. The DFT is defined on points z = e/
lying on the unit circle. X (e/*) = X (2)|2=¢iw, i-e. the DFT is the z-transform considered on the
unit circle O1. In general, the region of convergence of the z-transform may not contain this circle.
The following properties can be derived directly from the definition of the transform.
1. If zp € ROC(X), then z € ROC(X) for any point such that |z| = |zo|. Indeed

o o

XEIS Y ez = Y Ja(n)z"] < oc.

n=-—oo n=-—oo

2. If 21 # 29 € ROC(X), then z € ROC(X) for any point such that |z1| < |z| < |22] (we assume
that |z1] < |22|. In other words, ROC of the z-transform consists of circles of different radii.

The z-transform can be derived as the response y(n) of the LTT system with h(n) impulse response
to a complex exponential discrete-time signal z(n) = Az™:

z(n) = A" —-yn) = Z h(k)x(n —k) = Z A" Fh(k)

k=—00 k=—c0

= A" i h(k‘)z_kzzn(n)w.

k=—o0

Thus, the transfer function of the LTI system is the z-transform of the impulse response. This
relation yields also the property of convolution

x(n)*h(n) - X(2)H(z), z¢€ ROC(X)NROC(H). (110)

Ezample 1: Let sequence
x(n) #0, n €[Ny, Nol,
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where N1 < Ny integer numbers. Then,

0o Ny Na—N1
X(z) = Z x(n)z™" = Z z(n)z " =M Z x(n)z™"
n=—o0o n=N, n=0

which is defined for all z except may be z = 0.
Ezample 2: Let sequence z(n) = ug(n). Then, the z-transform

X(z) = Z z(n)z™" = 2(0)2" =1, for all 2.
If sequence is defined as z(n) = ug(n — ng), where ng is an integer, then the z-transform
X(z) = Z z(n)z™" =x(ng)z” " = 27", for all z #0.

n=—oo
Ezample 3: Let sequence be

Then, the z-transform

[e.e]
X(z) = Z:E(n)z_"
n—0 1
= 14z 4224 2= 1

which converges at all points z such that |z| > 1. The point z = 1 is a special point of X (z).
Ezample 4: Given a real w, consider the complex exponential sequence

z(n) = e/*"u(n) =

edon. n=0,1,2,...,
0, n < 0.

The z-transform of this sequence is

> e . " 1
X(z) = nz:%ej“’"z_" = nz:;) (e”“’z_ ) = a1
and converges at points z such that
le271 = |27 < 1.

Ezample 5: Consider the sequence

n J—
2(n) = d"u(n) :{ a", n=0,1,2,..,

0, n=-1,-2,..

for a given positive number a.
The z-transform of z(n) is calculated as
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o o o n 1
X(z) = Z r(n)z™" = Z a"z " = Z (az_l) =—
n=0 n=0 n=0 l—az

and the series converges at points z such that

laz7l <1 = |z >a.
Ezample 6: Consider the discrete-time signal

=B ) () oo

The z-transform is calculated as follows

n=0 n
1 1
X(z) = 1 2z_1||z|>% 1 %z_1||z|>i

for all z such that |z| > 2/3.

A. Inverse formula

In the case of the discrete Fourier transform (when z = /%), the inverse formula

1 T o 1 " o 1
:E(’I’L) = %/X(GJW)ejwndw: %/X(GJW)ejwne—jwjdeyw
™ ejTr
1 o , 1 1
= - X (79 i@ (n=1) geiw — / X ()2 Dy — 7{ X (2)2" 14
27Tj/ (e’)e e 27 (2)z z 2mi b (2)z 5
e .

where the last integral is taken over the unit circle O;.
For z-transform, the inverse formula is similar,

xz(n) = % %CX(z)z"_ldz

where C' is any contour that embraces the original point (0, 0), for example the circle O, of radius
r > 0.

B. Properties of z-transform
1. (Linearity)
If
z1(n) — Xi(z), x2(n) — Xa(2)
then
x1(n) + kza(n) — X1(2) + kX2(2)
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for any constant k.

