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Solve the following problems, given the augmented MPC dynamics,

Xa(k+1) = @axa(k) + TaAu(k)
y(k) B Caxa(k), X, € IR”“’,Fu c Rn-&-pxmlca c ]Rpxn-i-p.

1. For a predicted horizon N, derive an equation that relates the predicted outputs to x, (k) and the
MPC variables Au. That is, derive matrices W, Z in this equation:

y(k+ 110 AuA(LIlc(Pl)
y= | ¥k f?'k) — Wxa(K) + 7 : = Wa, (k) + ZAUL
y(k + Ny[k) Au(k +'Np —1)

2. Derive the optimal AU™ if the given cost function is (without constraints):
1 1
J(au) = 5 (r - Y)TQ(r—Y)+ EAuTRAu, Q=Q"=0,R=RT=0.

3. Suppose that you're given the following constraints on the rate of change of the control action:
umin < AU < max.
Write the corresponding optimization problem in the following form:

minimize J(alU)

subjectto  g(AU) <0,

where g(AlU) is a linear set of constraints.



Solutions:

1. Problem 1—

e We can write the predicted future state variables as:

Xg (k + 1|k) = Pyx, (k) +I'yAu (k)
xa(k + 2[k) @, x4 (k4 1]k) + TpAu(k 4+ 1) = ®2x,(k) + DpTaAu(k) + Todu(k + 1)

xak+ Nyk) = @7 x(k) + " 'ToAu(k) + ...+ Tadu(k+ N, — 1)

e Also, we can write the predicted outputs as:

Xy (k + 1|k) D, Iy Au(k)
xa(k 4 2k) P2 1 P Au(k+1)
. : =Co| - xa(k) + C, . :
xq (k + Np|k) o) o) ', . @I, T,) |Au(k+N,—1)
N—_———
Y w Z AU

e Hence, we obtain:

Y=[yT(k+1/k) v (k+2[k) ... y (k+Nyk)] =Wxo(k)+2zZAU

2. Problem 2—

e This is an unconstrained optimization problem = it’s easy to find AU*

e Setting aZ—]U =0=|AU" = (R+2"QZ)'Z2TQ(r — Wx,)

82
e Note that SONC are satisfied as TL]IZ =R+Z'QZ>0

3. Problem 3—

o If Au™n < Au(k) < Au™2, then:

e For a prediction horizon Ny, we have:

I, O O O [— Ay™in]
max
In O o o Au(k) Buma
o I, O O Aulk +1) —Au
o I O O Aymax
0o o 0 —1,| LUkt Ny 7] | g ymin
0 o© O Iy | Al | Aumax |




¢ Hence, the problem can be written as:

minimize AU) = Loy T0r—Y)+ 1AuTRAu
2 2

subject to

g(AU) =
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