2. (Delay)

z(n) — z(n—ngp)

1z 1z
X(z) — X(z)z7™
for any integer nyg.
3. (Time-reversal)
1z 1z
X(z) — X(zYH, 2zleROC(X)

for instance if ROC(X(2)) = {z; |z| > 2} then ROC(X (z71)) = {2; |2| < 1/2}.
Ezample 7: The following diagram holds for a given real number a > 0:

B z a2
1—az! z—a 1—a 'z
=~ ——
q q
Lzt ! Lzt
a™u(n) — z(n) — —a"u(-n-1)
Y 4

{z; 2| >a} «— ROC — {z;|z|<a}

Ezample 8: Consider the signal
z(n) = 2"u(n) + 5"u(—n).
The z-transform for this signal is defined as follows

1 1

X(2) = ———| sy — ———
(2) = g glep2 — 7= %z||z|<5

for all z such that 2 < |z] < 5.
Application (Difference equation)

y(n) + awyln—1) + ayn-2) = z(n) + bz(n-1)
Lz 1z z 1z lz
Y(2) + a1Y(2)z7! + aY(2)272 = X(2) + biX(2)z7!

Therefore
Y(2) 14 a1zt + agz72] = X(2)[1 4 b1z}

and we obtain
B 14+bizt
S l4aiz 4 agz?

The equation holds only for z lying in the intersection of ROCs of two z-transforms.

Y(2)

X(2). (Y(2)=H(2)X(2)?)
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4. (Convolution)

y(n) = z(n) * h(n)
1z A
Y(2) = X(2) - H(z)

Ezample 9: For given two numbers a # b, we consider two sequences

a®, n=0,1,2 ..,
0, n=-1,-2,..

. b, n=0,1,2,..,
h(n) =0 u(n):{ 0. n—_1 -9

ceey

and the linear convolution

n

y(n) = Z h(m)x(n —m) = Z bMa ™.

m=—oo m=0

Using the results of Example 6, we obtain the following diagram for z-transform:

yin) = =z(n) x  h(n)
1z llz ! llz
Y(2) = :
(2) 1—az"! 1—bz1
Therefore 1 1
Y(z) :Al—az—l +B1—bz—1’ |z| > max(|al, |b])

where A = —a/(b—a) and B=10/(b— a).

Ezample 10: Using results of Example 5, we obtain

1 1
Yi) = Al e Bl —bz1
Tz Tz T Tz
ym) = Astn)  +  Bhn)

and the direct formula for the linear convolution can be derived as following
y(n) = xz(n)*h(n) = Az(n) + Bh(n)

bn—l—l _ an—l—l
= Aa"ui(n) 4+ Bb"ui(n) = [Aa" + Bb"]ui(n) = N —
5. (Multiplication)

z1(n) z2(n) y(n) = z1(n) - z2(n)

1z 1z lz
z
Xi(z)  Xa(z) V()= ok 7{ X1 (0) X2 o
C

(3] (’I’L) .

76



EE-3523, SIGNALS & SYSTEMS II, ART GRIGORYAN 7

which, in particular case for the discrete Fourier transform takes the form

Y(ejw = /X1 ej Xg(ej(w 9))(19

I. SINGLE-SIDED Z-TRANSFORM

Let z(n) be a sequence defined for all integers n = 0, £1,+2, ... . The transform
[e.e]
z(n) = X(2) = Z z(n)z™™, z¢€ ROC(X)C C?,
n=0
is called a single-sided z-transform of x(n).
This is the linear transform with the following property.

6. (Delay)
z(n) — z(n—1)
1z lz
X(z) — X2z t4+x(-1)
Indeed
z(n—1) Z n—1)z""= Z x(n)z~ ()
n=0 n=-—1
= z(—1)+ Z z(n)z " =a(=1)+ 27! Z x(n)z™"
n=0 n=0
Similarly, in the case for the second delay, we obtain
z(n) — z(n —2)
1z 1z

X(z) — X))z 24z(-2)+z(-1)z!

Application (Difference equation with initial condition)
Given a coefficient a, we consider the difference equation with condition y(—1) = A :

y(n) + ay(n —1) = xz(n)
|z |z lz
Y(z) + alY(2)z7'+y(-1)] = X(2)
Therefore,
Y(2)1+az ] +aA=X(z) = Y(2)= %. (111)

For example, if

then we can substitute in (111)
1
X(Z) = m, |Z| > 1.

Taking, the inverse z-transform of Y(z), we can determine the response y(n).
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A. Digital filters

The general expression for transfer function of the digital filter is

Y (2)

HE=%0)

where X (z) and Y (2) are z-transforms of the input z(n) and output y(n) sequences.
The relation between input and output is described by the difference equation of order

y(n) +ay(n —1) +agy(n —2) + ... + ayy(n — N) =z(n) + byz(n — 1) + ... + byz(n — N)

which has the following form in terms of z-transform,

Y(2)[1+arz +asz 2+ .. +anz V] = X(2)[14+ b1zt + ...+ by V]

Therefore, transfer function of the digital filter is

V(z) 14biztdbez2 4. by 2 b
z z z o z
H(Z) = — 1 — 2 — N _N — _N (ao = 1)
X(z) 14az7t4+az72+...4+anz
1+ Z amz ™
m=1
This formula can be written as
Y(z) W(z) Y(2)
(Z) X(Z) 1(Z) Q(Z) X(Z) W(Z)
1 N
Hl(z) = s = Z bkz 0 — 1)
k=0

- N
1+ Z amz ™
m=1

w
Hi(z) = X((j)) =  wn)+awn—1)+awn—2)+..+aywin—N)=z(n)
Y(z)
Hy(z) = W) =  y(n)=wn)+bwn-—1)+bwn—2)+..+byw(n— N)
Ezample 11: We now derive the difference equation of a LTT system that has the following transfer
function . e
H(z):Y(z)— z—3 4 1l-32

- =z .
X(z) 22-2+2 1— 771+ 2272

For the causal system, the transfer function can be written as

A B

H(z)= 2" +
(2) 1—2271  1-—2z71
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where A =1/2 and B = 1/2. The impulse response for the sum in the square brackets is defined as

A2 8 3 o= s 3) 45 2) o

We also have

and in the time domain
2 1
y(n) —y(n—1)+ §y(n—2) =z(n—1)— §:E(n—2). (112)

The block diagram of realization for this system is given in Fig. 23.

State variable model The LTI discrete system can be described by the following model with
two state-variables:

ri(n+1) = x2(n)
ra(n+1) = —gml(n) + z2(n) + xz(n)
or in the matrix form as
zi(n+1) | 0 1 x1(n) 0
l:ng(n—l—l) - { —g 1 ]l za(n) 1 ]Zﬂ(n)

The relation of the state-variables with the output is described by

y(n) = —%:El(n) + z2(n) = [ —% 1 H ZEZ; ] + [ 8 ]:E(n)

—2/9 L2\ N —1/2

Fig. 23. Diagram of realization of the system (form II).
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B. The Laplace, Fourier and z-transforms

The z-transform is the discrete-time counter-part of the Laplace transform and a generalization
of the Fourier transform of a sampled signal. Like Laplace transform the z-transform allows to
represent a system in terms of the locations of the poles and zeros of the system transfer function
in the complex z-plane. The roots of the transfer function, i.e. poles and zeros, describe the
behavior of the system.

The common for the Laplace, Fourier, and z-transform is the use of the complex exponential
functions as the basis functions of these transforms

z=el = 7T = 76l = pel¥ = 21 = " (eI¥), (113)

For continuous-time right-sided signal x(¢), the Laplace transform is defined as

[e.e]
X(p) = / 2(O)ePdt,  p=o+jw. (114)
0
By sampling the continuous-time signal z(t) — z(nT") with sampling period assumed to be T' = 1s,
the Laplace transform becomes

o

X(p) = /:L"(t)e_ptdt — Z z(nT)e P"TAT = Z z(n) (e’)™" = X (eP)
0 n=0 n=0
Substituting the variable e with variable z, we obtain the single-sided z-transform

o

X(e) = X(z) = Z x(n)z™".

n=0

The z-transform of the sampled (discrete-time) signal can be written as (see (113))

X(z)= Y a(n)" =) a(m)r ()" =) a(n) ()" = X(¥)
n=0 n=0 n=0

when r = 1. Thus, the z-transform becomes the discrete Fourier transform when z is considered to
be on the unit circle, |z| = 1.

The Fourier transform of a time-continuous right-sided signal z(t) is a linear combination of
complex exponentials /!, where w is a frequency (real variable)

oo
X(w) = / 2(t)e T dt
0
and the Laplace transform (114) can be considered as a generalization of the Fourier transform
when p = jw and the vertical jw-axis of imaginary numbers belongs to the region of convergence

of the Laplace transform.
We consider a few more examples for the bilateral z-transform

X(z) = Z x(n)z™", z € ROC(X).
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1.
z(n) =uo(n+7) + uo(n — 7).
Then -
X(z)= Z x(n)z " =2" 4277 = X(e/) = /™ + eI = 2 cos(Tw).
2. )
x(n) = { P i 8 = a"u(n) + fu(-n—1),  (0<a<p).
Then
XE) = Y wlwz = Zamu(w)] + 25" u(—n— 1)

- [1 —clxz—l] B llf_ﬁl—zlz]

for z such that |z| > a and |z| < f. Thus ROC(X) = {z; a < |z| < 5}.
3.

We now consider the z-transform of the discrete-time signal z(n) multiplied by n, i.e. y(n) =

Y(2) = > ym)"

I
S
8
—~
G

I
3

I

8
—~
o
—~

t\zl
\_§
/r\
N

n=—oo n=—o0o n=—o00
00 /
= —z ( Z :E(’I’L)Z_n> = —2X'(2).
n=—oo
For instance, if (n) = 3"u(n), then
1 ! 3271

B.1 Initial and final value theorems

Consider the right-sided discrete-time signal z(n) and its z-transform.
1. When z approaches to infinity, we obtain

Jim X(z) = Jim [Z z(n)z™" =z(0) + 271 - Z :E(n)z_"] = z(0).
n=1

n=0

2. When z approaches to 1, we can do the following calculations

N
Zr(n+1)] = Zz(n)] = lim > [w(n+1) —a(n)]e™"
n=0
N
2[X ()~ 2(0)] - X(2) = Jim Y fe(n+ 1)~ a(n))s "



EE-3523, SIGNALS & SYSTEMS II, ART GRIGORYAN 82

and when z — 1, we obtain

N-1
lim(z —1)X(2) —z(0) = lim Z [z(n+1) —z(n)] = lim [z(N)—z(0)] = lim z(N)—z(0)

z—1 N—oo N—o0 N—o0
n=0

Thus
lim(z — 1)X(2) = lim z(n), (if lim z(n) 3).

z—1 n—oo n—oo
Ezample 12: As we know lim,,_,, sin(nwg) does not exist, but for the z-transform of this signal

| 271 sin(wp)
#(n) = sin(nwn) = X(2) = 35 ooV T o

we obtain

. . zsin(wp)
lim(z — 1)X (z) = lim(2 — 1 N
zl—Ig(z )X (2) Zﬂr{(z )1 — 2zcos(wp) + 22 ’

B.2 Inverse systems

For a linear time invariant system with impulse response h(n), the inverse system is defined by
the impulse response hi(n) such that

[(n) * h(n)] * hi(n) =x(n) = h(n)*hi(n) =up(n).
This relation is expressed in terms of the z-transforms as
H(z)Hi(z) =1, z¢€ ROC(H)N ROC(H;).

Thus the inverse system is defined by the transfer function

Hy(z) = z € ROC(H)N{z; H(z) # 0}. (115)

1
H(z)’
If the system is causal, the impulse response is right-sided and the transfer function H(z) is

defined by the single-sided z-transform. If the poles of the system are inside the unit circle, then
the system is stable. Consider as an example the transfer function

(:-3)
(z=DE-3)
According to (115), the poles 1/4 and 1/3 of H(z) becomes zeros of Hi(z), and zero 1/2 of H(z)
becomes pole of Hy(z). Indeed, we have

H(z)=

M) = L _G=de-y)_ 1 1G5
' H(z) (z— 1) 374z 1)
ORNE SONE S IS N 5271
B R Y P S TR DR

If the system is stable, is the inverse system stable, too? If yes, poles of Hj(z) being zeros of
H (z) should be inside the unit circle. Thus, the poles and zeros of a stable and causal system are
inside the unit circle.
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Ezample 13: Consider a causal system described by the difference equation

y(n) — 5y(n —1) = a(n).

Then

HE) = ol = b0 = (5) w,

For the inverse system, we have the following

Hi(z) = % =1- %z_l Z h(n) = up(n) — %uo(n —1).

Ezample 14: Consider the following difference equation described a LTI causal system

y(n) + y(n—1) = y(n—2) = ~2u(n) + Sa(n - 1).

In terms of z-transform, this equation has the form

1 1
Y(z) |1+ Zz_l - gz_z}

X(z) [—2 + Zz_l] .

The transfer function (or filter) i

=
N
S~—
~
—~
N
S~—
OOICﬂ

O R
1
1+ %z—1||2|>1/2 +BT||Z|>1/4

where A and B are constants. Therefore, the system impulse response equals

hn) = A (—%)nu(n) +B G)nu(n)

(the system is stable and causal).

We now consider the inverse system which has the following transfer function

BRI (R [

H(z) 2 1— 21
which can be written as
M= L] 2 1, I
z —_— —_— —
! 2|1 55 1- 3521

Therefore, the impulse response for the inverse system is

hin) = 2 [uo(n) - %Ouo(n oL (§>nu(n)]

(the inverse system is stable and causal)
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C. The z-transform in examples

Ezample 1:
1 n=-—1
2 n =
Tp=z(n) =1 —1 n=
1 n =

0 otherwise
X(z) = z+4+2—2t4 272
X(e¥) = &Y 42— pem

z-transform exists for all z # 0.

Ezample 2: For a real number a > 0, the following diagram holds

z(n) = a™u(n) — y(n) =—a"u(—n—1)
1z |z
1 1
Y=g~ Y=o
ROC = {z; |z| > a} ROC = {z; |z| < a}

The sequences have the formula for z-transforms but different regions of convergence.

Ezample 3:
y(n) = —’LL(—’I’L - 1) + (%)nu(n) a":n(n) ((1 ?é 0)
L2 L L L
Y(2) = =1 19 1,1 X(%)

1 1
ROC = {z; 5 < lz| <1} ROC ={z; |2| <1} N ROC ={z; |z| > 5}
Ezample 4: Find the ROC associated with the z-transform of each of the following signal:

1 1
2

1 1 1
ROC = {3 s> k0 {e ol > 1} = {5 2] > 5}

vn) = (3)"uln)+ () u(-n)

1 1
ROC = {z |z|>§}ﬂ{z; |Z|<Z}:®
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1 1

wn) = (3)uln)+ () u(-n)
ROC = {z |2l > 130 {5 2 < g} = {5 1 <|ol < )
w(n) = (3)"u(=n)+ (7)"u(-n)
ROC = (s |l <50 {5 lol < 7} = {3 1ol < 1)

Ezample 5: In the ring 1 < |z| < 2, consider the function
1—z14 272

(1-— %z_l)(l — 2271 (1 - z_l)'

X(z)=

The following representation holds

A B C
X(2) =
(2) 1Ll L i g
— =z
where
1 _
A = X(»)(1- 573 1)|z:1/2
B = X(5)(01 -2
C = X(x)(1-:Yy
Therefore
A B C
X = - - - -
(2) 1- %z—l * 1—2271 * 1—271
Tz Tz Tz Tz
1
z(n) = A(E)"u(n) + —-B2"u(-n—-1) + —Cu(n)
{z;1< 2| <2} = {2 |2 >1/2} N {z; |2 <2} N {z; |2|>1}
Ezample 6:

22 —922—62+4
222224

The following representation holds for this function

X(2) |z| < 2.

[23 — 22 —22] — 822 — 22+ 4
22— 2-2
2z2—|—z—1] 1

X(z) =

4[2z2—2z—4]—|—3z—|-3

22—z -2

z+1 1 z+1
- | =Clz-8-12—="—
z2—z—2] 2["’ (z—l—l)(z—2)]

4 12]_1[ o, ]
“ -—2] 2[° 1-2-1,

z—4

2

z —

22—z -2

z—8—12

N~ NI~ N~ N~
1
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Therefore 1 3
X - - _ 4 _ 2
(2) 2° L
Tz Tz Tz Tz
1
x(n) = Euo(n +1) — 4dug(n) + 3-2"u(—n)
{z;1< 2| <2} C {Vz} N vz} n {z |2| <2}
Ezample 7:
2+ 271 1
X() = > -
1—-52_
We have the following
1+5270 14327142
X(z) = 2 + %z_l B + 21z _1—1-
1—-§Z 1 52
4
= 2|-1+ =2+
_ %Z—I] 1— %Z‘l
and
X = 2 1
Tz Tz Tz
1
) = ~2uoln) + 4-(5)"u(n)
{z:lzl>3} = {¥z} 0 {z >3}
Ezample 8:
y(n) = cos(won)z(n), a > 0.
2y(n) = [e/*0" =a™x(n) + a"e Iy (n)
lz |z lz
z z
QY(z) - X (ejwo> + X (e—jw())
Therefore

1 ) .
_ = —jwo Jjwo
Y(z) = 5 [X (e z) +X (e z)} .
Consider for example a > 0 and the sequence

xz(n) = a" cos(won)u(n), a > 0.

yn) = cos(won)[a™u(n)]
lz lz
1 1 1
Y(z) 2 [1—agedwoz=1 " 1 geiwoy—1
{z12[ > a} {z [z > a}
¥ (2) 1 — 2z ta cos(wp)

T 1-2a cos(wp)z™! +a

2,-2
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